Reactor Seienee 


Technology 


and 


JOURNAL OF NUCLEAR ENERGY PARTS A & B 


G. W. K, FORD (U.K.) 


T. E, ALLIBONE—Aldermaston 
J. P. BAxTer—Sydney 

H. J. BHABHA—Bombay 

T. ByeERGeE—R Oskilde 

H. BRYNIELSSON—Stockholm 
Sir Joun Cockcrorr—Cambridge 
Sir WILLIAM Coox—London 
R. C. DALZeL_—Washington 
S. EkLUNp—Stockholm 

H. M. FInniston—Newcastle 
J. Gorens—Mol-Donk 


EDITOR-IN-CHIEF 
J V. DUNWORTH 


GENERAL EDITORS 
J. GUERON G. RANDERS 


EXECUTIVE EDITORS 
D. J. LITTLER (U.K.) W. K. ERGEN (U S.A.) 


EDITORIAL ADVISORY BOARD 


M. pe HEMPTINNE—Louvain F. PERRIN—Paris 

N. HILBeRRY—Argonne L. ROTHERHAM—London 
J. Horowirz—Saclay C. SALVETTI—Vienna 

F. IppoLrro—Rome C. SrarR—Canoga Park 
G. C. LAuURENCE—Chalk River J. F. ULraicH—Lisbon 
W. B. Lewis—Chalk River ALVIN M. WeINBERG—Oak Ridge 
J. F. Loutrr—Harwell J. J. Went—Arnhem 

P. NOWACKI—Warsaw K. Wirtz—Karlsruhe 

J. M. Orero— Madrid W. H. ZInn—Florida 
Sir LEONARD Owen—-Risley W. J. ZuNtTiI—Ziirich 

R. E. Pereris Birmingham 


VOLUME 15 
1961 


PERGAMON PRESS 


LONDON OXFORD - NEW YORK - PARIS LOS ANGELES 


REACTOR SCIENCE AND TECHNOLOGY 
(Journal of Nuclear Energy Parts A & B) 


EDITOR-IN-CHIEF 
J. V. DUNWoRTH: Atomic Energy Establishment, Winfrith, Dorchester, Dorset 


GENERAL EDITORS 
J. GUERON: Brussels G. RAnpeErs: Lillestrom 


EXECUTIVE EDITORS 
G. W. K. Forp: (Engineering) Atomic Energy Establishment, Winfrith, Dorchester, Dorset 
D. J. Lirtter: (Physics) Central Electricity Generating Board, Friars House, Blackfriars Road, S.E.1 
W. K. ErGen: Oak Ridge National Laboratory, Oak Ridge, Tenn., U.S.A. 


Sub-Editor: P. C. Grooms, Journals Dept., Pergamon Press Ltd., 4 Fitzroy Square, London W.1 


NOTES FOR CONTRIBUTORS 


|. General 


1. Papers from authors in the United States should be submitted to the American Editor—Dr. W. K. ErGen. Other 
papers, when concerned with reactor science, should be sent to Dr. D. J. LittLer and when relative to reactor 
technology, manuscripts should be addressed to Mr. G. W. K. Forp. All papers should be concerned with original 
work in the field of nuclear energy. Progress reports and review articles will be accepted by the Editors from time 
to time. 


2. Fifty free reprints of each paper are supplied. Additional copies can be supplied at a reasonable cost if ordered 


at the time when the first proofs are returned. A reprint order form will accompany proofs. 


II. Script Requirements 


1. Scripts should be typewritten, and double-spaced. It will be appreciated if authors will make clear any Greek 
characters which may be confused with ordinary letters or with other characters. Authors will receive proofs for 
correction when their contribution is first set, but there is rarely time for page proofs also to be sent for checking. 
This will be done, however, where the amount of alteration makes it advisable. 


2. Illustrations should accompany the manuscript separately, and legends should also be typed on a separate sheet. 
It is requested that photographs should be kept to the minimum necessary. Line drawings that require to be redrawn 
should include all relevant details. If these are already well drawn it may be possible to reproduce them direct from the 
original, but in this case it is essential that the original drawings or good photo-prints should be provided. Any 
lettering on diagrams—other than Greek letters, symbols, etc.—should be stencilled and should be sufficiently large 
and bold to permit reproduction when the diagram has been reduced to a size suitable for appearance in the Journal. 
It is not possible to reproduce from ‘dye-line’ prints, or from prints with weak lines. Illustrations for reproduction 
should normally be about twice the final size required. 


3. References to published literature should be quoted in the text as follows: Smrru (1950)—the date of publication, 
in parentheses, following the author’s name. References should be listed together at the end of each paper and not 
given as footnotes. They should be arranged in alphabetical order (first author’s surname) to appear as follows: 

Fermi E. and MARSHALL L. (1947) Phys. Rev. 72, 1139. 

WARNER R. K. (1954) Chem. Engng. Sci. 3, 77 


It is particularly requested that (a) author’s initials and (6) the volume or part numbers and page numbers are 
given in every case. 

4. The text of articles submitted should be concise and in a readily understandable style. The technical description 
of the methods used should only be given in detail when such methods are new. The essential contents of each paper 
should be briefly recapitulated in an abstract. French and German papers should be submitted with English abstracts 
and titles. 


5. To conserve space, authors are requested to mark less important portions of the paper (such as description of 
methods, record of experimental results, etc.) for printing in smaller type. 


Publishing Offices: 4 Fitzroy Square, London W.1 (EUSton 4455) 
Annual subscription (A) for libraries £21 ($60) including postage; (B) for private subscribers 
£10 10s ($29.40) including postage 
Back numbers £8 ($24) per volume 
Subscriptions should be sent to: Pergamon Press Ltd., Headington Hill Hall, Oxford 
Pergamon Press, Inc., 122 East 55th Street, New York 22, N.Y. 
Copyright © 1961 Pergamon Press, Ltd. 


PERGAMON PRESS LTD. 


4 FITZROY SQUARE, LONDON W.1 HEADINGTON HILL HALL, OXFORD 
122 EAST 55TH STREET, NEW YORK 22, N.Y. 24 RUE DES ECOLES, PARIS V* 


LIST OF CONTENTS 


NUMBER 1 


C. CARTER and G. ROWLANDs: Some topics in one-velocity neutron transport theory 
E. J. Axton and P. Cross: The establishment of an absolutely calibrated neutron source 
Letters to the Editors 
S. W. Strauss: An empirical surface tension-temperature relation for liquid metals 
B. P. Rastoci and R. S. Sincu: Absorption in the 6-7 eV resonance of **U_ : 
L. S. Koruari and P. G. KHUBCHANDANI: Energy distribution of thermal neutrons in a finite beryllium oxide 
assembly 
Book Reviews 
Translations from Atomnaya Energiya 
V. G. ZAGRAFOV: A method of estimating the critical parameters for arbitrarily shaped bodies of fissile material 
P. L. Kirittov, F. A. Koziov, V. 1. Suppotin and N. M. TuRCHIN: — oxides from — sodium and 
By mms, the oxide content ; 
ry SprTsyN and M. M. GoLurvINa: Isolation of carrier- free ’ 33Pa from irre diated thorium nitrate : 
. KHRISTENKO: On the thermodynamic feasibility of driving turbines with organic liquids heated in nuclear 
_Teactors : . , , . , : . : ; : : 
. M. NESMEYANOVA and G. M. ALKHAZASHVILI: Investigation of the role of oxidation-reduction processes when 
uranium oxides dissolve in acid media 
Letters to the Editors 
V.N. ANpREEV, O. D. KAZACHKOvsKiI and N. V. KRASNOYAROV: The behaviour of a reactor with temperature 
self-regulation 
B. G. DuBovskt: Sectionalized reactor systems 
Z. 1. SOLOV’EVA: —— fission of uranium by 2-5 MeV neutrons 
Books Received 
Papers to be Published in Future Issues 
Abstracts and Titles of Future Papers (Atomnaya Energiya) 


NUMBERS 2/3 


D. L. Bootu: Steady states in reactors with positive reactivity coefficients 

C. CARTER: Streaming due to holes in a reactor 

F. T. Apter: Reactor kinetics: integral equation formulation : 

P. N. Cooper, W. M. Cooper and K. FirtH: The effect of cylindrical ait voids ina “highly enriched water- 
moderated core ; : ‘ ; , , : : , 

R. K. THOMASSON: A general method of deriving aeaaae and transfer functions in transient heat conduction 
phenomena 

E. Erpik: The experimental determination of fast fission factors in light water- moderated, slightly enriched 
uranium rod lattices , : , ; ; . : ; : : ; 

A. Moat, D. S. MATHER and M. H. McTacGart: Some experimental determinations of the number of prompt 
neutrons from fission : ‘ ; ; ‘ ‘ ‘ ; : ; . , , , 

C. Carter and R. J. Jarvis: Influence of a cylindrical channel on a neutron flux which varies linearly in a 
direction perpendicular to the axis of the channel . : 

A. Goopwin Jr. and C. L. Scnuske: Plexiglas- and graphite- -moderated plutonium assemblies 

D. C. C. Gress, M. Gipson and W. A. Cooper: Long-term re -activity changes in irradiated thorium 

L. R. BLake: Irradiation of uranium-metal and uranium-oxide fuel pins to high burn-up at high temperature 

Abstracts and Titles of Future Papers (Atomnaya Energiya) 


NUMBER 4 


A. J. DeruytrTer: The fission cross section of 25 mr 0-01 eV to 0-1 eV and its absolute value at 0-0253 eV 

W. J. MeGaw, R. C. Cuapwick, A. C. Wexts and J. E. BripGes: The oxidation and release of iodine-131 from 
uranium slugs oxidizing in air and carbon rhe 

M. C. Wirrets: Stored energy in the Oak Ridge Graphite Reactor 1960 

H. TAKAHASHI: Generalization of the singular integral method for an anisotropic scattering medium 

L. A. TAYLOR: The evaluation of worth of cylindrical control rods in reflected cylindrical cores with particular 
reference to the O.M.R. 

D. C. Srupeaia, R. R. Hemnricu and G. Mc CLOUD: Neutron capture c cross sections of 236) ; 

J. Cstxat, A. Daréczy and K. Depe: Soa of the diffusion length of thermal neutrons in water from 
16 to 89°C and in diphyl (Dowtherm A) at 185°C 

Book Review 

Lg og me from - Atomnaya Energiya 
. B. Kumentov and V. M. Griazev: Models for finding the control response and temperature coefficient of 
uranium-water reactors operating with intermediate energy neutrons 


V. BarToSex: The burn-up of natural uranium in a homogeneous reactor 214 
D. D. KALArati: The effect of the temperature characteristics of a reactor on the choice of the optimum thermo- 
dynamic cycle for an atomic power station 
Letters to the Editors 
1. S. DNEPROVSKUL: New isotopes of erbium and holmium 
D. L. Broper, A. P. KoNpRASHOV, A. A. Kuruzov and A. I. Lasuux: Effect of boron-containing layers on 
- yield of secondary gamma rays ; : 
. K. Gus’kov, A. V. Zvonarev and V. P. Kuicukova: An investigation of the e.m.f. developed when a 
system of semiconductors containing uranium is irradiated in a reactor 
ALEKSANDROVICH and M. BARTENBAKH: Measurement of fast neutron flux distribution in the core of 
VVR-C reactor using electrical conductivity changes in germanium 
Papers to be Published in Future Issues 


220 
, BA’) 


9 


AUTHOR INDEX TO VOLUME 15 


Apter, F. T. p. 81 ErpIk, E. p. 98 Maraate, J. H. p. 35 (B.R.) 
ALEKSANDROVICH, E. p. 233 FirtH, K. p. 86 Marner, D. S. p. 102 
ALKHAZASHVILI, G. M. p. 54 Gisss, D. C. C. p. 130 McC.oup, G. H. p. 200 
ANDREEV, V. N. p. 59 Gipson, M. p. 130 McTaaoart, M. H. p. 102 
AxTON, E. J. p. 22 GOLUTVINA, M. M. p. 47 Mecaw, W. J. p. 176 
BARTENBAKH, M. p. 233 Goopwin, A. Jr. p. 120 Moar, A. p. 102 
BARTOSEK, V. p. 214 Griazev, V. M. p. 210 NESMEYANOVA, G. M. p. 54 
Bake, L. R. p. 140 Gus’kov lu. K. p. 231 Rasroat, B. P. p. 29 
Bootn, D. L. p. 69 Hernricn, R. R. p. 200 ROWLANDs, G 

Bresee, J. C. p. 32 (B.R.) Jarvis, R. J. p. 113 Scuuske, C. | 

BRETSCHER, p. 33 (B.R.) KALAFATI, D. D. p. 220 SinGu, R. S. p 

Bripces, J p. 176 KAZACHKOvsKH, O. D 5 SoLov'eva, Z 

Broper, D. L. p. 229 KHRISTENKO, P. I . Sprrsyn, V. I 

Buppery, J. H. p. 34 (B.R.) K HUBCHANDANI, 3 Strauss, S. W 28 
CARTER, C. pp. 1, 76, 113 KINNEY, W. E. p. ; Stupecia, D. ¢ 200 
CHADWICK, R. ¢ 7 KIRILLOV, P SuppoTin, V. 1. p. 42 
Cooper, P. N 8 KLICHKOVA, \ 2 Sykes, J. B. p. 34 (B.R.) 
Cooper, W t KLIMENTOV, V. B. p. 2 TAKAHASHI, H. p. 192 
Cooper, W KONDRASHOV, 22 Taytor, L. A. p. 196 
Cross, P. p Kornari, L. S$ 3 THOMASSON, R. K. p. 91 
CsiKAl, J. p Koz.ov, F. A. p. Turcuin, N. M. p. 42 
Daroczy, A. 2 KRASNOYAROV, N. V. p. 59 We ts, A. € 

Deve, K. p. 2 Kutuzov, A. A. p. 229 Wires, M. ¢ 
DeruyTrTer, A. | LASHUK, A. I. p. 229 ZAGRAFOV, V. G 
Dneprovsku, I. S 22 Lesuir, D. C. p. 209 (B.R.) Zvonarev, A. \ 


Dusovsku, B. G. p 


Note: (B.R.) indicates Book Review 


Reactor Science and Technology Vournal of Nuclear Energy, Parts A/B), 1961, Vol. 15, pp. 1 to 21. Pergamon Press Lid. Printed in Northern Ireland 


SOME TOPICS IN ONE-VELOCITY NEUTRON TRANSPORT THEORY 


C. CarTeR and G. ROWLANDS 
Atomic Energy Research Establishment, Harwell, Berks. 


(Received 3 June 1960) 


Abstract—Some recent developments in one-velocity neutron transport theory are reviewed. Emphasis is 
placed on the most appropriate mathematical methods to use when obtaining numerical solutions on large 
electronic digital computers and on the possibilities of introducing simple corrections to diffusion theory in 
the vicinity of sources, boundaries and strong absorbers 


1. INTRODUCTION 

IN this article, we have tried to review recent progress 
in neutron transport theory. In general, we have 
confined ourselves to developments since the publica- 
tion of DAvisON’s treatise on Neutron Transport Theory 
(Davison, 1957). In order to produce a reasonably 
compact article, we have considered only a few 
selected topics in energy-independent transport theory. 
The review should be of wider significance, however, 
for the solution of the energy-independent transport 
equation is an essential part of the solution of energy- 
dependent problems when the multigroup method is 
used. In this method, a one-velocity equation must be 
solved for each energy group, with sources due to the 
transfer of neutrons from other groups. 

The mathematical formulation of neutron transport 
theory is treated by Davison (1957). The theory may 
be formulated in two equivalent ways. We can consider 
the conservation of neutrons within a volume element 
dv within the solid angle element d{2 about the direction 
Q. We then equate the loss of neutrons due to 
absorption, scattering, and leakage, to the gain of 
neutrons due to sources and scattering. This gives the 
Boltzmann integro-differential transport equation. 

The second formulation of neutron transport 
considers the total number of neutrons at every point 
as the sum of all neutrons from other points which 
have travelled without collision from other points in 
the medium. This gives an integral equation for the 
neutron density. 


1.1 Notation 


N(r, 8) dv dQ = the number of neutrons in the volume element 
dy around the point r, and travelling in a 
direction lying within a solid angle dQ around 
the direction Q 

S(r, $2) dv dQ = the number of neutrons lying within dv dQ 


emitted by the independent neutron sources 


{(Q’ +2) dQ = the probability that a neutron moving in 
direction &’ before a collision will be moving 
in a direction within the solid angle dQ after a 
collision 

= the total number of secondary neutrons after 
a collision 
the mean distance travelled by a neutron 
between collisions 


Tir, Q) 
pr) 


oN(r,82), where v is the neutron velocity 
fF Q) dQ; Sr) = fS(r, Q) dQ; 


jr-r| dx 
rrr’) = ———— = op tical distance bet randr’. 
rr) q les Gn optic 1s) ween Fr a 


1.2 Basic theory 


The Boltzmann integro-differential equation is 


Q . grad ‘¥(r,Q) + ¥(r,Q)/Kr) = 
= x [ve r,2')f(Q’ + Q) dQ’ + Swr,MQ). (1.1) 
The integral equation with isotropic scattering is 


_fe ret) ( ofr’) ad “a ‘ 
ar) -|5 FP aan HO + HOD). 


(1.2) 


When solving a problem, it is a matter of convenience 
whether to start with the Boltzmann equation or the 
integral equation and we shall use both in this article. 

The explicit form for 82. grad in the Boltzmann 
equation depends on the co-ordinate system used. In 


one-dimensional slab geometry 2 . grad = yu M , where 


u is the angle between the z axis and Q. 

In one-dimensional spherical geometry Q . grad = 

0 ( ~ ny’ 0 

=+ =—, where mw is now th le be- 
KM . ae pt is now the angle be 
tween Q and the radius vector. 

In an infinite source-free medium, Davison shows 
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that the transport equation reduces to a differential 
equation 
V2 p(r) = p(r)/L’, 


i (; ad 
— 3 °8\E i): 


Equation (1.3) is the asymptotic diffusion equation and 
L is the asymptotic diffusion length. In a finite medium 
containing sources, the solution for p(r) can be written 


p(r) _ Pas(¥) T Pelt), (1.5) 


where p,,(r) is a solution of equation (1.3) and p,,(r) is 
a transport correction which is significant only within 
distances of the order of a mean free path from sources 
and boundaries. 

An equation of the same form as (1.3) is obtained if 
we assume that 


(1.3) 


where 


(1.4) 


] 
¥(,Q) = = [e(t) + 2. I(n)], (1.6) 


but now 
[?/L? = 31 — c). (1.7) 


This is the so-called P; approximation and is equivalent 
to asymptotic diffusion theory for (1 — c) <1. The 
approximation breaks down near boundaries and 
sources, since the angular variation of ‘Y(r,82) is then 
more complicated than indicated by equation (1.6). It 
is possible to use a more complicated expansion than 
(1.6) and this is the principle of various expansion 
methods which are reviewed in Section 2 of this article. 

We have indicated that diffusion theory is generally 
adequate except near sources and boundaries, so that 
diffusion theory could be more widely used if a simple 
and accurate correction could be made near sources 
and boundaries. In Section 3 we review some 
interesting work originated by GROSJEAN. He considers 
the neutron flux due to an isotropic source in an 
infinite medium and shows that it can be represented 
very accurately by the sum of a flux due to neutrons 
travelling direct from the source and a scattered 
neutron flux which satisfies a diffusion-type equation. 
We indicate how a similar separation might be made in 
the vicinity of boundaries. 

Diffusion theory also breaks down when c is small. 
Here it is appropriate to express the flux as an 
expansion in c. This is the principle of the multiple 
scattering techniques reviewed in Section 4 of this 
article. 

An increasing amount of neutron transport 
calculations are being done on large electronic digital 
computers and we have mentioned in this review some 
of the more important programmes available for this 
purpose. We have not attempted, however, to produce 


a compendium of such programmes, but rather to 
discuss the basic principles on which they are based. 
NATHER and SANGREN (1959; 1960) have published a 
comprehensive list of Nuclear Reactor Codes available 
up to the end of 1959. 


2. EXPANSION METHODS OF SOLVING 
THE TRANSPORT EQUATION 


2.1 Introduction 


A useful method of solving the transport equation is 
to expand the neutron flux ‘Y’(r,Q) in terms of a series 
of known linearly independent functions of 2, ¢,(&): 


W(r,2) = ¥ y,()},(Q). (2.1) 
n=O 


On substituting this series into the transport equation 
and using the known properties of the ¢,(Q) one 
obtains an infinite set of coupled first-order linear 
differential equations. In practice, the infinite series is 
cut off at the Nth term and there remains a set of 
(N + 1) equations to determine the (N +- 1) spatial 
functions y,(r). These equations can be solved 
formally in a homogeneous medium in terms of 
arbitrary coefficients which must be determined from 
boundary conditions at the boundary of the medium. 
The actual boundary condition is that ‘Y(r,Q) is 
continuous at an interface between two media and that 
¥V(r,Q), at a free boundary, is zero for Q directed into 
the medium. In a finite order approximation to 
¥Y(r,Q) the condition at an interface requires the 
continuity of all ‘Y,(r), but the condition at a free 
boundary can only be satisfied approximately. 

The best known example of the expansion method is 
the spherical harmonics method, in which the ¢,(&) 
are spherical harmonics. There is an extensive 
literature on this method, and there is a fairly 
comprehensive treatment of it in DAVISON (1957), so we 
shall not discuss it further in this paper, except to 
compare it with other methods. For a given order of 
approximation, the spherical harmonic expansion 
gives the best approximation to ‘Y(r,Q) in the least 
squares sense and it is natural to erquire whether some 
other type of expansion might be more useful in 
certain problems. 

For problems with plane or spherical symmetry, 2 
can be expressed in terms of a single co-ordinate yu, and 
one can choose the Tchebysheff polynomials 7,,() as 
the ¢,(S2) in equation (2.1). (ASPELUND 1958, CONKIE 
1959a). The Tchebysheff expansion has the property 
of giving the least maximum error in Y(r,2). On 
substituting the Tchebysheff expansion into the one- 
dimensional Boltzmann equation with isotropic 
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12] 
y7; 
(b) 


Fis. 1. 
scattering, we obtain the system of equations: 


d (1 ~— c) 2c ¥ n(Z) 
az y,(z) + ] Yolz) + T 2. a i 


- Ce 
- Vil-,’ 
(2.2) 


d d 2 
= oa com z)+ - 
- Pnii(Z) 4 z Yn—(2) + 7 Pal) 


n> 0. 


Be r S(u,2)T,( a) du 
-1 Vi-2 ’ 


The most general solution of a set of linear equations 
of the form (2.2) is 


¥,(Z) = > A,,; xp (v,2/D), (2.3) 


where the A,, , are determined partly from the coupling 
between the equations and partly from the boundary 
conditions. The y,; are the roots of a determinant of 
order (N + 1) in the Nth order approximation. 


At a free boundary two types of boundary condition 


: an : 
have been used. Mark sets ‘Y zero at 7 discrete inward 


past : N. 
directions, whilst Marshek sets to zero 5 integrals over 


the incoming hemisphere. These boundary conditions 
are discussed at length by Davison (1957), with 
reference to the spherical harmonic expansion. 

Both the spherical harmonics and Tchebysheff 
expansions use the same analytic approximation over 
the whole range of variation of 2 and we shall describe 
them as full range approximations. One might, 
however, divide the solid angle into a number of ranges 
and use a different analytic approximation in each 
range. Equation (2.1) then splits up into a number of 
equations, one for each range and with different 
V(r) and ¢,(8) for each range. This method is 
adopted, for example, in CARLSON’s S, method of 
solving the transport equation (CARLSON and BELL, 
1958). In plane or spherical geometry, the range of u 
from —1 to +1 is divided into N equal intervals and 
(r,4) taken to vary linearly with uw in each interval. 
The CARLSON method was designed to be a stable 
procedure for finding numerical solutions of the 
transport equation but there is a more fundamental 
reason why a full range approximation may not be the 
most appropriate one to use and we now consider this 
in some detail. 

As stated above, y(r,82) must vanish at a free 
boundary for all incoming directions of 22, but is non- 
zero for outgoing directions. Let yu be the cosine of the 
angle between 2 and the outgoing normal. At the 
boundary it can be demonstrated that yp is discon- 
tinuous at « = 0 if the boundary is plane and that 


<¥ is discontinuous at pe = Oif the boundary is convex. 
be 
Thus the variation of ‘Y(r,4) at the boundary will have 


a form similar to that given in Figs. l(a) or 1(b). 

A little way in from the surface the discontinuity in 
YY will be absent and the flux variation will have a form 
similar to that given in Fig. 2. 


At distances within the order of one mean free path 
from a free surface, the flux variation near uw = 0 is 
more rapid than that in the rest of the range and a full 
range approximation, which treats all parts of the range 
with comparable accuracy, will run into difficulties. 
Perhaps the best procedure would be to use a high- 
order expansion in a small range |u| < e near u = 0 
and two low-order expansions for —1 < uw < —e 
and e< «<1. So far as we know, this type of 
approximation has never been tried and it might 
involve considerable complexity. 

A method for dealing with the anomalous flux 
variation near «4 = O in the boundary region which has 
been used with some success is the double-range 
approximation in which different expansions are used 
for u« < or > 0. No continuity condition is stipulated 
at « = 0, so that the method may give a discontinuity 
at « = 0, even away from a free surface. However, it 
is clear that the type of flux variation in Fig. 2 may be 
approximated better by two straight lines, one for 
fu < 0 and another for uw > 0, than by a single cubic 
curve. 

The double-range spherical harmonic expansion in 
plane geometry has been considered recently by several 
authors (YVON, 1957; ZIERING and ScuiFF, 1958 and 
Koppe and BLASSER, 1958). The appropriate expan- 
sions replacing equation (2.1) are 

¥(x,4) = ¥ (2n + Dy,* P,(Q2u — 1, pw > 0, 


n=0 


= ¥ (2n + Iy,” P,(Q2u +1), w <9, (2.4) 
n=0 


and the system of equations obtained by substituting 
this expansion into the Boltzmann equation with 
isotropic scattering is 

i ee 
(nm + N= Yaui(xX) +2 - ya_i(x) +(2n+ 1) 


; c 


: eS ; 
Xx (- +>) v0! (x) = 7{vo"@) + Yo ()}4Ono 
+20n +] SurdPQuF Ddw. 25) 


The P,* approximation is obtained by putting 
Y,.,; = 0. The most general solution of (2.5) is again 
of the form (2.3). The »,; are now the roots of a 
determinant of order 2(N + 1). In fact, all expansion 
methods have a general solution similar to (2.3) and one 
way of assessing different methods is by comparing the 
values of », which they yield. 

One interesting property of the double range 
expansion is that it is now possible to satisfy the free 
boundary condition exactly by putting all y,,~(x) zero 
on the boundary. 
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The extension of the double-range expansion method 
to more complicated geometry raises certain problems. 
The transport equation now contains a derivative with 
respect to 4 and some care is necessary in evaluating 
this near the discontinuity at 4 = 0(DRAWBAUGH and 
Noperer, 1959). A further difficulty in cylindrical 
geometry is that the neutron flux now depends on a 
second angular co-ordinate, 0, the angle that the pro- 
jection of Q on a tangential plane makes with the axis 
There on 2 ee 

2 2 
dent spherical harmonics of order n, so that the P; 
approximation, for example, involves 6 radial functions 
rather than the 4 in plane or spherical geometry, but in 
the P, * approximation, which also requires 4 functions 
in plane geometry, there is no natural way of including 
dependence on @ and published work to date has 
omitted it. Presumably @ dependence would be 
included in the P,* approximation when it can be 


included naturally. This procedure would mean that 
2 


N 
the Py approximation would include —- or (N? — 1)/2 


of the cylinder. 


indepen- 


harmonics with # dependence compared with N(N + 1) 
in the P,,,, approximation, whereas both approxi- 
mations involve 2(N +1) harmonics without @ 
dependence. Thus the full range expansion method 
would treat the dependence relatively more accurately 
than the comparable double-range expansion. It may 
well be that the full-range expansion gives more 
consideration to the @ dependence than is really 
warranted for it is only near boundaries with a small 
radius of curvature that we would expect the 0 
dependence to be important. 

The extension of the double-range Py approximation 
to two-dimensional Cartesian geometry has been 
considered by SCHIFF and ZIERING (1960). 


2.2 Comparison of different expansion methods 


In Table | we give vy as a function of c, obtained by 
several different methods. v9, being the lowest root in 
equation (2.3), is the term which governs the behaviour 
of the flux in the asymptotic region remote from sources 
and boundaries. The rigorous values of v in a source- 
free infinite medium is given in the last column and 
comparison with this value indicates how good the 
approximation is likely to be in the asymptotic region. 
For completeness we have given v» over the range of c 
from 1-0 to 0, but it should be remembered that v, has 
physical significance only when c is close to 1. 

As we might have expected, we see that the P,y,; 
approximation is superior to both the 7,,,, and the 
P,,* approximations, but all approximations converge 
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TABLE 1.—VALUE OF ¥» IN VARIOUS APPROXIMATIONS 


0 


0-5228 
0-7028 
0°8165 
08944 
0-9502 
0-9914 
1-0227 
1-0471 
1 0666 
1-0824 


rapidly. Thus, while the P,= method is considerably 
worse than the P, method, P,= is only slightly worse 
than P, and is much better than P,. 

The second test of an approximation method is its 
treatment of the flux near a boundary. This is most 
easily done by applying the method to the Milne 
problem in which a purely scattering medium occupies 
the half-space, x > 0, and the half-space, x < 0 is 
vacuum. For x —» o, the neutron flux is taken to vary 
as X + Xo. An exact calculation gives xy = 0-7104/. 
In Table 2 we give the values of x,// calculated using 


TABLE 2.—ASYMPTOTIC EXTRAPOLATION LENGTH FOR THE MILNE 
PROBLEM IN VARIOUS APPROXIMATIONS 


Pry. 2 P, 


Mark Marshak 
05000 
0-7113 
0:7106 


0-5774 0-6667 0-7854 
0-6940 0:7051 0-7129 
0-7039 . 


Exact value = 07104 


various approximations. For the full range methods, 
the results are given using both Marshak and Mark 
boundary conditions. 

In all except the lowest order, it is clear that the 
double range method is giving considerably better 
results than the full range methods. The Tchebysheff 
expansion seems to have few advantages, although 
CONKIE (1959a) has shown that it gives rather better 
results than the full-range spherical harmonic expan- 
sion for the Milne problem with capture. 

We now reach some tentative conclusions about the 
merits of the various methods. The P, approximation 
(diffusion theory) is usually better than any other 


expansion of the same order. In many problems, 
diffusion theory is adequate but a better approximation 
may be desirable when considering small regions in 
which boundary effects persist right through the region 
or when a region has appreciable capture (c <1). For 
small regions we would expect the half-range expansion 
to give better results than the full-range method, whilst 
when c <1 in a region, the successive generation 
method discussed in Section 4 is appropriate. There 
are probably few problems in which the P,,,, 
method (N > 0) will give appreciably better results 
than P,=, but many in which the converse is the 
case. 


2.3 Numerical treatment of expansion methods 


The analytic treatment of expansion methods, in 
which y,(r) is written in the form of equation (2.3), is 
algebraically tedious except for the lowest order 
approximations, and it is desirable to use numerical 
methods at an early stage in the analysis. A survey of 
calculation techniques has been given by BARREISS 
(1958). One is to transform the set of y,(r) into a set 
of discrete ordinates ‘Y(r,82,) and then solve the 
equations for the ‘¥'(r,Q,) numerically. This procedure 
is discussed in Section (2.4). In this section, we shall 
describe an iterative method for solving the P, or Py 
equations, due to GELBARD, Davis and PEARSON (1959), 
in which, starting from the P, approximation, we solve 
for increasing values of N until the required accuracy 
is obtained. This is an attractive method since the P, 
approximation is often quite a reasonable approxima- 
tion and the iterative scheme is likely to converge 
rapidly. 

In the full range spherical harmonic expansion in 
plane geometry, we put 

(xX) = WPo,(x), J,(x) = Po,-,(x). 


Then the set of equations for the Boltzmann equation 
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may be written 


2n + 1 2n ‘ 
ee gf J J 
(Z n ) aa an+ 1°" 


y Len >, (x) 


(x) 


S, n(X), 
(2.6) 


! a Pn (x) 


4 + \(x) T 
' Len iJ, (x) . Sonsi(X). 


Define vectors J, , S and R, whose components are 
Jn» Ons (4n + 1)Sy, and (4m + 3)S,,,, respectively. 
Also define diagonal matrices D and Z with com- 
ponents D,,,, = 1/(4n +- 3)X,,,, and &,,,, = (4n + 1) 
~,,, respectively. Then (2.6) may be written 


AJ’ + I = 5S, 
Bd’ + DJ = R, 


(2.7) 


where the terms of the matrices A and B are obvious 
from inspection of equations (2.6). 
Eliminating J from equations (2.7) we have 
—-ADBd" + = = S — ADR. 
Now define X = Bod 
and operate on (2.8) with A“ to obtain 


DX” + A?ZB?X = A'S 


(2.8) 
(2.9) 


- DR. (2.10) 


Equation (2.10) has the same form as multigroup 
diffusion theory equations, and so may be solved using 
existing computer programmes. This possibility is 
discussed more fully below. 

The P.y,,; approximation consists of neglecting in 
equations (2.7) all terms in A and B outside the first 
(N + 1) rows and columns. We denote these approxi- 
mate matrices by A, and B,, and note that from their 
definitions, A is a triangular matrix with zeros above 
the diagonal, and B is a triangular matrix with zeros 
below the diagonal. Because of these triangularity 
properties it is easily demonstrated that 

(ADB), = AyD\B,, 


(A 1), : (Ay) - 
(B), = (By)", 
(A ZB”), = (Ay)? Ey (By), 


(BA), + ByA,y, 
(BA), 4 (By) YAy) 


From equations (2.11), it follows that the P,,_, 
approximation is obtained from (2.10) by neglecting 
all terms outside the first (NV + 1) rows and columns in 


the matrices A~? Z B~' and A~*. The obvious way of 
solving equations (2.10) is to take all X, = 0, except 
Xp, solve for Xo, (this is the P, appropriation) and then 
use this value of X, to solve for X, and so on. 

The above procedure is not unique since the matrix 
ADB can be represented as the product of twotriangular 
matrices in infinitely many ways, but it is obviously 
convenient to use the representation which occurs 
naturally. The transformation (2.9) also has the 
advantage that it gives J = D(R — X’). 

The double-range spherical harmonic expansion 
equation in plane geometry can be reduced to a form 
similar to (2.10) but without its elegant properties. 


y, (x), 


y,, (x), for n even, 


It is convenient to express the set of equations for 
the double-range expansions in terms of scattering 
cross sections and source functions expanded in full 
range expansions. In order to do this we express the 
full-range ¢,,, J,, in terms of the double-range ¢,,”, J,” 
as 

= Fo”, 


2.13 
J= GI. tn 


If we substitute these equations into (2.7) we obtain 
MJ” +o? =F'Z"'S 


, 
No” + J” = GDR, asians 


M = F-'=-' AG, 


N = G'DBF, 
and (2.10) becomes 


—DX" + GM'N“G"'DX = GM'F-' >"! S — DR’. 
(2.16) 


In the P, = approximation, only the first (NV — 1) rows 
and columns of the matrices F, G, M and N are 
included. Equation (2.16) does not have the elegant 
properties of (2.10), because (GM™'), = Gy(Myy"4, 
(N“G™),. 4 (Nyy Gyy". 

Any expansion method can be put into the form of 
(2.16), once the appropriate transformations (2.13) are 
known. This method is again not unique, but as given, 
it does link up closely with the full-range expansion 
method. It means, for example, that in the Py= 
approximation for N > 0, the first iteration, in which 
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all X, except X, are neglected, gives the P, equations. 
and not the P,* equations. 

It can be seen that equations (2.10) and (2.16) have 
the same form as multigroup diffusion theory equations. 
This has made it possible to use existing multigroup 
computer programmes with no modifications, but a 
special IBM 704 programme, FLIP, has also been 
developed (ANDERSON ef al., 1959). The boundary 
conditions in (2.10) and (2.16) require the continuity of 
all components of X and DX’ at interfaces, just as in 
multigroup theory. At a free boundary the boundary 
conditions take the form 


X’ = TX. (2.17) 


This type of condition can be used in the FLIP 2 
programme, but not in a normal multigroup pro- 
gramme. In many problems, however, the exact free 
boundary conditions are not crucial and it is adequate 
to take X = 0 at an extrapolated boundary. 

The above formalism can be applied to problems in 
spherical or cylindrical geometry, but it is now found 
that the coupling terms in equations (2.10) or (2.16) 
contain spatial derivatives. This makes it impossible to 
use existing multigroup programmes without con- 
siderable modification, but the method is still an 
attractive one. Two IBM 704 programmes are 
available (Davis et a/., 1959). CLIP solves the one- 
dimensional P, equations in cylindrical geometry and 
TRIP solves the two-dimensional P, equations in 
Cartesian co-ordinates. 


2.4 Discrete ordinate forms of expansion methods 


The one-dimensional Boltzmann equation may be 
written 
. shin i Cee 
u(r) + UM — fi) 
r 


7 


> S(u,r) Ye) (') du’ (2.18) 
where f(u) = 0 in plane geometry 

and f(u) = (1 — w*) in spherical geometry. 

The discrete ordinate approximation to this equation 
consists in considering ‘f at (N + 1) discrete values of 
fw, denoted by m,, where K=0, 1,..., N. The 
derivative and integral with respect to « in (2.18) are 
represented by summations over the ‘¥’,. Thus in the 
vector notation used in the previous subsection, we 
have 


uP + v,¥ 4 pW =S+a¥. (2.19) 


On the other hand, an expansion method, of order N, 


is formulated in terms of (N + 1)y, and may be 
written 


My’ + Saab 4 - Bip = Q+ Ab. (2.20) 


Since both ¥ and have (N + 1) components we 
should expect to be able to transform (2.19) into the 
form of (2.20) and vice versa by a linear transformation 
(GOERTZEL, 1958). 


- FY. 


In (2.20) put & 
Then 


I 
F'MFY + >, + - F'BFY =F 'Q + F"AFY 
r 


(2.21) 


(2.22) 


This will be of the form of (2.19), if F-'=MF is the 
diagonal matrix w. Thus the F to be used in (2.2) is 
the one that diagonalizes M by a similarity trans- 
formation, and the discrete ordinates ~, are the 
eigenvalues of M. 

Every expansion method therefore has its corre- 
sponding discrete ordinate formulation. The full-range 
spherical harmonic method for example gives the 
familiar Gaussian discrete ordinate method of 
Chandrasekhar and Wick, (DAvison, 1957) whilst the 
double range spherical harmonic expansion is equiva- 
lent to Sykes’ double Gaussian discrete ordinate 
method (Sykes, 1951). 

The discrete ordinate formulation provides a possible 
method of solving the transport equation numerically. 
The solution is started at an outer boundary with 
‘’_, = 0, where —k indicates that u, <0. A step by 
step method can then be used to solve (2.19) as a set of 
coupled first-order linear equations in the ‘Y_,. Since 
there is no boundary condition at the outer boundary 
for the ‘Y’_,, trial values must be assumed for these in 
the terms a and BY. In plane geometry, B = 0, so 
that trial values are required only in the scattering term 
a. 

The solution of (2.19) for ‘Y_, proceeds until the 
other boundary is reached, when the equations for ¥_, 
can be solved step by step in the opposite direction. 
The process is iterative. 

The double Gaussian discrete ordinate method is 
used in the American programme RDR 5 for the 
Naval Ordnance Computer. 


2.5 Comparison of numerical methods 


In the last two sections, we have described two 
different methods of solving the Boltzmann equation. 
Both are iterative methods, one iterating upwards from 
the diffusion approximation, and the other iterating on 
the scattering term in the Boltzmann equation. Thus, 
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in general, we would expect the first method to 
converge most rapidly for weak absorption and the 
second for weak scattering. In practice, the first 
method has been found to converge more rapidly than 
the second for a wide range of problems (GELBARD 
et al., 1959). CARLSON’s S, method is in many ways 
similar to the discrete ordinate method. It is probably 
the most widely used programme at the moment and 
considerable thought has been given to its rate of 
convergence (BLUE and FLATT, 1960). However, on 
theoretical grounds, we should expect the double 
Gaussian discrete ordinate method used in the RDR.5 
code to be superior to the S,, method, since it represents 
the angular flux by an analytic function rather than by 
a piecemeal linear function. 

If the Boltzmann equation is being solved as part of 
a multigroup theory calculation, then the source term 
in (2.19) represents neutrons being transferred from 
other groups. In this case iteration is required on both 
S anda. In a many group problem, S may be much 
larger than a¥, and the S iteration becomes more 
crucial than the iteration on a. In this case, there 
might be little to choose between the two methods of 
solving the one-velocity Boltzmann equation, the main 
problem now being how to speed up the convergence 
on the iterations between different groups. 


3. SIMPLE ANALYTIC APPROXIMATIONS 
3.1 Introduction 


In the General Introduction it was pointed out that 
large errors in diffusion theory are to be expected near 
isolated sources and also near boundaries. This 
suggests that the first step in a programme to find an 
alternative to diffusion theory, which does not suffer 
from these difficulties, should be a consideration of the 
solution of the Boltzmann equation appropriate to an 
isolated source in an infinite homogeneous medium. 

The exact solution of this problem is well known 
(see for example Davison, Chapter 5), but, of course, 
it is a simple approximate solution, with errors less than 
those in diffusion theory, which we require. Recently 
GROSJEAN (1956a) has obtained an approximate 
solution, which, for c < 1, gives values correct to a 
few per cent over a range of distances from the source 
where the solution decreases by a factor of 10-*. For 
c > 1 this accuracy is not obtained. GROSJEAN 
expresses the solution of the Boltzmann equation as 
the sum of two terms: the first arises from those 
neutrons which have yet to have a collision, whilst the 
second term satisfies a diffusion type equation, but 
with coefficients different from those appearing in the 
usual form of diffusion theory. This form for the 


approximate solution is obtained after a rather lengthy 
and complicated discussion of the Boltzmann equation. 

It is the purpose of this section to discuss in detail 
the basic idea behind the GROSJEAN approximation, 
that is the separation of the solution of the Boltzmann 
equation into two terms, to show how GROSJEAN’s 
results may be obtained in a simple manner, and to 
extend the treatment to all values of c. 

Other authors (see for example the review article by 
TRIPLETT (1958)) have proposed different methods of 
approximation, but these do not compare in accuracy 
with the GROSJEAN approximation and so they will not 
be considered in detail in this article. 

The second step in a programme to find an alternative 
to diffusion theory is to consider a finite medium and so 
find the effect of boundaries. To this end we use a 
result obtained by various authors (see for example 
CASE, DE HOFFMANN and PLAczeK (1953) Chapter V) 
that any finite medium problem is equivalent to a 
number of infinite medium problems in which effective 
sources take the place of boundaries. 

However it is still found necessary to introduce 
further methods of approximations, otherwise the final 
solutions are far too complicated. Some such methods 
are discussed below, but since there are very few cases 
where finite media problems have been solved exactly, 
it is difficult to test these methods to see which is the 
best, bearing in mind the need for a final method which 
is relatively simple but accurate. For this reason the 
treatment of finite media is not at present in such a 
complete state as it is for infinite ones. However the 
present status of the finite medium problem is 
considered below. 


3.2 Infinite media—General theory 

For simplicity we restrict ourselves to plane 
geometry, where the Boltzmann equation for the 
angular flux ‘Y(x,«) in an infinite medium is 

BY’ (xe) + Fl 


= S(x,u) by AxyP,(a), (3.1) 


2n + 1) 
wT 


where 


.(2n + 1 
¥(x,4) = = y,(x)P,( 4), (3.2) 
with P,() the Legendre polynomial of order n. The 
coefficients 6, which give a measure of the anisotropic 


scattering are defined such that 


b, = JAR’ —+Q) P,(Q’ .Q) dQ .Q’), (3.3) 


where /(&’ —> Q) is defined in the General Introduction 
and is so normalized that b5 = 1. A more detailed 
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discussion of the above equations is given in DAVISON 
(Chapter 17). 

A formal solution of (3.1) may be obtained in the 
following way. We subject it to a complex Fourier 
transform and find after slight rearrangement that 


. 5 ' = 
(Y.n) Sp.) ee ww (en 1)b, ¥.(p) PAu) 
] - ippl 4m =o l ipul 

(3.4) 
where 


——o.: 


Y(p.) Y (x,p)e'”* dx, (3.5) 


and a similar convention holds for the other transforms. 
If we multiply both sides by P,() and integrate over 
all « we find 


¥ (2m (3.6) 


m=O 


y,(p) 


where 


1A, m(lS,(P) + CO Pm(P)}, 
1 fr? P(w)P,,(w) dw 


(3.7) 
] ipwl 


In particular, for nm = m = 0, Ag 9 = tan“pi/pl. 

A formal solution may in principle be obtained by 
solving (3.6) for #,(p) in terms of the A’s and S’s and 
then inverting the transform. However even where the 
number of 5,’s is finite and relatively small this process 
is exceedingly complicated. In the following we shall 
consider some special cases. 


3.3 Isotropic scattering and isotropic source 
(6, = 0, S, = 0, for n > 0) 


In this case equation (3.6) may be rearranged into 
the form 


Y»(pP) SopAo,/( - CAg 9), (3.8) 


and in particular 
Yop) = SA ol(1 — CAg 9). 


Thus we may write 


l *® Sip)Ao.0 
Pox) =| ‘lt 


(3.9) 


e-'* dp. (3.10) 
For a delta function source at the origin, S,(p) is 
a constant, equal to S, say, and the inversion of the 
above transform is discussed in detail by Davison 
(Chapter V), where it is shown that 


S,ML? — I*) 
Le(cL? + 1? — L?) 


Yolx) = e V2 + X(x), (3.11) 


where L satisifies equation (1.4), and X(x) is a 
complicated function of x// and c. 


3.4 Methods of approximation 


It is found that X(x) is of order e~*'' and hence for 
c~1 (L>/) and for x > 3/ this term may be 
neglected in comparison with the first term in (3.11). 
This approximation forms the basis of asymptotic 
diffusion theory since it is readily seen that if we neglect 
the term X(x) then wo(x) satisfies the diffusion equation 

" ) 
Dyg (x) - Yo) 


AS, &x), (3.12) 


with 
(1 c)L*/I, 

and 
AL? — Pl —e) 
c(cl? — [2 — L?) ° 


Forc~1, A~1 and D~//3. It is expected that 
asymptotic diffusion theory will give reasonably 
accurate values of wo(x) for all x greater than a few 
mean free paths as long as the value of c is close to 
unity. Thus, if we are to obtain a better approximation 
tO wolx), it seems essential to concentrate on the region 
near the source and in particular on values of ¢ not 
close to unity. 

Near the source it is expected on physical grounds 
that the major contribution to the exact w(x) will come 
from those neutrons that have yet to have a collision, 
that is those that come direct from the source. (This 
contribution may be obtained by solving (3.1), for the 
case of c being identically zero.) Further, for small c, 
the neutrons which have still to make a collision will 
make the major contribution to wo(x) for all x. Thus it 
seems very probable that if the uncollided neutrons 
were treated exactly then an approximate treatment of 
the remaining contribution to wo(x) on the lines of 
diffusion theory would give reasonable values for wo(x) 
for all c and all x. Expressed mathemaiically we write 


YoIX) = YodlX) + Pod), (3.14) 


where yp ,(x) is the contribution due to those neutrons 
which have not had a collision. The transform of 
Wo,.(X) is obtained from (3.9) by putting c = 0 and in 
this way we find 


FoPp) = Sol Ago, (3.15) 


and 
Yop) = S,le Aj ol — € Ago). 


Using (3.15), or otherwise, it is readily shown for 
So(p) = So, that 


(3.16) 


Yo (x) = So E\(\xi/) = = etizi/t S . G.17) 
. 2 2 J1 t 


The transform #, , may also be inverted and written in 
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the form of (3.11), with a different form for X(x), 
which is still of order e~’//, however. Thus if we 
neglect this correction term, po ,(x) satisfies equation 
(3.12). We now find that the above method of 
approximation leads to the result 


Wolx) = So[4F,(\x|//) + Be Ix a (3.18) 
where 


B= Al/2L(1 — c). (3.19) 


Although we have neglected the term X(x), we expect 
the above expression for wo(x) to give much more 
accurate values than those obtained simply from a 
solution of (3.12). Before discussing the accuracy of 
the above solutions we shall discuss some other 
methods of approximation. 

In evaluating the transform given by (3.10) it may be 
noted that the largest contribution to the integral will 
arise from values of p about zero, since for large p, 
Ayo © |/p. This suggests that a reasonable approxi- 
mation to (3.10) may be obtained by replacing Ao 9 by 
its expansion near p = 0. In this way we find 


SJ {** 
x (1 


where we have neglected terms of order p*. It is 
readily shown that the above form for wp satisfies 
equation (3.12) with 


D = 1/3, A 


so that from (3.13) 


[?/L? = 3(1 — c). 

This is in fact the same result as obtained by the 
so-called P, approximation, that is ordinary diffusion 
theory. Alternatively we may consider the above 
procedure as a method of obtaining an approximation 
to yo(x) which has the correct zero and second-order 
moments. 

A better approximation is expected if instead of 
applying the above method of approximation to wo(x) 
we apply it to wo (x) only. In this way we find that 
Yo,a(X) again satisfies an equation of the form (3.12) 
but with 


= dp 


. c) t prr?/3 . 


Yo(x) (3.20) 


D = (2 — o)l/3, A=c, 


and /?/L? = 3(1 — c)/(2 — c). 

This particular form for the equation defining yo 4(x) 
was first given by GROSJEAN (1956a). This form for 
w(x) also has the correct zero order moment (it 
satisfies the neutron conservation condition), and the 
correct-second order moment. 

It may be noted that the above approximation to 
Po(p) is of order 3S,/p*/ for p > oo (cf. equation 3.20), 
whilst the correct asymptotic form is Sg7/2p. Whereas, 


(3.22) 


the approximation for #9, has the asymptotic form 
c3S9/(2 — c)p*l for p —> «, whilst the correct form is 
cSo7*/4p*/. In the approximation for #4, we get the 
correct dependence on p for pO and p>, 
although for p —> 0 the coefficients of p® are in the 
ratio of (2 — c)/3 to 4/7*, whilst for ji, the dependence 
on p for p— © is different. Thus we expect that the 
above method of approximation will give more 
accurate values of yp» ,(x) than of yo(x). Furthermore 
for c satisfying the equation 


A. fy) 
3 


that is c = 0-784, the errors in wo ,(x) are expected to 
be a minimum. 


3.5 Further extensions 


The methods of approximation considered above 
may be extended to obtain other approximate forms 
for yo(x). For example we could write 


Pop) — ISo{A 0,0 


42 243 | 
CA} 6 rs Ap o/(l . CAg o)}; 


(3.23) 
and treat the first two terms exactly and the third to the 
diffusion approximation. This however leads to rather 
a complicated form for wo(x) in that the second term is 
not easily evaluated. This method bears very close 
resemblance to the method of multiple scattering 
which is discussed elsewhere in this article, and the 
above suggests that the flux calculated using a multiple 
scattering formalism should be corrected by adding a 
diffusion-type term which represents an approximation 
to the higher-order terms usually neglected. 

Another possible method of improving the approxi- 
mation is to retain terms of order p* in the expansion 
for Ago. In fact an expansion of Ay » to order p* leads 
to an equation which is identical to that obtained to the 
P; approximation in the spherical harmonics method. 
However, as it is found that the approximations 
already obtained give values of wo(x) correct to 
within a few per cent it was not thought worthwhile to 
obtain more accurate but more complicated formula. 

Other authors, TRiPLETT (1958) have replaced the 
kernel of the integral appearing in (3.10) by simple 
expansions in p* and have obtained other approxima- 
tions for wo(x). In particular there is the approximate 
formula obtained by RICHARDS (1955). TRIPLETT 
shows that of all the formulas that he considers, 
RICHARDS’s formula gives the best agreement for the 
case of a plane source in an infinite medium. However 
GROSJEAN compares the values of wo(x) obtained by 
using equation (3.18) with the exact values and also 
with values obtained by using RICHARDs’s method of 
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approximation and finds that his method of approxi- 
mation is far superior. In view of these results, the 
various formula considered in the review article by 
TRIPLETT will not be considered further in this report. 


3.6 Numerical results 


To compare the various approximations to yo(x) 
obtained above we have found it desirable to consider 
cases of c < | separately from those where c > 1. 

For c< 1 we have considered the percentage 
difference in the various forms for wo(x) as a function 
of the distance x//. The exact values of wo(x) are 
obtained from the results given by CASE, DE HOFFMANN 
and PLACzeEK (1953). It may be noted that the form 
for po(x) as given by (3.18) is exact for c= 0. In 
general the form for wo(x) is given by (3.18) with the 
value of L and B depending on the value of c and on the 
method of approximation. For example in the 
approximation proposed by GROSJEAN, the value of L 
is given by (3.22), 


sei 
ae aes FS (3.24) 
x1 — c) 


2 


and the value of Bis given in terms of L and c by (3.19). 
The percentage errors in the various approximations 
to wo(x) have been evaluated for a range of values of c 
from 0 to 1, and for c = 0:3 and 0-9 the results are 
shown in Figs. 3(a) and 3(b). We find that the method 
of approximation suggested by GROSJEAN gives values 
of wo(x) for all values of c between 0 and | with a 
maximum error of order 6 per cent. For particular 
values of c and ranges of x// other approximations give 
more accurate results, for example, as c —> | the flux 
for x// 2 1 is best represented by equation (3.18) but 
with B and L calculated using asymptotic diffusion 
theory. However it is only the GROSJEAN approxima- 
tion that may be applied universally for all ce < 1. The 
results do suggest that even better agreement may be 
obtained by using a value of L slightly different from 
that given by (3.24), but in general the possible 
increase in accuracy does not outweigh the dis- 
advantage of a more complicated form for L. 

The accuracy of this simple extension to diffusion 
theory is somewhat surprising, even more so when it is 
remembered that an error of less than 6 per cent is 
found for a range of values of x// in which the flux 
decreases by a factor of 10-*. 

For c > 1 it is most convenient to consider the 
actual value of the function w,(x). This function is now 
an oscillatory function of x// and good agreement of 
any approximate form with the exact expression is only 
expected if the period of oscillation is the same. For 
this reason it is to be expected that the GROSJEAN 


approximation will not give such good agreement as 
for e<1. In fact it is found that the Grosjean 
approximation is extremely poor except for c < 1:3 
and x// < 3. Very much better agreement is obtained 
if values of B and L as calculated from asymptotic 
diffusion theory are used. The above two approximate 
forms for wo(.x) are compared with the exact value for 
c = 1-1 and 1-5 in Figs. 3(c) and 3(d) respectively. 

Asymptotic diffusion theory gives good agreement 
with the exact value of wo(x) except for small x. In 
particular for x — 0, this approximation to wo(x) tends 
to zero whilst the correct value has a logarithmic 
singularity at x = 0. The method of approximation 
discussed above shows the correct behaviour as x 
approaches zero. 

It is concluded from the work discussed above that 
an approximation of the form given by equation (3.18) 
can be made to give good agreement with the exact 
value of wo(x) by suitable choice of the constants B and 
L. For c < 1, the values of B and L as given by the 
GROSJEAN approximation are the best for the range of 
x/l where wo(x) decreases by a factor of order 10~* from 
its value at x// = 0-1. For c > 0-9 the best values for 
Band L are those calculated using asymptotic diffusion 
theory. However it must be remembered that as 
x/1—» oo the exact value of w(x) approaches the value 
given by asymptotic diffusion theory so that this form 
of approximation must be used in any discussion of 
asymptotic values, that is for large values of x//. 


3.7 Higher-order components (b,, = 0, S, = 0,n > 0) 


The transforms of the higher-order components of 
‘Y’(x,u) are given by equation (3.8) which may be 
written in the form 


P,(p) = SolAy , + Sole Ao nAool — ¢ Aoo)- (3-25) 


The transform of the first term is readily expressible in 
terms of the E,, functions. The second term may be 
treated in a manner similar to the way we obtained 
Y’o,4(x) in the above, namely expanding it about p = 0 
and then carrying out the inverse transform. It is found 
that this term then satisfies an equation of the form 
(3.12) but with A and D different functions of c 
depending on the order n. The disadvantage of this 
method is that the y,(x)’s will contain terms of the 
form e~*/" with L depending on the order n. Further, 
although the approximation to the second term is 
made to have the correct dependence on p for p — 0, 
for p> it behaves as p"-* whilst the correct 
dependence is 1/p?, so that it is only for m = 0 that we 
have the correct dependence on p for both p + 0 and 
p> @. 
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Fic. 3(c).—A plot of the total flux as a function of x// for 
c= 1-3. The exact value is labelled (1), whilst (2) and (3) 
denote approximations of the form given by (3.18). For (2) 
L is given by (1.4) and B by (3.19) with A given by (3.13) 
whilst for (3) (GROSJEAN approximation), L is given by (3.24), 
B by (3.19) with A = cc. (4) Denotes the value calculated 
using asymptotic diffusion theory. 


-) 
. a/b 


Fic. 3(d).—A plot of wo(x) for c = 1:5. The labelling is the 
same as in Fig. 3(c). 
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A different method of obtaining these higher-order 
components will now be considered. 

It will be noted that if in (3.1) we put ,, = 0 for all 
n> O and assume y,(x) known, then we have an 
ordinary first-order differential equation in x for 
¥(x,). In particular if we integrate this equation over 
all « we get 

yy (xX) + Poll = So(x) + cyo(x)/l. (3.26) 
The solution of this equation is 
(1 — c) 


v(x) = — 


Yo(x') dx’ — | So(x') dx’, 
Oe a er 


for u > 0, 
(3.27) 


(1 aoe c) Pz , , we ; 
] Yolx ) dx’ 4 | So(x') dx’, 


for u < 0, 
where we have used the condition that y, — 0 for 
|x|» ©. For S,(x) = S,d(x), the flux w(x) is a 
function of |x| only and the above reduces to 
(l1—oc)f* 


yi(x) = A(x) ] 


yo(x’) dx’, (3.28) 


for all x + 0 and where 
H(x) = +1 
= —|] 


for x>0, 
for x <0. 


Substitution of (3.18) into (3.28) gives 
BL 
v(x) = A(x) — Sy, HE A) + T e-* ‘\ (3.29) 


This may also be written in the form 
yi(x) = (1 — cy, (x) — Dy Ax), (3.30) 


where y,,, is the uncollided contribution to y,(x). The 
second term is similar to the expression for the current 
in ordinary diffusion theory. 

GROSJEAN (1956b) has obtained an expression for 
the current due to a point source in an infinite medium 
and when this expression is transformed to plane 
geometry we obtain a value of y,(x) in complete 
agreement with the above. 

To obtain the higher components we multiply equa- 
tion (3.1), with 5, = 0, for n > 0, by P,(u) and inte- 
grate over all uw. In this way we obtain the recur- 
rence relationship which forms the basis of the 
spherical harmonics method, namely, 


, ’ (2n + 1 
(n + 1) Waa + MWy—1 a ar” 


for all n> 0. Thus with the knowledge of the two 


y, = 0, (3.31) 


lowest components, yo(.x) and y,(x), it is possible to 
obtain all the higher components. In particular 


yx) = F(1 — c)E,(|x\//) — 2E(xI/) 


=(—- [rl L 


— —lfe (3.32) 
l 

The advantage of the above method is that it gives 
relatively simple expressions for the components of 
¥(x, 1). 

The accuracy of the above approximations for the 
components y,(x) is difficult to determine without a 
knowledge of the exact values of the quantities. The 
authors are unaware of any numerical values of these 
quantities except of course for n = 0. However we 
may make some estimate of the errors to be expected in 
the following manner. 

If we consider the expression for y,(.x) as given by 
(3.28) we see that the error in y,(.x) can be related to the 
error in y,(x). The errors in the value of wo(x), as 
given by (3.18), have been discussed in (3.6). From 
this discussion we may conclude that the errors in the 
expression for y,(x) as given by (3.29) will, fore < 1 
and x// < 4, be less than the error in wo(x) since the 
errors in yo(x) change sign in the region of 0 < x// < 4, 
For c < | and x// > 4 the errors will be greater than 
those in wo(x) if wo(x) is calculated using L given by 
(3.24). For c~ | this error may be reduced by using 
the value of Z calculated from asymptotic diffusion 
theory. Force > 0-9 the largest errors are expected for 
small values of x// since it is for such values of x// that 
the largest errors appear in w(x). We may use similar 
arguments to discuss the errors in the higher com- 
ponents. Thus we conclude that the errors in the 
components y,, calculated using (3.26) and (3.31) are 
expected to be of the same order as those in the 
expression for wo(x) as given by (3.18). 


3.8 Anisotropic scattering 


The above analysis may be extended in two distinct 
ways; (i) to include the effect of anisotropic sources, 
and (ii), to include the effect of anisotropic scattering. 
Since the case of an anisotropic source will be treated 
in the section on ‘Finite media’ we will not discuss it 
further here. The inclusion of anisotropic scattering is 
quite straightforward and if we demand that yw» (x) 
satisfies a diffusion type of equation of the form given 
by (3.12) then A equals ¢ and 


— (2 —¢) + (1 — cd) 
ie 3(1 — b,c) 


It will be noted that D does not depend on b, form > 1. 
This is a consequence of demanding that wo , satisfies 


D l. (3.33) 
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a diffusion type of equation. Higher-order terms will 
only appear when higher-order terms of p are retained 
in the expansion for wp (p). 


3.9 Finite media—General method 


For the case of the finite media with plane symmetry, 
the Boltzmann equation is still of the form given by 
(3.1) but the quantities c, / and 5, are now functions of 
position. (In what follows we assume isotropic 
scattering, that is b, = 0 form > 0). In practice these 
quantities are constant over finite regions but vary 
discontinuously at the boundary between regions. 

The result, which is fundamental to the method of 
treating finite media as discussed below, is that it is 
possible to reduce a finite medium problem to a number 
of infinite medium problems. A discussion of the 
method of reduction is given by CASE, DE HOFFMANN 
and PLaczek (1953, Chapter, V). These authors show 
that any finite medium problem is equivalent to a 
number of infinite medium problems in which effective 
neutron sources take the place of boundary conditions. 
Thus it seems that the method of approximation 
discussed in the first part of this section may be used in 
conjunction with the above result to study finite 
medium problems. This possibility will be discussed 
below. 

To illustrate the method we consider the problem of 
determining the flux in two adjacent half-spaces which 
contain homogeneous material with different values of 
cand /. That is, c(x) equals c*, a constant, for x > 0 
and equals c~ for x < 0. A similar convention applies 
to (x). The correct flux in these two media we denote 
by ‘+ and ‘Y’-. Now consider an infinite homogeneous 
medium with c({x) = ct, (x) =/*, throughout, and 
with any sources in the region x > 0, still present but 
those for x <0 removed. At the surface x = 0 
introduce a fictitious source equal to u‘V(0,4) and let 
the solution of this infinite medium problem be (x, .). 
If we impose the condition that O(x,u) = 0 for x < 0 
then ®(x,u) = ‘Y* for all ~ and for x > 0. For with 
P(x,u) = 0 for x < 0, the total inward flux (4 > 0) at 

= 0 must be ‘¥’*(0,,), that is the contribution from 
the fictitious source only, and since the value of ¥'*(0, ) 
for « > 0 is sufficient to determine uniquely the value 
of ‘Y'(x,u) for x > 0 and all yu, then ®(x,), as defined 
above, must equal ‘’*(x,) for all x > 0. 

If the half-space x < Ois a vacuum then ¥'*(0,u) = 0 
for « < 0 and this used in conjunction with the above 
is sufficient to determine ‘’*(x,u). However in general, 
the above method must be applied separately and 
successively to each region. A more detailed discussion 
of this method is given by Case, DE HOFFMANN and 
PLACZEK (1953, Chapter V). 


The main difficulty in applying the above method is 
at once apparent. The fictitious source which replaces 
the boundary condition depends on the solution of the 
problem, namely ‘’*(0,), and the above method gives 
an integral equation for this quantity. If we use an 
approximate solution of the infinite medium problem 
then we obtain an integral equation for ‘Y*(0,u) with 
an approximate kernel. Unfortunately this approxi- 
mate equation is no more easily solved than the exact 
equation and the solutions when obtained are 
extremely complicated and not amenable to numerical 
evaluation. The solution of the Milne problem using 
the above method is discussed in detail by Case, 
DE HOFFMANN and PLACzeK (1953, Chapter V). 

Thus the direct application of the approximate 
solution of the infinite medium problem obtained in 
the first part of this section leads to a method of solving 
the finite medium problem which is as complicated as 
the exact method. Since we are primarily interested in 
an approximate method it is essential that some further 
method of approximation be introduced. Further this 
method must be reasonably simple to apply or else the 
advantage of having obtained a simple solution of the 
infinite medium problem is lost. One such method of 
approximation will be discussed with reference to the 
Milne problem. 


3.10 Approximate method 


We consider a homogeneous medium occupying the 
half-space x > 0, the half-space x < 0 being a vacuum. 
An isotropic source is present in the positive half-space. 
Using the result discussed above, we consider the 
infinite medium problem in which the material that 
was in the positive half-space extends over all the space 
and a surface source equal to u‘f’*(0,u) is present at 
x = 0. Then 


c . 
pe? + Ol = yo D, + S(x) + w'¥*(0,n) d(x). 
i. (3.34) 


(3.35) 


We write 


O(x,u) = R(x,u) + T(x,p), 
where 
wT’ + T/l = w¥*(0,u) de), 


then R(x,) satisfies the equation 


(3.36) 


c T(x) 


c 
— R, + S(x) + - . 
. (*) l 4n 


wR’ + Ril = 2 (3.37) 


al 
This is an equation for an isotropic source in an 
infinite medium and the solution may be written in the 
form 


Rox) | 


—-@® 


+@ 


F T(x’) + six] G(|x — x'|) dx’, 
(3.38) 
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where G(x) is the infinite medium Green’s function and 
is given to a good approximation by (3.18). (The above 
is exact and if we apply the condition that ¢o(x) = 0 
for all x < 0 then we obtain an integral equation for 
To(x)). 

The first step in the approximate method is to write 
‘+(0,4) in parametric form. For example we may 
ie W+0,y) =— ¥ Age’, (3.39) 

4 n~0 
for ~<0O and since in this particular example 
¥+(0,4) = 0 for u > 0, the above determines ‘Y’*(0, x) 
for all ~. In general the value of ‘’*(0,4) would have 
to be expressed in parametric form for « > 0 as well. 
It is then readily shown that 


Tj(x)=0 for x>0, 


= —} > (—1)"4,£,,.(\x\/) for x <0. 
n=0 


(3.40) 
If this form for 7,(x) is substituted into (3.38) and the 
approximate form for G(x) as given by (3.18) then used 
for x > 0, then for So(x) = S, d(x — %), 


$x) = Ro(x) = SoG(|x — |) — 2 (— 1)" AnMaal), 


(3.41) 
with 


M,(x) = S14Gin"(x/l) + BN,(x[De*"] 3.42) 
where 


N,(x) = I ” E,(te—** dt, (3.43) 
0 


and 


G,,,"(x) = [va + tE,(t) dt. (3.44) 


This latter function is considered in detail by Kour- 
GANOFF (1953, Appendix A.1). Somewhat similar 
expressions to that given above for ¢o(x) may be 
obtained for the higher components of ®(x,) by the 
method given in Section 3.7. 

Before we can identify ®(x,u) with ‘Y*(x,y) it is 
necessary to impose the condition that ®(x,u) = 0 for 
all x < 0. However since we have used an approxima- 
tion to ‘i’+(0,) this condition is too stringent. This 
suggests that we put ¢o(x) = 0 at the same number of 
points as there are A,,’s rather than for all x < 0. 
However if we take the above equation for ¢o(x) as an 
equation for w*(x) containing a number of unknown 
constants then there are a number of ways in which we 
may determine them. The actual manner will depend 
to some extent on the problem and on the degree of 
complexity that can be tolerated. The best procedure 


for the determination of these constants is, as yet, 
somewhat arbitrary and further work on this problem 
is required. Two possible ways of determining these 
constants are considered below. 


3.11 The Milne problem 


In this case we consider the limit as the real source 
S, tends to infinity, that is ¥-» 00. To determine the 
constants we demand that the above estimate for 
Yo'(x) satisfies the exact integral equation, namely 


Yo'(x) = 5 { E\(\x — x'|/Dyo"(x’) dx’. (3.45) 


For simplicity we consider only one constant, A», and 
assume that the expression for ¢9(x) as given by (3.41) 
satisfies (3.45) at x =0. Once this constant is 
determined we have, by identifying wo*(x) with po(x) 
for x > 0, a solution of (3.45) for all positive x. An 
expression for y,*(x) is readily obtained by using the 
method given in the first part of this section, and in 
particular we may calculate y,*(0)/w,*(0). Values of 
this quantity, together with the exact value obtained 
from Case, DE HOFFMANN and PLACZEK, are given in 
Table 3(a). 

Another quantity of interest is the extrapolation 
length x». To determine this it is necessary to know 
the flux in the range 00 > x// > 0. It was shown in the 
first part of this section that the best values of B and L 
to be used in equation (3.18) for small values of x// were 
those given by the GrosJEAN method, but for large 
values of x// asymptotic diffusion theory gave the best 
values. Thus in calculating the values of A, from the 
boundary condition we use the GROSJEAN values of B 
and L, and use the values obtained from asymptotic 
diffusion in evaluating the flux in the region 


© >> >0. 


Values of xgc calculated in this manner are given in 
Table 3(b) together with the exact value obtained from 
CASE, DE HOFFMANN and PLACZEK. 

An alternative condition that may be used to 
determine Ag is obtained by demanding that the total 
inward current at the boundary is zero. This gives the 
Marshak boundary condition that 


(3.46) 


0 
[#8 *O.u) du =o, 
= 


and may readily be expressed as a condition on the 
components of ‘Y(x,u). These components may be 
obtained from the above expression for wot(x). The 
values of y,*+/yo* and x9c obtained in this way using 


Some topics in one-velocity neutron transport theory 


TABLE 3(a).—VALues OF —¥y,*(0)/y.*() 
FOR THE MILNE PROBLEM 


(4) 


“781 
‘719 
657 
“594 
“S31 
“500 


| 
2 


TABLE 3(b).—VALUES OF X,C FOR THE MILNE PROBLEM 


(1) Exact value. 

(2) Ag calculated using (3-45). 
(3) A calculated using (3-45). 
(4) A calculated using (3-46). 
(5) Ag calculated using (3-46). 


equation (3.46) with terms up to and including y,*(0) 
are given in Tables 3(a) and 3(b) respectively. 

GROSJEAN (1958a) has suggested that in treating 
finite medium problems the direct contribution from 
the fictitious source 7,(x) be neglected, in which case 
equation (3.41) for ¢o(x) reduces to 


$x) = SoG(|x — ¥|) — Aem*!”, 


(3.47) 


where there is only one constant no matter how many 
constants are taken in the expression for u‘f*(0,). 
This constant has been determined using both 
conditions given above and the values of y,*/w»* and 
Xe are given in Tables 3(a) and 3(b) respectively. 

ConkKIE (1959b) has suggested that the constants in 
equation (3.41) should be determined using diffusion 
theory, in which case A, =0 for n>2. This 
procedure leads to good values of x9c for c about 1, but 
for other values of c is totally inadequate. 

In conclusion we see that the method described above 
with one constant to be determined by an integral 
condition gives results appropriate to the Milne 
problem with sufficient accuracy for most purposes. 
It is expected that for problems where there are real 
sources near the boundary the errors involved in 
applying the above methods will be much less than 
those in the Milne problem since a large contribution 
to the flux will come from the real source. That this is 
so is seen from a discussion of the following problem. 


3.12 The albedo for a half-space 


In this case a real source is situated in the half-space 
x <0 and emits neutrons which enter the media at 
x = 0. The albedo is the ratio of the neutron current 
returning across the plane x = 0 to that entering this 
plane. It is seen that the above method may be 
extended to deal with this case. 

However, GROSJEAN (1958b) has discussed this 
problem and taken the flux to be given by equation 
(3.47), but with the first term now representing the 
contribution from the real source at the boundary. The 
constant A was determined using the condition given 
by (3.46). In this way GrosJEAN found that the value 
of the albedo is given correct to within 2 per cent for all 
values of c less than | if he includes the y,*(0) term in 
satisfying equation (3.46). Neglect of this term 
introduces errors of order 10 per cent. 

GROSJEAN also considered the transmission of 
neutrons through a plane homogeneous slab of finite 
thickness. In this case, fictitious boundary sources 
must be introduced at both boundaries but otherwise 
this problem is basically the same as the one above. A 
solution for all ¢ is obtained but only in the case of 
c = 1 are the errors discussed. Good agreement is 
obtained except where the incident neutrons direction 
is nearly parallel to the face of the slab in which case 
errors of at most 10 per cent are found. 


3.13 Summary and conclusions 


Approximate methods for the solution of the 
Boltzmann equation in an infinite media have been 
discussed in the first part of this section. The results 
are summarized at the end of (3.6). In the second part 
of this section a method for the solution of the 
Boltzmann equation in finite media has been discussed. 
The method requires the introduction of a subsidiary 
condition on the solution of an infinite medium 
problem, and two distinct conditions have been 
considered in some detail. 

These conditions are not the only ones and are not 
necessarily the best. In fact the question of which is 
the best type of condition to use remains to some 
extent unanswered. The best type of condition to use 
depends on the accuracy required and on the com- 
plexity that can be tolerated. 

The above results do suggest that in problems where 
the real sources are at a large distance from the 
boundaries then it seems essential to include the direct 
contribution to the flux from the fictitious boundary 
sources. 

Although the discussion throughout this section has 
been confined to simple problems in plane geometry, 
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the method should be applicable to more complicated 
problems and to other geometries. 


4. MULTIPLE SCATTERING METHODS 
4.1 Introduction 


We have seen that the CARLSON and discrete 
ordinate methods for solving the transport equation 
involve an iteration on c, the ratio of scattering to total 
cross section,-and thus multiple scattering processes 
are implicit in their use. Again the GROSJEAN method, 
described in Section 3, separates out the unscattered 
flux and approximates the scattered flux by diffusion 
theory. In this section, we discuss the formal process 
of expanding the flux in a series in c (STUART, 1958). 

The one-velocity integral equation is 


o(r) = | Kr — r)|St) 4+ — p(r’)} dv’. (4.1) 
4nl 
This equation may be expanded into a Neumann- 
Liouville series by repeated iterations: 


p(r) = 2 c"Palt)s (4.2) 


p(t) = | K(r — r')S(r’) dV’, (4.3) 


and 


p,(r) = aa K(r — r’) p,_,(t') dV’ for n> 0, 
4nl (4.4) 
c"p,(r) is the neutron tiux for neutrons which have had 
n scattering collisions. 

The main use of this type of solution is for treating 
small strongly absorbing bodies surrounded by large 
weakly absorbing media. Diffusion theory may be 
used in the medium provided the small absorbing body 
is replaced by an appropriate boundary condition 
given in equation (4.17) below. Alternatively, it is 
possible to define effective cross sections in the small 
absorber so that diffusion theory may beused inside the 
absorber as well as in the medium. This procedure is 
discussed in Subsection (4.3). 


4.2 Theory 


We first assume a plausible form for the angular 
distribution of neutrons incident on the body. An 
isotropic distribution is often used but other terms 
with (cosine)™ dependence may be added. STUART and 
WooprurFF (1958) have suggested using the diffusion 
theory form for the incident flux at the surface of the 
body 


l 
‘¥F(r,,&2) = — (plt,) + 3D. Vale.) (4.5) 


where D, is the diffusion constant of the surrounding 
media, pointing out that this distribution is a good 
approximation for the extreme case of the exit neutron 
distribution from an infinite half-space. For many 
applications it is unnecessary to know the detailed 
variation of p,(r) with r. Instead we define the 
2ollision probability, P,, as the probability that a 
neutron which has suffered n collisions in the body will 
suffer at least one more collision therein. This definition 
gives immediately that 


l 
] I polt) dV 


| 'W(r,,Q) dQ ds, 


P, = (4.6) 


and 


P, = [ p,(r) dV / [ p,(t) dV, n>O (4.7) 


where {+ denotes integration over neutrons moving 
into the body. 

STUART and WooprurFF have tabulated p,(r) and P,, 
for infinite cylindrical rods for a range of radii. They 
considered separately the flux and current components 
of the incident flux of equation (4.5) and thus tabulate 
Pn.m (rt) and P,, ,, where m = | refers to the isotropic 
flux component and m= 2 refers to the current 
component. We give their values of P,, ,, in Table 4(a). 
The last column in this table, P,, is the probability that 
neutrons born uniformly in the rod will have a collision 
in the rod. It can be shown (CASE, DE HOFFMANN and 
PLACZEK 1953, Chapter 2) that P, is simply related to 
Po, by 


2R 


Pu => (i - Pd. (4.8) 


where R is the radius of the rod. From the definition 
of P,, the probability that an incident neutron 
originating from a (cosine)™ source is absorbed in the 
rod is 


Bn =(1— 0) Sc*PamPrim-++Pem (49) 
n=0 


If the incident current is evaluated by using (4.5), 
that is 

J® = p,/4 + J,/2, (4.10) 
where the suffix S denotes the value at the surface and 
J, = —Dzy \grad p,|, then the total probability of 
absorption in the rod, the blackness £, is 


B= Cwl4 + bel2/ (+2). aan 
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TABLE 4(a).—COLLISION PROBABILITIES IN INFINITE CYLINDERS, RADIUS R 


TABLE 4(b).—COLLISION PROBARILITY 
FOR SLAB, THICKNESS f 


If we make the additional assumption that the rod exit 
neutron distribution also has the functional form of 
diffusion theory, then 


Jout — p/4 — J,/2. (4.12) 


Since 
B _ (J a Joy jy, 


zs % 
c—F 


(4.13) 
we have 


(4.14) 


Ps 
ie: P 
ae 


a By 
1 + (B, — B,)/2° 


It is clear from Table 4(b) that P,., is never very 
different from P,,, and hence (8, — f,) is small and 
B = B,. This explains why the assumption of isotropic 
incident flux may give a good approximation to f, even 
when the assumption is obviously invalid. 

With the assumptions (4.10) and (4.12), we may 
express the disadvantage factor, F, of the rod, and the 
linear extrapolation length, 4, at the rod surface in 
terms of the blackness, 8. We have 


xR 
le 
(pe) 2, 


B (4.15) 


= = R(*), (4.16) 


 - 


, 


Ps 


Thus 8, F and A can be determined from f, and £,, 
which are given by the infinite series (4.9). It is clear 
from Table 4(a) that P,,,, rapidly approaches an 
asymptotic value as mincreases. If we take P,, ,, = Pm 
for all n > k, then the infinite series for n > k is a 
geometric series and can be summed. 

Examination of Table 4(a) suggests that a good 
approximation to should be obtained by assuming an 
isotropic incident flux (P,,, =, ,) and taking 


(4.17) 
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P,, = P, for alln > 0. This is equivalent to assuming 
that the scattered flux is uniform across the rod. We 
now obtain 
(1 —c)P 0,1 
B — ‘1—cP, . (4.18) 

Since P,, is related to P, by equation (4.8), 8 is now 
expressed entirely in terms of P,. STUART (1957) shows 
that equation (4.18) is in fact very accurate for R < /, 
orc <1. These are of course just the conditions under 
which we should expect the multiple scattering 
technique to be useful. If c <1, then the series (4.2) 
converges rapidly, whilst if the body is small, the 
probability of a collision occurring in it is small. 

Equation (4.18) for the blackness is applicable to 
bodies of any shape. All that is required is a calculation 
of P.. Then Po, is related to P, by 


4Vv 
Poi = 


—(l — P.), 
1 sr | ) 


(4.19) 


where V is the volume and S the total surface area 
1 — P, is also equal to the self-shielding factor, f, when 
the body is immersed in a uniform flux. Tables of P, 
for slabs, spheres and cylinders are given by CASE, 
DE HOFFMANN and PLACZEK (1953), whilst Dwork 
et al., (1955) and Jewitt and BARDEN (1958) have 
given curves of f for hollow cylinders. DRESNER (1959, 
1960) has derived certain inequalities which permit the 
estimation of P, for convex solids of irregular shape by 
comparison with regular solids for which P, is known. 


4.3 Application to thin regions 


WACHSPRESS (1958) has used equation (4.18) to 
show that by a suitable modification of cross sections 
it is possible to apply diffusion theory to a thin slab. 
From (4.18), the escape probability E is given by 


B6tupo}—-S oe. 


4. 
1 — cP Ce 


P, is given as a function of t//, where ¢ is the slab 
thickness, in Table 4(b). P,, is related to P, by 
equation (4.19) with V/S = 1/2. The probability of 
escaping without a collision is Ey = 1 — Po. Since we 
are assuming isotropic scattering in the slab, the 
reflection probability is given by 

cP, 1 — P, 
2z'U- e. 


and the transmission probability 


R= (E — Ey) = 


), (4.21) 


T= E-R=(1—P) + 52: (2— 


Denote the two surfaces of the slab by suffices 1 and 2. 
Then with a uniform source density S in the slab we 
have 


E 
Je" = TJ + RJ + 3 St, 


E 
Iq" = TIP + RI + 3 St, 
and the assumptions (4.10) and (4.12) then give 
J, = Pi — &p2/4 — aSt/2, 


J, = —yp2 + ep,/4 + aSt/2, (4.24) 


(1 + 7?— R°) 


y= tp 


” 4T 
"iter 


a = 2E/(1 + EB). 
Putting J, = —DVp,, in (4.24) gives 


— Dp — Ven) + Qy — ef2)( 2) = asi 
(4.26) 


Now the finite difference form of the diffusion equation 
with mesh length f¢ is 


Pi + Pe 
2 


Equation (4.26) has the form (4.27) if we define an 
effective source 


— D(Vp, — Vp) + z,( )r = St. (4.27) 


Sen = aS, (4.28) 


and an effective cross section 


1 é 
Lanett a =(2y acs ‘), 


[— 2, 


WACHSPRESS actually compares his equations with 
a finite difference form of the diffusion length with 
mesh length 4f. By taking the finite difference 
approximation to V¢p at the centre of the slab to be 
(p2 — p,)/t, he deduces an effective diffusion coefficient 
to be used in the slab 
te 


D, mex ik 


The use of equations (4.28), (4.29) and (4.30) enables 


(4.30) 
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diffusion theory to be uséd satisfactorily even for 
strongly absorbing slabs. For a black thin slab, 


WACHSPRESS shows that the equations are equivalent 
to using an extrapolation length at the slab surface of 
2/3 / in place of the exact value of 0-71 /. 


Acknowledgment—The authors would like to thank Mr. J. 
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Abstract—A 400 mc Ra-Be photoneutron source has been adopted as the national standard source. It has 
been calibrated by the method of absolute determination of **Mn produced in the **Mn (n,y) Mn reaction. 
The calibration agrees within 1 per cent with an international average. The standard error is +1 per cent. 
The error is mainly due to the uncertainty in the knowledge of the manganese and hydrogen thermal neutron 
capture cross sections. In addition there may be a systematic error not exceeding 1-0 per cent associated with 


48 proportional counting. 


1. INTRODUCTION 


CuRRENT methods of absolute calibration of neutron 
sources, and the present status of absolute compari- 
sons, have been adequately described in recent 
literature (RICHMOND, 1958; LARSSON, 1958). To set 
up a reliable British standard a 400 mc Ra-Be (y,n) 
source, nominal output 1-7 x 10° n/sec has been 
adopted. Initially, the source is to be calibrated by 
two independent methods. (a) The helium generated 
in the source by the *Be (y,n)2*He reactionis extracted 
and measured, and gives directly the total number of 
neutrons emitted by the source during the period of 
the irradiation. The method was originally proposed 
by GLUcKAUF and PANETH (1938) and has been 
described by MARTIN and Martin (1954) who 
initiated the present work and will be responsible for 
the helium determination. Six sources were prepared 
of which three are to be dissolved when a measurable 
quantity of helium has accumulated. (b) The *Mn 
produced by the Mn (n,y) Mn reaction in the well- 
known manganese bath experiment is determined 
absolutely (O’NEAL and SCHARFF-GOLDHABER, 1946; 
ALDER and Huser, 1949; pe JUREN and CHIN, 1955; 
GEIGER and WuytTe, 1959). 

The present paper describes the calibration, by the 
latter method, of the N.P.L. sources and the 200 mc 
Ra-—Be (a,n) source of the National Research Council 
of Canada. 


2. DESCRIPTION OF SOURCES 


The six photoneutron sources are designated 4A, 
4N, 3B, 3M, 2C, 2L. The number refers to the par- 
ticular 400 mc radium source and the letter to the 
beryllium capsule. The average dimensions of the 
nominally identical beryllium cylinders are: diameter 
1-50 cm, height 2:45 cm, wall thickness and base and 


lid thickness 0-40 cm. L, M, N are to be dissolved for 
the helium measurement. The 200 mc Ra-Be (a,n) 
source of the N.R.C. Ottawa has been described by 
GEIGER (1959). 


3. PRINCIPLE OF METHOD 


The method is based on the thermalization and 
capture of neutrons in an aqueous solution of man- 
ganese sulphate and the subsequent determination 
(based on 478 proportional counting) of the absolute 
disintegration rate of the resulting “Mn. In the 
ideal case, i.e. in an infinite volume of solution, 
irradiated by a point source of neutrons situated at 
the centre, in which all the capture cross sections vary 
inversely as the neutron velocity (ocl/v) and in the 
absence of fast neutron capture processes, the fraction, 
f, of neutrons captured by manganese would be given 


by 
Cun? mn 1 


f= Cyn(Omn + Fs) + Coen bi 


Cu - On 


os 


1+—+ 


Syn Cyn On 
where Cy, and Cy are the concentrations of man- 
ganese and hydrogen nuclei per unit volume of 
solution, and oy,, os; and oy are the manganese, 
sulphur and hydrogen thermal neutron capture 
cross sections respectively. At equilibrium the *Mn 
disintegration rate becomes equal to the rate of 
neutron capture by Mn, after which the solution is 
thoroughly stirred and a sample is removed for 
dip-counting. The neutron emission rate, Q, of the 
source is then given by 


_ Nyn V X 3-7 x 108 
- Ti 


where Ny, is the number of events per second recorded 


Q 


22 
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by the counters, « is the efficiency of the counters in 
counts/second per microcurie of ®Mn activity per litre 
of solution and V is the total volume in litres of the 
solution irradiated. To obtain e, a sample of ®Mn in 
a solution of high specific activity is standardized by 
absolute f-particle counting with a 47 proportional 
counter. Concurrently an aliquot of the same solution 
is stirred into the inactive moderating solution, which 
is then dip-counted in the normal way. 

In practice it is necessary to make corrections for 
the following effects: resonance capture of neutrons 
by manganese; self-absorption of f-particles by the 
sources used for 47 counting; neutron capture in the 
source and source mounting; escape of neutrons from 
the boundaries of the solution due to the finite size of 
the tank; fast neutron capture in oxygen and sulphur. 


4. APPARATUS AND PROCEDURE 


For the (y,n) sources the solution was contained in 
a spherical glass vessel of internal diameter 49°85 cm. 
The volume, 64-86 litres, was obtained by reference to 
a calibrated 10 litre flask. The level of the solution was 
adjusted daily to a datum line which was itself adjusted 
to allow for the change in volume of the vessel due to 
fluctuations of ambient temperature. The volume of 
irradiated solution was thus maintained constant to 
within +0-05 per cent. For the a,n source a similar 
procedure was adopted using a spherical stainless steel 
vessel 97-94 cm in internal diameter, 491-91 litres in 
volume. Each source was mounted in a thin poly- 
styrene cup at the centre of a thin, water-tight, 
spherical polystyrene container 8-9cm in diameter. 
The container was held at the centre of the tank by 
means of a thin Terylene thread passing through a 
rubber bung at the base of the tank. Positioning was 
achieved to within + 1 mm by means of a depth gauge. 
Each irradiation was continued for about 16 hr after 
which the solution was stirred thoroughly and a 
sample removed for dip-counting. The counting 
assembly, housed in a four inch thick lead castle, 
consisted of five thin-walled G.M. counters type B24 
immersed in the solution. A paralysis time of 400 
+15 w sec was imposed. The rate of decay of the 
Mn was in accordance with the published half-life 
of 2°586 +-0-005 hours (BisHop, WILSON and HALBAN, 
1950). Corrections were applied for dead-time losses, 
for background effects, for radioactive decay and for 
the finite duration of the irradiation. Corrected count 
rates of about 50c/s were obtained with the (y,n) 
sources, and 130c/s with the (a,n) source. The 
background counting rate, obtained with the counters 
immersed in inactive solution of the same strength, 
remained fairly constant at about 2 c/s. 


A few percent of the neutrons emitted by each 
photoneutron source are produced by a-particle 
bombardment of the materials comprising the radium 
source itself. As these neutrons will not enter into the 
helium determination, their contribution must be 
separately measured and deducted in each case in 
order that the two measurements may be correlated. 

The ratio Cy/Cy, was obtained by heating to 
constant weight, at 300°C, a weighed quantity of the 
solution. This measurement was carried out regularly 
throughout the calibration, giving Cy/Cy, = 31-07 
+ 0-03 for the solution in the large sphere, and 
Cy/Cym = 30°85 + 0-03 for the solution in the small 
sphere. 

Published values were adopted for the thermal 
neutron capture cross sections: 


6, 0-332 + 0-002 barns, HuGHes and SCHWARTZ 
(1957) 
HuGues and HARVEY 


(1955) 


o, 049 +4 0-02 barns, 


Oy, 13°25 +02 barns. 


The manganese cross section is a weighted mean of 
the values given by HuGuHes and Harvey (1955), 
pe JUREN and Cun (1955), CumMmMINS and SPURWAY 


(1957). 
5. DETERMINATION OF e 


Pile irradiated MnSO, was obtained from AERE 
Harwell in the form of an aqueous solution containing 
100 ug MnSO, per gramme of water. Six samples were 
prepared by evaporating between 30 and 100 mg of 
the solution on to VYNS film 10 ug per cm* in 
thickness rendered conducting with evaporated gold 
10 ug per cm? in thickness. The 47 counter is similar 
in design to that of HAWKINGs ef a/. (1952) and has 
been described by Perry (1957). 

For each source the voltage plateau was found to 
be flat within the statistical accuracy of the counting 
(+0-2 per cent) over the range 1-7 to 2-0 kV. 

A figure of 19-25 + 0-05 uc/g was obtained for the 
specific activity of the solution at the start of the 
measurements. Concurrently, appropriate quantities 
of the solution were added to the solution in the two 
tanks which were then thoroughly stirred before 
samples were removed for dip-counting in the normal 
way. No significant difference was observed between 
the counter sensitivities as determined with the 
solution from the two tanks, and a weighted mean of 
all measurements gave a value of (2°595 + 0-003) x 
10* c/s per gramme of active solution added per 
litre of tank solution. Hence e = (1-348 + 0-004) x 
10° c/s per yc/litre. Later, the standardization was 
repeated, giving e = (1-346 + 0-003) x 10° c/s -per 
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uc/litre. As the value of Ny, for any given source also 
remained constant within the statistical limits over the 
period of the work, the efficiency of the counters was 
assumed to remain constant at (1-347 + 0-003) x 10° 


c/s per yc/litre. 
6. CORRECTIONS NECESSARY TO DETERMINE 
THE ABSOLUTE NEUTRON YIELD 


6.1. Resonance neutron capture in manganese 


Due to resonances in the capture cross section 
versus energy curve, manganese captures slightly more 


| 
neutrons than would an ideal absorber (oc -) with the 
; 


same capture cross section for thermal neutrons. 
With the method of DE JUREN and CHIN (1955) it can 
be shown that, for the chemical concentration used 
here, Oy, in equation (1) should be increased by 1-9 
per cent with a standard error of +0°5. 


6.2. Systematic errors associated with 4-counting 


As is well known, the major sources of systematic 
error associated with the 47-counter are (1) the 
uncertainty of the source self-absorption of #- 
particles, (2) the uncertainty of the paralysis time (3) 
the limit of sensitivity of the counter. 

6.2.1. Self-absorption of sources prepared for 4 
B-counting. The mass of solid MnSO, comprising the 
sources was varied from about 3 ug to 10 wg in order 
to determine whether more self-absorption was 
apparent with the thicker sources. However, careful 
measurements of magnified optical projections of the 
sources revealed that the average thickness of the 
sources was substantially uniform at about 0-75 + 0-2 
mg/cm*, on the assumption that the salt crystallized 
out as MnSO,4H,O. The problem of computing 
accurately the average thickness of crystal which the 
B-particles are required to penetrate, and the fraction 
of the £-particles which are stopped in that thickness 
of absorber, is necessarily complex. As the correction 
is in any case small it can be assumed with sufficient 
accuracy for the present purposes that the average 
thickness of absorber penetrated is half the total 
thickness, viz. 0-375 mg/cm?; estimates of the 
absorption correction can then be obtained in a 
number of ways: 

(a) The maximum energies, and the branching 
ratios of the *Mn decay scheme obtained by ELLIOT 
and DeutscH (1943) are: 2-86 MeV, 60 per cent; 
1:05 MeV, 25 percent; 0-73 MeV 15 percent; and 
the spectra shapes correspond with the allowed shape 
predicted by the Fermi #-decay theory. This is 


substantiated theoretically by the evidence of the 
nuclear spin change: AJ = 1, no change of parity; 
(STROMINGER, HOLLANDER and SEABORG, 1958). The 
energy spectrum of the f-particles is now plotted 
assuming the allowed shape, and those particles whose 
range in MnSQ, crystals is less than 0-375 mg/cm? are 
considered to be absorbed. Particles of energy up to 
15 keV are stopped in 0°38 mg/aluminium (Katz and 
PENFOLD, 1952) and the range depends little on the 
absorbing materia! except for hydrogen and the heavy 
elements. The correction comes out to 0-95 per cent 
on this basis. This increases to 1-25 per cent if one 
uses the branching ratios and maximum energies: 
2-81 MeV 50 percent; 1:04 MeV, 30 percent; 0-65 
MeV, 20 per cent (SIEGBAHN, 1946). 

(b) On the assumption of an exponential absorption 
one may calculate the absorption coefficients for the 
individual elements and maximum /-particle energies 
using the range-energy relations of KATZ and PENFOLD 
(1952) and the atomic number-absorption coefficient 
relations of ABID HUSAIN and PUTMAN (1957). The 
total correction, 0-53 per cent, obtained with the first 
of the above decay schemes, is the sum of the correc- 
tions computed for the absorption in appropriate 
thicknesses of the individual elements. The result is 
correspondingly higher with the alternative decay 
scheme. 

(c) A similar calculation using absorption co- 
efficients based on the energy relationship of BARNARD 
et al. (1959) yields a correction of 0-38 per cent for the 
first decay scheme. 

(d) MEISTER (1958) measured the self-absorption of 
56Mn {-particles in foils of metallic manganese. Foils 
of varying thickness (6) were irradiated in a thermal 
neutron flux and the specific counting rate in 47- 
geometry determined as a function of 6. By extra- 
polation to zero 6 the self-absorption was determined 
for a number of values of 4. Interpolation on these 
data yields a correction of 0-S percent for self- 
absorption in a foil thickness of 0-75 mg/cm’. 

In the present work a correction of +0-7 per cent 
has been added to the count rates obtained with the 
47-counter, since this procedure is unlikely to lead to 
a systematic error exceeding +0-7 percent to —0-5 
per cent. 

6.2.2. The paralysis time of the counting circuit is 
(5 + 0-5) usec. This uncertainty produces an error 
not exceeding 0-1 per cent in the corrected counting 
rate. 

6.2.3. Considerations of the shape of the £-particle 
spectrum, the slope of the counting plateau, and the 
variation with voltage of the gas amplification of the 
counter, indicate that less than 0-15 percent of the 


The establishment of an absolutely calibrated neutron source 25 


particles will have insufficient energy to operate the 
counter. 

It is concluded that the count rates obtained with 
the 47-counter are subject to a systematic error not 
exceeding 1-0 per cent. 


6.3. Thermal neutron absorption in the neutron 
source and container 


RICHMOND and GARDNER (1957) showed that, by 
mounting the source at the centre of a four inch cavity, 
the thermal neutron flux in the source region was 
reduced sufficiently for the source self-absorption to 
be negligible. GEIGER and WHYTE (1959) computed a 
correction of (0-4 + 0:2) per cent for the absorption 
of thermal neutrons in the N.R.C. source. It would 
be expected, therefore, that if the container used in the 
present experiment were to be flooded, the apparent 
output of the source after due correction for the change 
in fast neutron escape would be reduced by the amount 
of GEIGER’s correction. However, this measurement 
resulted in no significant reduction in the measured 
output. The source was then re-measured in the 
absence of the source holder, the apparent absorption 
in which was 0°15 per cent with a standard error of 
+0-15. In the case of the NPL sources, the loss of 
neutrons in the polystyrene was estimated by doubling 
and trebling the thickness. The correction obtained 
was 0°19 per cent with a standard error of —0-15. It 
seems appropriate, in view of these results, to apply a 
correction of —0-15 percent to the measurements 
made with both types of source. 


6.4. Neutron escape 


A shielded long counter (HANSON and MCKIBBEN, 
1947) was used to determine the fraction of the 
neutrons emitted which escaped from the boundaries 
of the tanks. In the case of the (x,n) source the escape 
was measured from both tanks, with and without the 
polystyrene source holder; i.e. for four different 
values of r, the ‘moderator path length.’ The results 
are best fitted by the exponential 2-14 exp (—0°116 r). 

The problem has been discussed by HANNA and 
RUNNALLS (1956). It appears that the number of 
neutrons which escape beyond a distance r from a 
Ra-Be (a,n) source in water (for r > about 15 cm) is 
given approximately by the exponential A exp (—r/L,): 
where A and L, are constants; the number escaping 
from a bare sphere is greater by a boundary factor, B, 
and the corresponding expression for a Ra-Be (,n) 
source in concentrated manganese sulphate solution is 
B' A’ exp (—r/Lr’). HANNA and RUNNALLS show that B 


is estimated at 1-4, B’ at 1-3, A ~ A’, and the measure- 
ments of RUSH (1948) indicate that A = 1-9 and Lp, = 
9-47,. L»’ is approximately equal to Lp since the 
increase in the slowing down length due to the reduced 
concentration of hydrogen nuclei is counteracted by 
the decrease due to inelastic scattering in the heavier 
elements in the solution. 

The results obtained here indicate that B’A’ = 2-14 
and Ly,’ = 0-91 Lp. Thus it appears that the heavier 
elements in the solution make a greater contribution 
to the slowing down of the neutrons than might be 
expected. 

The leakage from the large sphere amounts to 1-2 
per cent. This is in agreement with the figure obtained 
using the values B’A’ = 2:47, Lp’ = 0-89L,p cal- 
culated by HANNA and RUNNALLS (1956) from experi- 
mental results by RuMsey and WarRD (1948). 

Neutron escape from the small tank was 0-036 per 
cent for photoneutrons emitted by the beryllium 
nuclei, and 8-4 per cent for the neutrons emitted by 
the materials comprising the radium sources. (The 
latter figure may be compared with ~20 per cent for 
the escape of Ra—Be alpha-neutrons from the small 
sphere.) 


6.5. Fast neutron capture, in oxygen and sulphur 


The loss of fast neutrons from Ra-—Be (x,.n) sources 
in water due to threshold reactions in oxygen was 
measured by DE TROYER and TAVERNIER (1954) who 
compared the slowing down density of indium 
resonance neutrons in water and in paraffin oil. The 
interpretation of the results is that (2-2 + 0-3) per cent 
of the neutrons emitted by the source are captured at 
high energies by the oxygen in the water. (See also 
GeiGeR and WuytTe, 1959.) Due to the additional 
oxygen in manganese sulphate solution, the oxygen 
loss will be greater by a factor of approximately 1-26 
viz. 2°8 percent. To calculate the fraction of fast 
neutrons which produce reactions in sulphur it is 
necessary to compare the capture cross sections of 
oxygen and sulphur over the limited range for which 
they have been measured. GeiGeR and WHYTE (1959) 
estimated that the average absorption cross section 
for sulphur is about twice that of oxygen over the 
range of energies from 2 MeV to 13 MeV. This leads 
to a total correction of (3-0 — 0-5) per cent for the 
fast neutron capture in oxygen and sulphur for Ra-Be 
(x,n) sources in manganese sulphate solution of the 
concentration used. The maximum energy of the 
neutrons emitted by the Ra—Be (y,n) sources is below 
the threshold for these reactions, and no correction is 
necessary with these sources. 
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TABLE 1.—NEUTRON EMISSION RATES OF SIX Ra—Be (7,n) SOURCES 


Directly measured 
neutron emission 
from Be 
(x 10-5 n/sec) 


Indirectly measured 
neutron emission 
from Be 
(x 10-* n/sec) 


Total neutron 
emission including 
on a-neutrons 

Mg, X Mae (x 10-* n/sec) 


-4 
Mp, n/sec x 10 


1-621 
1-572 
1-671 


1-699 


6°52 
6°62 
6°57 
6°61 
6°61 
661 


1-664 
1-615 
1-714 
1-729 
1-743 
1-744 


7. ABSOLUTE NEUTRON EMISSION RATES 
DETERMINED BY THE MANGANESE 
BATH TECHNIQUE 

The corrected value for the output of the N.R.C. 
source is 3-15 x 10® n/sec. The corresponding values 
for sources 3B, 3M, 4A are shown in column 2 of 
Table 1. Previous extensive comparisons (by man- 
ganese bath measurements and with BF; counters) 
between the six photoneutron sources, have established 
their relative neutron emission rates on an arbitrary 
scale with a standard error of +0-15 per cent. Column 
3 shows the neutron ouput of the remaining three 
sources based on these comparisons. 

Since the sources were constructed to be as similar 
as possible, it is of interest to compare their neutron 
outputs with the product Mp, x My, where Mp, is 
the effective content of the radium source, obtained 
from a y-ray ionization comparison with the N.P.L. 
secondary radium standards, and M,, is the mass of 
the beryllium cylinder. M,, and M,, are shown in 
columns 4 and 5, both sets of figures being uncertain 
in the 4th decimal place. Column 6 shows that the 
neutron output is proportional to this product with 
the exception of source 2C. Beryllium cylinder C 
appears to be slightly corroded, so that some of the 
mass may be due to some element other than beryllium. 

The total emission rates, including the neutrons 
emitted by the radium sources, are shown in the last 
column. Source 3B is now regarded as the primary 
standard and source 2C is a reference standard 
available for comparisons at other standardizing 
laboratories. The radium source 4 has developed a 
radon leak, and measurements with sources 4A and 
4N have been discontinued. 


8. ACCURACY 
The random errors « associated with each stage of 
the calibration are shown, expressed as a percentage, 
in Table 2 together with the weight W with which the 
error influences the final value for the neutron 
emission rate. The sum [2(,«)*]“* of the random 


errors results in an uncertainty of +1 percent for 
the output of the a,n source and rather less for the 
y,n sources. In addition there may be a systematic 
error not exceeding 1-0 per cent associated with the 
efficiency of the 47-counter. 


9. DISCUSSION 


The source 4N has been compared with the following 
standard sources (RICHMOND, 1958): N.B.S. Ra—Be 
(y,n) source II; Oxford U.K. Rd-Th. D,O (y,n); 
Harwell U.K. Ra-—Be (a,n); Basle Switzerland Ra—Be 
(a,n). The N.R.C. source has recently been calibrated 
by the following laboratories (GeiGER, 1960): N.B.S., 
U.S.A.; A.B.A. Sweden; UMHK, Belgium; P.T.B., 
Germany; N.R.C. Canada. Through these two 
sets of comparisons it is possible to compare the 
N.P.L. calibrations indirectly with a large number of 
absolute calibrations carried out at other laboratories 
by widely differing methods. It turns out that the 
N.P.L. calibrations are within 1 percent of the 
average for the rest of the world (AxToN, 1961). 


10. CONCLUSIONS 
A British standard 400 mc Ra-Be photoneutron 
source has been established and calibrated absolutely 
with an uncertainty of less than +2 percent. The 


TABLE 2.—RANDOM ERRORS IN ABSOLUTE CALIBRATION OF 
NEUTRON SOURCES BY MANGANESE BATH TECHNIQUE 


Zo Standard | Weight W 


Dip counting rate 

€ 

Cu/ Cun 

Manganese resonance correction 
Escape correction* 

Fast neutron capture correction* 
on 

Oma 

os 


* Not applicable to y,n sources. 
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major errors remaining are: +0-7 per cent due to the 
uncertainty in the knowledge of the manganese and 
hydrogen thermal neutron capture cross sections; and 
+0-7 per cent to —0-5 per cent due to the uncertainty 
in the source self-absorption for the 47-counter. 
In principle the first of these errors may be eliminated 
with the use of a heavy water manganese sulphate 
bath; however a correction must be made to allow for 
production of photoneutrons in the heavy water. The 
second of these errors may be reduced by the use of 
the 47f-y coincidence counting technique. Inter- 


national comparisons so far carried out show that 
the absolute calibrations agree within | per cent with 
the average for the rest of the world. 
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LETTERS TO THE EDITORS 


An empirical surface tension-temperature relation 
for liquid metals 


(First received 23 November 1960 and in 
revised form 14 December 1960) 


A KNOWLEDGE of the surface tensions of liquid metals employed 
as high-temperature coolants in the heat exchangers of nuclear 
reactors is of considerable importance because the surface 
tension affects wetting of the heat exchanger tubes by the liquid 
metal, and this in turn is a factor which affects the heat transfer 
characteristics of the system, and which may also play an 
important role in determining the rate and extent of liquid metal 
attack of the container wall (TayLor, 1954-55). In a previous 
investigation (Strauss, 1960) it was found that the surface 
tensions of liquid metals at their melting points, y,,, could be 
correlated with their energies of vaporization per unit volume, 
S. A least-squares treatment of the data* yielded the following 
empirical relation: 

Yn = 0-595". (1) 
Since the use of this equation is restricted to the melting tem- 
perature, the present investigation was carried out to determine 
whether a satisfactory surface tension-temperature relation for 
liquid metals could be obtained by combining equation (1) with 
equations deduced from a consideration of the almost linear 
temperature dependence of surface tension and the vanishing 
of the surface tension at the critical temperature, and the results 
are given in the present paper. 


* The data for magnesium, zinc, cadmium, and mercury, whose 
points on a log y,, — log S plot showed the largest deviations 
(Straus 1960), were not included in the least-squares treatment; 
since the surface tension-temperature relation to be used in the 
present paper will contain the parameter S, the temperature de- 
pendence of the surface tensions of these elements will not be 
considered. 


The equation 

y = A — BT, (2) 
where y is the surface tension at the temperature 7, and A and 
B are constants, is a satisfactory approximation of the surface 
tension-temperature relation because surface tensions of most 
liquids usually decrease nearly linearly with rise in temperature 
(PARTINGTON, 1955; BIKERMAN, 1958). Considering that at the 
melting point, 7,,, the surface tension can be estimated from 
equation (1), and that the surface tension becomes zero at the 
critical temperature, 7,, we can write 


0-59S** — A — BT, (3) 
0=A — BT.. (4) 
A solution of the three simultaneous linear equations (2), (3), 


and (4) gives the following empirical surface tension-temperature 
relation for liquid metals: 


as 0-595*6 JI.-T t (5) 
“ T. — Tr 


and 


t It is interesting to note that equation (5) can be obtained by 
combining equation (1) with the empirical Eotvos equation (PaR- 
TINGTON, 1955) as follows: At temperatures T and T,,, the Eotvos 
K(T, = T) K(T, = T,,) 

(Mv)*/* * (Mo,,)** ° 
where M is the molecular weight of the liquid, v and p,, the specific 
volumes at T and 7,,, and & the Eotvos constant which is found to 
nearly constant and equal to about 2:1 for certain organic liquids 


but which is not a constant for other substances including liquid 
metals (ADAM, 1952). If the first equation is divided by the second 


equation can be written as y = and y, = 


and if we assume as a first approximation that the ratio (*=) is unity 
p 

since the specific volume of a liquid increases but slightly with 

increase in temperature except near the critical temperature (BIKER- 

MAN, 1958) the resulting equation can then be combined with 

equation (1) to yield equation (5). 


2000 


SURFACE TENSION ( [ES ) 


CALCULATED 
EXPERIMENTAL 


! | | 


1000 1200 1400 


TEMPERATURE (°C) 
Fic. 1.—Surface tension-temperature plots for liquid metals. 
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TABLE 1.—SOURCES OF SURFACE TENSION DATA 


Element | Reference* Element 


Reference Element Reference 


Ag _ Krause (1929) Ce 


Al | SmrrHecrs (1955) Cu 


Au | Krause (1929) 
Bi | Liquid Metals 
| Handbook 
(1952) 


PULLIAM and K 
FIrZSIMMONS 
(1955) 

| ALLEN and 
KINGeERY (1959) 

ALLEN and 

KINGERY (1959) 


MELFORD and 
Hoar (1956-57) 


Liquid Metals Hand- 
book (1952) 


TAYLOR (1954-55) 


MELFORD and Hoar 
(1956-57); 

|  SmITHELts (1955) 
| MELFoRD and Hoar 
(1956-57); 


PELZeEL (1948) 


* The methods of measurement were given in a previous paper (STRAUSS, 1960). 


At this time only a limited test could be made of the applica- 
bility of equation (5) to liquid metals because of the scarcity 
of experimental y — T data. 

Figure 1 shows a comparison of y — T plots obtained from 
experimentally reported data, the sources of which are referred 
to in Table 1, with plots obtained by use of equation (5). The 
melting and critical temperatures used were those reported by 
HANSEN (1958) and by Gates and THopos (1960), respectively ; 
the source for S data used was given in a previous paper (STRAUSS, 
1960). It was found that for the temperature ranges plotted, the 
differences between the experimental and calculated surface 
tensions were less than eleven per cent. 
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Absorption in the 6-7 eV resonance of 7**U 
(Received 17 February 1961) 


RESONANCE absorption probabilities in homogeneous mixtures 
of U and H were calculated with two approximate methods—the 
narrow resonance (NR) and the narrow resonance with infinitely 
heavy absorber (NRIA) by Spmyney (1956)) and these were 
compared with those obtained by the numerical solutions of the 
exact expression. Nine resonances in **U were calculated by 
the exact method and compared with the results of the two 
approximations. But for the lowest resonance of 6-7 eV the 
exact calculation was not done and hence the validity of the two 
approximations for this resonance had not been ascertained 
(SAMPSON and CHERNICK, 1957). The exact calculation for the 
6-7 eV resonance is briefly reported here and is compared with 
the results obtained by NR and NRIA approximations. 


Theory 


Given a unit source of neutrons at energy £, in a 
mixture of U and H, the fraction absorbed during slowing down 
to a given energy, E, is given by 
Ey > 
F(E) E, dE’ (1) 


1 — ne) =| 


where F(E), the collision density at energy E, satisfies the 


equation 
FE) « He FE}ia B/a F(E=,. dE 
age * *), DeEa—s) 
<a 


2,E’ 
‘ EfXa+ X,) 


=,(E) is the macroscopic total cross section in the mixture, 
=,(E) is the absorption cross section, &,,(E) is the scattering 
cross section of U and 2, is the scattering cross section of H 
assumed to be constant. Also, if £,(E) is the resonance cross 
section in U and &, is the potential scattering cross section 


A 
(also assumed to be constant), then L,(£) = T =,(E) and 


(2) 


r. 
z,.(E) = Tt UAE) + X,, where T,, I’, and I are the radiative 
capture, the neutron and the total widths respectively. The 
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practical width as defined by WIGNER ef al., (1955) is fixed for 
the 6:7 eV resonance with 1:1 ratio of H and U as 1:26eV. 
The maximum possible energy loss in U(+(1 — =)E,) is found 
to be very small compared to the practical width fixed above. 
The exact evaluation of equation (2) is made numerically 
between the limiting values of the practical width. Twelve steps 
are needed to cover this region of practical width. Each step is 
further sub-divided into seven intervals for evaluating F(E). 
Asymptotic value for the collision density 1/(££) is assumed 
beyond the limits of the practical width. The following values 
of the constants are used for the calculation: « = 0-9833; 
£ = 06502 (for 1:1 mixture of H and U); og = 20 barns; 
c, = 109 barns; T.,=0025eV; IT, =000145eV; IT 
0-02645. 


Results and comparison 

The value of (1 — p) thus obtained is 0-1206. We compare 
this value with those obtained by NR and NRIA approxima- 
tions in Table 1 below. 


TABLE | 


Values of (1 
Resonance 


energy 


NRIA 
0°1663 
(0-1775) 


Exact 
0-1281 0-1206 
(0-1468) 


The values given in Table 1 do not take account of Doppler 
broadening. Values under NR and NRIA approximations 
obtained by Spinney (1957) are given in the brackets. The 
difference appears to be due to change in the constants. 

We thus conclude that the NRIA approximation seems to be 
more valid for the 67 eV resonance in *°U as suggested by 
SPINNEY. 
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Energy distribution of thermal neutrons in a finite 
beryllium oxide assembly 


(Received 13 February 1961) 


Tue problem of diffusion cooling of neutrons has been studied 
in considerable detail both theoretically (NELKIN, 1958; Sincw1 
and KoTHARI, 1958; Sincwi, 1960; JHa, 1960) and experi- 
mentally (ANTONOV ef al., 1955; BeCKURTS, 1957; IYENGAR 
et al., 1957; pe SAussuRE and Sr_ver, 1959; KLOvVERSTOM and 
Komoto, 1958; ANprews, 1960—for greater details and a 


critical review of the present experimental status, this thesis may 
be consulted). The agreement between the two sets of results is 
good only for the diffusion constant D,, but is far from satis- 
factory for the diffusion cooling constant C. The experimental 
values of C are about 2 to 3 times higher than the theoretical 
values so far obtained. 

In making the calculations, all authors except for JHA (1960), 
have assumed some convenient form for the energy distribution 
of neutrons inside the moderator assembly. It is also known 
(Stncwi and Kortuart, 1958) that the value of C can depend 
sensitively on the energy variation of transport mean free path, 
/.,. One therefore expects the calculated value of C also to 
depend sensitively on the assumed neutron spectrum and the low 
theoretical value could be due to this assumption. 

For beryllium, JHA (1960) had calculated the decay constant 
4. for some values of the buckling B*, using an iteration pro- 
cedure which also simultaneously gave him the form of the 
equilibrium neutron energy distribution. Thus, in his approach 
no assumption regarding the neutron energy spectrum was made 
to start with. If we plot his values of / as a function of B® and 
fit a curve of the form 

Ev + D,B* — CB’, 

(X, is the macroscopic absorption cross section for neutrons of 
velocity v) we get a value of C nearly equal to 4 « 10° cm/s. 
This is higher than the experimental value of ANDREws (1960) 
who gets C = (3:00 — 0:30) » 10° cm*/s. However it is not 
surprising that the two values do not agree. Firstly, the values 
of transport cross section, 4;,, used by JHA are not exactly the 
same as for beryllium (KoTHARI and SINGw1, 1958) but have been 
slightly modified to suit his calculations. The scattering kernels 
used are based on the Debye model of the solid which may not 
be strictly correct, and further all integrations have been done 
on a desk calculator so that the integration mesh was not as fine 
as one would have wished. The important point to note is that 
the calculated value of C depends sensitively, not only on the 
variation of /,, with energy, but also on the form of neutron 
energy distribution that is assumed. 

To test this conclusion further calculations similar to those of 
Jia (1960) were made for beryllium oxide and are briefly re- 
ported here. The values of the diffusion coefficient D = 4,,/5 
used in the calculations are given in Fig. 1 as curve D. The 
other curves give the equilibrium flux distributions of neutrons 
for different values of the buckling. 

For the scattering kernel we have used the first term of the 
Placzek expansion. An energy interval of 0-02 ky i (Ky is the 
Boltzmann constant and ) = 1200°K is the Debye temperature 
of beryllium oxide) has been used for integration up to an 
energy E, = 0-1 koi) and beyond this an energy interval of 
0-1 k,4 has been used. 

In Table 1 we give the calculated values of the decay constant 
A for different bucklings. The mean energy of the equilibrium 
neutron energy distribution is also given in the table. By 
plotting A against B* we get D, = 1:16 x 10° cm*/s and C = 
5 x 10° cm*/s. Though the calculations have been made by 
slightly modifying the energy variation of /,, with energy from 
that for BeO (KoTHari and SinGcwi, 1958) one may compare 
these results with the experimental values of KLOVERSTROM and 
Komoro (1958) who obtain D, = 1-41 + 0-05 x 10° cm?/s and 
C=54+13 x 10°’ cm‘/s. 

The value of C calculated here is larger by a factor 9 than 
the earlier value of SimGwi and Kotuari (1958), and by a factor 
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co. 


Diffusion coefficient, 


oO 


Neutron energy 


units of 


ko@ 


Fic. 1.—Curve D gives the values of the diffusion coefficient 

D = Ay); for beryllium oxide as a function of neutron energy 

that have been used in the calculations. Curve 1 is the Max- 

wellian flux distribution whereas curves 2 and 3 represent 

the equilibrium flux distributions, y(£) for B* = 3-20 x 10-* 
and 4-64 x 10-* cm™, respectively. 


TABLE 1 


B* x 10° cm-* | Asec™! Ein units of ky 


0 110 


1:10 1385 
2360 
3185 
3860 


2:07 | 
3-20 | 
4-64 | 


Density of BeO = 2-96 g/cm? 
x,v = 110 sec. 


of 2-5 from the value of SivGwi (1960) which again shows that 


in calculating C, it is extremely important to take a correct 
neutron energy distribution. 
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BOOK REVIEWS 


Gas-Cooled Reactors, The Franklin Institute and The American 
Nuclear Society. Published by Journal of the Franklin 
Institute, Philadelphia, Pa. 1960. 349 pp., $5. 


Tue technology of gas-coaled reactors is growing at a faster rate 
than that of any other reactor type. The two chief stimuli for 
this growth in the United States have been (a) the greatly 
improved performance of the newer British power reactors 
compared with the original Calder Hall reactors, and (b) the 
accumulation of performance data on high temperature ceramic- 
type fuels with heat transfer properties matching those of high 
pressure gas coolants. 

The Franklin Institute and the Delaware Valley Section of the 
American Nuclear Society, in sponsoring the Gas-Cooled 
Reactor Symposium in Philadelphia, February 10 and 11, 1960, 
presented a balanced programme covering reactor systems, 
power plant components, loop installations, and fuel element 
development. The proceedings of the symposium, contained in 
Monograph No. 7 of the Journal of the Franklin Institute, is a 
valuable document with a particularly useful collection of 
tabular and graphical data and many illustrations. 

Twenty-three papers are contained in the monograph. The 
first, a summary of gas-cooled central power reactor systems, by 
Charpie and Perry of ORNL, provides an excellent survey of the 
civilian gas-cooled power-reactor programme. The interrupted 
history of gas-cooled reactors in the United States is traced, 
beginning in 1942 and ending in 1947 when the so-called Daniels 
Pile programme was cancelled. American work began again in 
1956 and has grown phenomenally along lines which deviate from 
the established British technology, being characterized by an 
attempt to increase the reactor power density and operating 
temperature at the expense of isotopicenrichment. The summary 
paper emphasizes the importance of high burn-up, temperature, 
and power density in the reduction of power costs and the need 
for the development of reactor systems using unclad elements in 
order to achieve significant cost reductions. 

Even in new reactor types there is a great similarity between 
U.S. reactor designs and other advanced gas-cooled reactors 
abroad. The EGCR at Oak Ridge has its analogues in the AGR 
at Windscale, England and some proposals for the HTGC 
research programme of the Australian Atomic Energy Commis- 
sion. The Pebble Bed Reactor design of Sanderson and Porter is 
quite similar to the BBC-Krupp Reactor at Mannheim, Germany. 
Finally, the HTGR designed by General Atomics is much like 
the Dragon Project reactor experiment of OEEC at Winfrith, 
England. Among the civilian non-mobile gas-cooled reactors 
described at the symposium, only the Turret experiment at Los 
Alamos is unique to the USAEC. 

The High-temperature, Gas-cooled, Graphite-moderated 
Reactor (HTGR) is the subject of the second paper, which is the 
first of several papers describing high temperature unclad reactor 
systems. These reactors have certain common characteristics: 
the fuel is basically fuelled graphite and the coolant stream, at 
least part of which will probably become grossly contaminated, 
is provided with some type of coolant clean-up. The HTGR or 
its British counterpart are also discussed in the tenth, thirteenth, 
and sixteenth papers. The latter paper was an address at the 


symposium banquet by Sir William Cook of the UKAEA which 
describes the entire British gas-cooled reactor programme. 

The third and fourth papers describe two mobile direct-cycle 
reactors with clad fuel elements. The first reactor is for power 
generation in remote locations (ML-1) and the second is for 
propulsion of a merchant ship (MGCR). The specifications for 
the Army Gas-cooled Reactor require that the components from 
which the system can be field-assembled weigh a maximum of 15 
tons. By disconnecting the reactor from the turbine-compressor 
generator (by opening the primary coolant system), two portable 
packages may be produced at the expense of only limited shield- 
ing during reactor operation. The table of ML-1 performance 
characteristics illustrates this problem with a specified 5 mr/hr 
background at the control cab 500 ft from the reactor. After 
shutdown and 24 hours decay, the intensity 25 ft from the reactor 
centre will be 15 mr/hr. 

With no containment shell nor coolant clean-up provided for 
field use of the ML-1, the requirement for fuel cladding integrity 
will be certainly as stringent as for any reactor yet designed. 
Fuel and coolant leaks during operation could make reactor 
maintenance or disassembly extremely hazardous. 

The basis for design of the fuel elements for the Gas-cooled 
Reactor Experiment I, the first test facility for the army gas- 
cooled reactor programme, is described in the fourteenth paper, 
and the complete power conversion equipment for the ML-1 is 
the subject of the twenty-first paper. The former is of interest 
only as it illustrates a method of calculation, since the annular 
fuel design will not be repeated in the ML-1. The latter is a 
thorough discussion of the design features of the plant which will 
deliver 300 to 500 kW of power for remote use. As an interesting 
sidelight to the development of the ML-1 power plant compon- 
ents, the twenty-third paper was presented by members of the 
Franklin Institute on studies of the use of gas bearings for closed- 
cycle gas turbine rotors. The work was originated in 1955 to 
meet army requirements and is now sponsored by ONR. 

The Maritime Gas-cooled Reactor, described in the fourth, 
thirteenth, and twentieth papers, has a much higher power rating 
than the ML-1 (22,000 shaft horsepower or approximately 16 
MW compared to 300-500 kW). The design takes advantage of 
a unique feature of a direct cycle gas-cooled power plant. By 
varying the coolant inventory (readily accomplished by bleeding 
coolant from a high pressure compressor to an accumulator), the 
cycle efficiency can be held constant over a wide range of power 
requirements. The fourth paper points out the cost advantage of 
constant efficiency for a ship which must operate at less than 
normal power for extended periods due to weather or confined 
waters. The thirteenth paper, considerably shortened editorially, 
describes the fuel element development programme for the 
MGCR as well as the HTGR and again stresses the importance 
of fuel element integrity in a direct cycle reactor. The gas 
turbine for the Maritime Gas-cooled Reactor is the subject of the 
twentieth paper, which points out that due to the compact 
design a volume saving of 30 per cent is possible compared with a 
pressurized water reactor with the same output. 

The reactor concept which is given the most extensive treat- 
ment in the monograph is the slightly enriched, UO,-fuelled, 
stainless or beryllium-clad, indirect-cycie reactor exemplified by 
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the Experimental Gas-cooled Reactor now under construction 
near Oak Ridge National Laboratory in Tennessee. The fifth 
paper offers a summary of the important design features of the 
EGCR. The reactor has dual capability of power production 
(22 MW net) and experimental study of advanced fuels. The 
eight inpile loops may be operated at a maximum thermal power 
of 1-5 MW/loop with a variety of coolants, while twenty core 
positions cooled by the main helium coolant may be assigned for 
experimental use. 

The EGCR fuel element design criteria and specifications are 
discussed in the eleventh paper. An analysis is presented which 
led to a decision to limit fuel-element thermal instability by mid- 
point spacers in the seven-rod cluster. Additional information 
on EGCR fuel development is contained in the twelfth paper 
which covers the development of improved pellet-fabrication 
methods, the results of inpile irradiation tests, and a review of 
cladding and manufacturing problems. 

The Australian programme to develop a gas-cooled power 
reactor, covered in the sixth paper which was not scheduled but 
was presented informally at the symposium, is based on a 
thorium-uranium fuel cycle. In place of the slightly enriched 
EGCR fuel the AAEC is studying various chemical mixtures of 
thorium and **U which could be canned in beryllium. The 
HTGC reactor coolant will be CO,, and beryllium and graphite 
are being considered for reflector and moderator. The British 
Advanced Gas-cooled Reactor (AGR) will be completed in 
April 1961 and will probably have achieved at least one year’s 
operating experience before the EGCR goes critical. The 
similarity of the two designs, as indicated in the sixteenth paper, 
will make a comparison of the operating experiences very 
valuable. 

Other design studies, contained in the nineteenth paper, are 
being carried out to prepare gas-cooled in-pile test facilities at 
‘ORNL. One loop described in the paper will be installed in the 
Oak Ridge Research Reactor, while the others will be incor- 
porated in the EGCR. A typical experimental installation of a 
HTGR-type fuel element in the ORR is shown. Only a few 
design features for the EGCR loops are mentioned. It is interest- 
ing to compare the latter discussion with the description of a 
similar gas-cooled in-pile loop nearing completion in the 
Plutonium Recycle Test Reactor at Hanford, Washington. In 
the twenty-second paper, the PRTR loop is described in detail 
and solutions to many difficult design problems are presented. 
The difference in detail is the result of the difference between 5 
and 18 months design effort. 

The Pebble Bed Reactor is a high temperature system which 
anticipates one fundamental problem of reactors with high 
power density, the need for frequent refuelling. The design of 
Sanderson and Porter, described in the seventh paper, is based 
on spherical graphite fuel elements which flow by gravity through 
the active core of the reactor. The core is divided into two 
regions by a cylindrical graphite wall, and thermal breeding 
with very long doubling times may be achieved by the thorium- 
**U cycle. The PBR fuel development programme is extensively 
reported in the fifteenth paper. 

One of the basic differences between the PBR programme and 
the BBC-Krupp Pebble Bed Reactor is revealed in one of the 
objectives of the two fuel development efforts. By coating the 
fuel particles in a graphite matrix or by coating the entire ball, 
the PBR programme is aimed toward reducing the permeability 
of the graphite elements to a minimum. The paper on the BBC- 
Krupp reactor (the eighth paper) states that the graphite alone 
can provide optimum permeability; values less than 10~’ cm*/sec 
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may lead to severe cracking of the balls due to internal gas 
pressure. The implication is that there is an optimum fission 
product leakage rate and that the coolant purification system 
must simply be sized for that rate. 

The Turret experimental reactor at Los Alamos, discussed in 
the ninth paper, has a unique design to solve the same refuelling 
problem which influenced the PBR. Graphite fuel pins are to be 
periodically loaded into a rotating cylindrical core by an electric 
ram and spent elements will drop through the centre to a fuel 
discharge port. Helium at 1600°F will be fed to the 3 MW reactor 
and will exit at 2400°F! 

The coolant temperature is much higher than is necessary for 
any conventional power installation. It represents a potential 
coupling of nuclear and fossil fuels by using nuclear heat to 
gasify coal. In the process, steam, coal, and high temperature 
(> 1800°F) heat produce hydrogen and carbon monoxide. The 
product can be combined to produce liquid fuels and industrial 
chemicals. Nuclear reactors have the unique ability to produce 
heat at any temperature at which it can be removed, and chemical 
energy in the form of liquid fuels will always be necessary for 
uses like automobile engines. 

The chemical part of the process has been simulated in high 
temperature out-of-pile loop experiments by the Bureau of Mines, 
reported in the seventeenth paper. The results indicate that 
operation with helium at temperatures of 2300° to 2500°F and 
250 p.s.i.g. is probably feasible. However, problems were en- 
countered such as severe high-temperature creep distortion of a 
compressor rotor which emphasizes the extreme difficulty of 
maintenance-free operation with nuclear heat and a high level of 
fission product activity. 

The eighteenth paper graphically illustrates the major differ- 
ence between the American and British technology for gas-cooled 
reactors. The development of blowers and power supplies for 
gas-cooled reactors in the U.K. is described. The presentation is 
quite mature and is clearly an attempt at design optimization. 
Additionally, a very useful hypothetical design is contained in the 
Appendix to the paper. In similar areas of gas-cooled reactor 
technology, the American design and development work can be 
described as feasibility studies. Comparing the beginning dates 
for the Calder Hall reactor and EGCR construction, 1953 and 
1960, the reason for the difference is clear. The paper does show 
that many more years will probably pass before the word 
‘optimization’ can properly be applied to the development of 
American gas-cooled reactors. 

J. C. BRESEE 


Nuclear Photo-Disintegration (Oxford Library of the Physical 
Sciences), J. S. Levincer, O.U.P., 1960. 144 pp., 15s. 


PROFESSOR LEVINGER is an authority on the theory of nuclear 
photo-disintegration, having published many valuable con- 
tributions to this field since 1949. His monograph contains, as 
an introduction, the basic theory of the electronic photo-effect, 
followed by the modifications necessary to deal with the more 
complex situation found in nuclei. As a piece of scientific 
writing I find it very concentrated in its theoretical aspects. 
The starting point of a theoretical argument is generally a 
relation taken from some text book for the sake of saving space, 
such as that due to Mott and Sneddon or Heitler or a formula 
from a paper in a scientific journal. This may be unavoidable 
but soon leads to an array of heavy tomes around the reader. 
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The various derivations are very brief, encouraging the reader to 
arm himself with paper, pencil and time. The scope of the text 
comprises nuclear interactions of gamma rays of energies from 
about 2 to 150 MeV, confining the field to classical nuclear 
physics. Special care is devoted to sum rules and their relation 
to nuclear models. The first part of the monograph deals with 
the absorption of the quantum, and the last quarter is devoted to 
secondary processes leading to disintegrations, with the mission 
of protons, alphas, etc. Here the results of much experimental 
material are ably analysed in terms of models and types of 
process involved. It is evident that the experimental side is 
often shaky when accurate data are required for the assessment 
of theories. Better experiments are urgently needed; one can 
only hope that the production of monochromatic gamma rays of 
variable energy, which are soon to be available in some labora- 
tories, will permit the nuclear physicist to overcome the 
intrinsic difficulties associated with the use of the bremsradiation 
as it is practised at present. With this prospect in view, it would 
be wise to keep Professor Levinger’s monograph handy as a 
ready source of information. 
E. BRETSCHER 


Third Metallurgy Symposium on Corrosion (Saclay 1959), 
Commissariat a l’Energie Atomique, 1959. 240 pp., 70s. 


Tus book is a record of the symposium on corrosion held at 
Saclay from 29 June to | July 1959, and contains the 20 papers 
presented, together with the relevant discussions on each paper. 
Only two of the papers are in English, the rest being in French, 
but each paper contains an abstract in English. Most of the 
papers are concerned with corrosion in the Atomic Energy field, 
as one would expect, but within this field there are papers on a 
diversity of topics, half the papers being on high temperature 
oxidation and half on aqueous corrosion. 

The aqueous corrosion of stainless steels receives most 
attention, five papers being devoted to this topic. Other aqueous 
corrosion work described includes zirconium in high temperature 
water (one paper), inconel in high temperature water (one paper), 
the effect of sulphur compounds on aqueous corrosion of steel 
(two papers), the use of the potentiostat in aqueous corrosion 
(one paper) and sea-water corrosion (one paper.) 

The papers on high temperature oxidation include three on 
the morphology of oxide films, one on general concepts of 
oxidation and one on diffusion mechanisms. Papers on the 
oxidation of specific materials comprise one on graphite, two 
on magnesium, One on uranium and one on high temperature 
iron-nickel-chromium alloys. 

The book is well produced on high quality paper and the 
quality of many of the numerous micrographs reproduced is 
very good indeed. Two criticisms are that in a few cases im- 
portant details of photographs are omitted (e.g. magnifications 
and in some cases even identifications) and that in several cases 
there is a remarkable waste of space in the presentation of 
figures; for example, on pages 16, 17 and 18 graphs showing 
very approximate relationships are printed on blocks 8in. = 6in. 
Only a few misprints were noticed. 

In general, the book is authoritative and likely to be of use to 
a large number of workers in the corrosion field. In view of the 
high standard of the paper, the large number of photographs 
reproduced and the probably relatively limited circulation, the 
price seems very reasonable. 

J. H. BUDDERY 


Translation from Russian for Scientists, C. R. BUxTON and H. 
SHELDON JACKSON Blackie, London and Glasgow, 1960. 
299 pp., 30s. 


It is being realized to an increasing extent that much important 
and interesting scientific work is published in Russian, and also 
that the cost of obtaining accurate translations is high. One 
product of this realization has been a desire on the part of many 
scientists to learn at least enough Russian to make out the 
general sense and possible implications of any particular paper. 
The consequent demand has led to the appearance of several 
books from which such a knowledge of Russian may be acquired, 
and one of the best of such books is that by Mr. Buxton and Mr. 
Jackson here reviewed. 

After introducing the alphabet, with several pages of reading 
practice, the authors proceed to a concise outline of the grammar 
necessary for the purpose in view. There follow exercises 
consisting of single sentences, then 17 short passages with notes 
on the more difficult points, and finally 168 passages of varying 
length divided about equally between physical and chemical 
subjects (biology is poorly represented). There is a useful list of 
Russian abbreviations, and a vocabulary of the words used in 
the reading matter. 

Among several praiseworthy features are the early introduc- 
tion of the italic letters (although the student is given little oppor- 
tunity to practise them) and extensive lists of conjunctions, 
prepositions, prefixes, suffixes and word families. Nor are there 
many serious errors in the book. There are, however, a number 
of minor inaccuracies which should be corrected in future 
editions. The vocabulary at the end of the book has several 
words out of order, two even on the wrong page. and many 
words are omitted. Some of these, according to the Preface, are 
‘words whose meanings should be obvious to any student of 
science’. This ought not to include, for example, paragraf (which 
does not mean ‘paragraph’) or impul’s (which has more meanings 
than the obvious one). Other words are inadequately rendered. 
Proper names in the texts are printed in capitals, presumably to 
help the student, but the practice is very rare in Russian, and the 
initial capital should be sufficient guide. A few notes on 
chemical nomenclature would have been useful, and so would 
keys, at least to the alphabet-reading and English-Russian 
exercises. If these relatively unimportant defects are attended 
to, the authors will have given us an excellent and very useful 
textbook of scientific Russian. 

J. B. SYKEs 


Review of Digital Computers and Nuclear Reactor Calculations, 
Warp C. SANGREN, Wiley, N.Y., 1960. 208 pp., $8.50. 


Tuts book’s main feature is a good, compact survey and evalua- 
tion of the common techniques used in the numerical solution 
of the equations found in a wide class of physical problems. 
The prescriptions for numerically differentiating and integrating 
and the techniques for solving partial differential equations, are 
presented clearly though without derivation. 

Most of the equations of reactor physics to which computers 
have been applied are considered to some extent. Quite pro- 
perly, the Boltzmann equation receives the most attention. The 
diffusion approximation is treated in great detail with a com- 
plete derivation of the one-dimensional, multi-group equations 
and their reduction to a form suitable for machine computation. 
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One-velocity and few-group problems are considered and the 
two- and three-dimensional techniques are of particular interest. 

The S, and Monte Carlo methods, as the two most important 
methods of solving the Boltzmann equation, are discussed in 
some detail. The S, equations are derived and the essentials of 
the method are given. The introduction to the Monte Carlo 
method is quite good, clearly presenting the salient features of 
the technique and discussing its limitations. The P, approxima- 
tion perhaps merits more than mention. 

The introduction to computers themselves suffers from the 
inclusion of too much irrelevant data and a total lack of illustra- 
tions. A table of, at least, the major computers listing their 
speed, memory capacity, and cost would have been helpful. The 
discussion of programming acquaints the reader with some of 
the problems, tools, and language of the coder. 

The book has generally met the need for a compilation of 
numerical reactor analysis techniques presented in clear and 
simple terms. The beginner will find it an adequate introduction 
to this field. 

W. E. KINNEY 


Elementary Introduction to Nuclear Reactor Physics, S. E. 
LIVERHANT, Wiley, N.Y., 1960. 447 pp., $9.75. 


AMONG the books which had appeared prior to the publication 
of this present volume, none was particularly adapted as a text 
to the needs of an undergraduate course in reactor physics. 
The present volume was written to fulfill these needs. 

The opening chapters review the fundamentals of elementary 
nuclear physics. The topics considered are the standard ones. 
There is a description of radioactivity and of the structure of the 
nucleus, a discussion of nuclear forces, the compound nucleus, 
nuclear reactions, and a presentation of the fission process. The 
treatment is brief but clear and direct. In this, the author has 


been able to avoid unnecessary complications without doing an 
injustice to the material. 

The central and main portion of the book concerns nuclear 
reactors and their associated neutron populations. A system 
of classification of reactors is given, and there are tabulated 
brief data for a number of existing reactors, some of which are 
further described in the text along with the use of figures. 
Methods and formulae are given for the calculation of criticality 
conditions, and many numerical examples are performed. But, 
by the author's limitation on the level of the presentation, it is 
unlikely that the student will gain therefrom an adequate under- 
standing of the methods of describing neutron populations in 
nuclear reactors. In particular, the concepts of the neutron flux 
and the neutron current density vector are discussed insuffi- 
ciently to make their relation clear, and the diffusion approxima- 
tion is given only in an appendix without the criteria necessary 
for determining its validity. 

The final chapters discuss the various nuclear radiations and 
radiation protection. By using these final chapters in conjunc- 
tion with the opening chapters on nuclear physics, this book 
may be made to serve also as a text for a short preparatory 
nuclear physics course for potential reactor engineers. 

For pedagogic reasons the author has restricted his pre- 
sentation to a level which, I feel, is too limited. Nevertheless, 
he has conducted an excellent review of pertinent nuclear physics 
and has been able to convey an overall descriptive conception of 
reactors and to impart some of the more important ideas 
associated with the calculational methods. Throughout the 
book illustrations, tables, and numerical examples are used 
profusely. Each chapter is concluded with a valuable set of 
problems and a bibliography. Answers to the problems are 
given at the back. 

This book should meet with a favourable reception by those 
teaching reactor physics at the undergraduate level. 


J. H. MARABLE 


Reactor Science and Technology (Journal of Nuclear Energy, Parts A/B), 1961, Vol. 15, pp. 36 to 41. Pergamon Press Ltd. Printed in Northern Ireland 


A METHOD OF ESTIMATING THE CRITICAL PARAMETERS FOR 
ARBITRARILY SHAPED BODIES OF FISSILE MATERIAL* 


V. G. ZAGRAFOV 


Abstract—This article describes an approximate method of determining the critical parameters for one or 
more bodies of arbitrary shape consisting of fissile material. In contrast to the variational method, the 
method proposed here is extremely simple and gives results which err on the safe side where the handling of 
fissile substances is concerned. For this reason the method may prove useful for engineering calculations. 

The method is applicable to fast neutron systems if they can be described sufficiently accurately by the 


single velocity approximation. 


THE DERIVATION OF THE BASIC 
RELATION 


THE critical parameters for a body of material fissile 
under neutron bombardment are determined by 
Peierls’ integral equation" 


o(r) -- [ ace de Ke, r)dVv’, (1) 
Y- 

where ¢(r) is the eigenfunction which coincides with 
the distribution function of the neutron density in the 
critical state; x(r) is the inverse mean free path of the 
neutrons and y is the eigenvalue of the equation. The 
kernel K(r, r’) is determined by the expression 


exp (— fx dl) 
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The integration is over the volume of the body. 

Equation (1) is valid for a body consisting of a 
material which is homogeneous in composition, but 
it is not necessary to assume that the density of the 
material is constant throughout the volume V. 

In the critical state the first eigenvalue y» coincides 
with one of the constants of the material, namely the 
inverse of the mean neutron multiplication coefficient 
for a single collision with a nucleus, 


O,+O,+ G, 
where o,, a, and o, are the elementary cross sections 
per atom for fission, scattering and capture, and » is 
the number of neutrons per fission. The difference 
between the eigenvalue and the material constant 
Ay = ¥» — y characterizes the degree to which the 
system is removed from its critical state. An increase 


* Translated by N. KemMer from Afomnaya Energiya 8, 23 (1960). 


in the required value of y implies that a fissile material 
is safer to handle, because this increase is associated 
with a decrease in the actual subcriticality Ay of the 
system. 

An upper limit for the eigenvalue y can easily be 
obtained from equation (1) if we know the position 
in space, fy, where the neutron density is greatest. In 
this case we can replace ¢(r) by a constant and obtain 
as an upper limit for y 


y = f alr)K(r, vr) dV. 


However, this method is inconvenient in practice, 
firstly because it gives a large error, and secondly, 
because the position of the maximum neutron density 
in a body of arbitrary form is not as a rule precisely 
known. One can state definitely only that this 
maximum must lie in a certain region. 

To obtain a more useful method for estimating y 
we single out a region, V,, which includes the position 
of the neutron density maximum. For brevity we shall 
from now on call the volume V, the primary region and 
the remaining volume of the body the complementary 
region, and we shall associate the suffixes i and e 
respectively with these two regions and with all 
quantities applying to them. 

We assume that ¢(r) = constant, and integrate 
equation (1) over the primary region: 


l 
— | av| a(r’)K(r,, x) dV". 
ViJIV, wv 


We transform the interior integral, using the fact 
that the integration may be extended over the whole 
of space, because outside the body « = 0 (this is 
important in extending the result for a system of 
interacting bodies). We perform the integration in 
two steps. We integrate first in the direction 2 along 
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the ray emerging from the point r,, and then over the 
complete solid angle: 


f a(r’)K(r, ’) dv’ = { [ae exp (= Sa dl) 1 gO 
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u,, is the optical path length along the ray from the 
point r, to infinity.* 
Integrating along the ray we obtain 


We split the optical length of the ray u,, 
parts, 


into two 


ue =L+t, 


where L is the optical distance along the ray from the 
point r, to the surface of the region and 1 is the optical 
path length along the same ray from the surface of the 
primary region to infinity. Then we have, on changing 
the order of integration, 


(2) 


We now transform the interior integral, which is a 
function of the direction &. We consider the case 
when the density of the substance is constant through 
the primary region. Expressing all linear dimensions 
in the primary region in units of mean free path, we 
put dV = dL dS, where dS is the surface element 
normal to the direction 2. We integrate along dL: 


1 fdQ Salis 
1-y=7/Zfa-« ye dS, 


where L, is the ‘optical thickness’ of the primary 
region along the ray passing through the elementary 
surface dS in the direction 2. (Fig. 1). We replace 
the optical path length ¢ by its average value across the 
section S, (Q): 


The relation (3) becomes simpler if one chooses the 
primary region in the form of a sphere. In this case 
as a result of the symmetry of the sphere the integral 
over S in equation (3) does not depend on direction. 


* For brevity we use the term optical path length to denote length 
expressed in units of the mean free path of the neutrons. 
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Ws 
Fic. 1.—Scheme of integration. The primary region is 
shaded. 


For a primary unit sphere the critical parameter y, 
is determined in our approximation by the relation (3) 
with ¢t = 0: 


(4) 


1 
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Dividing each side of equation (3) by the corre- 
sponding side of equation (4) we obtain a relation 
between the required quantity y and the value y, for 
the unit primary sphere: 


I-72 [| mae 
l = Yo 4e 4n 


If in the following we understand by y, the eigen- 
value of y for the sphere, determined from the exact 
equations, we simultaneously satisfy the limiting case 
when the complementary region vanishes. 

To simplify expression (5) we use the fact that the 
averaging over the quantity ¢ is performed with the 
weight function (1 — e~“*), i.e. the greatest contribu- 
tion to the average value /($2) comes from the central 
region of the section S. We assume that i(&2) coincides 
with the value ¢,(82) for the ray passing through the 
centre of the primary sphere. The error resulting from 
this approximation will in general have different 
signs for different directions of 82, and will smooth out 
on integrating over the whole solid angle. It is shown 
below that this error does not change the sign of the 
total error. 

The final relation has the following form 

bred 


=| et JO 
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The dependence of y, on the optical radius of the 
unit primary sphere is given in Fig. 2. The part of the 
curve for yo(R) corresponding to a sphere whose 
dimensions are large and comparable with the mean 
free path of the neutrons was obtained by asymptotic 
diffusion methods, which give a high accuracy in this 


(5) 


(6) 
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Fic. 2.—Dependence of the critical parameter y, on the 
optical radius R for a unit sphere. 


region.) For R< 1 the relation given by PEIERLS 
is valid” 


Yo = R(O-78 — 0-39R). 


As both parts of the curve go over very smoothly one 
into the other the interpolation between them in the 
small intermediate region gives very reliable results. 

Relation (6) remains valid when the density of the 
substance in the primary sphere is an arbitrary function 
of the distance from the centre of the sphere. One can 
convince oneself of this by obtaining expression (6) 
directly from expression (2). This can prove useful if 
the density distribution of the substance in the primary 
sphere allows the determination of yg by an exact 
method (for instance if there is a spherical cavity in 
the centre of the sphere). 

It should be remembered that relation (6) is valid 
for any arbitrary distribution of the density in the 
complementary region. However, the relation can 
also be used for arbitrary density distributions in the 
whole of the body. For this purpose it is sufficient 
either to take as the value of y, an enhanced value 
corresponding for instance to the maximum density 
of the substance in the primary region, or to confine 
the primary region to dimensions in which the density 
of the substance is practically constant. In doing this 
one must ensure that the point of maximum neutron 
density is contained in the primary region. In first 


approximation the position of the maximum neutron 
density corresponds to the minimum of the quantity 


[2 
e y 


ERRORS INTRODUCED BY THE METHOD 


The errors of the method are of two kinds. The 
basic error 6,y, which arises from replacing the true 
neutron density distribution by a constant quantity, 
leads to an increase in y. The second error, 6,y, has 
the opposite sign and arises from the inaccurate 
averaging of the quantity ¢ in relation (6). To deter- 
mine the sign of the total error, we consider the 
behaviour of these two errors when the dimensions of 
the primary region are changed. 

In the limiting case in which the primary region 
shrinks to a point in the vicinity of the neutron density 
maximum the error d,y vanishes, because the region 
over which ¢ is averaged (the cross section of the 
primary sphere) tends to zero, while 6,y takes on its 
maximum value. This is the case in which the errors 
introduced by the method are greatest. In the other 
limiting case in which x = V,/V = | both errors tend 
to zero. Near this limit the error é,y increases in 
importance because of the smallness of the first error. 
To show that the error d,y is less than 6,y in absolute 
magnitude for x ~ | we find the derivatives of these 
errors, (0/0x)(dy/y),_,, by comparing the approxi- 
mate solution with the exact solution for the limiting 
case (1 — x) = AV/V <1, which we can obtain with 
the aid of perturbation theory.* 

According to perturbation theory we have 


2 


ie l 
where Ay = y — 79; b=E P= 7 | ear. (7) 


We find 6,y from relation (3), which does not 
include the error é,y. After a transformation we 
obtain for the case of a small complementary region 


AV dQ 
by =y—n= | a-e SZ, (8) 


where the integration is performed along rays emerg- 
ing from the volume AV. For a spherical primary 
volume having radius R we put approximatelyt 


2fia —_ ye = a —e~'*) dS, S = mR. (9) 


* The perturbation theory was independently developed by N. A. 
Dmitrev in 1948", 

+ For the accuracy of this approximation see the section on two 
spheres. 
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Fic. 3.—Dependence of the derivatives of the errors for x = 1 

on the constant y for the exact solution: curve k; for the 

approximate solution without the error 6,y: curve k,; and 
for the solution containing both errors: curve k, 9. 


Then relation (8), taking into account (4) and (9), 
assumes the following form: 


Similarly we obtain from relation (6), which 
includes both errors, 


Ai sy 
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Figure 3 represents the dependence of the derivative 
(0/dx)(Ay/y),., on the constant y for the exact 
solution, for the approximate solution without the 
error 6,y, and for the solution containing both errors. 
In the limiting case y < | the values of the derivatives 
were determined by the method described by PEERLs"). 
In the range 0-3 < y <1 the asymptotic diffusion 
method) was used. 

Comparing the derivatives of the expressions for 
the first and second errors when x = 1: 

= (*) =k—k, and =. () =k, — ky», 

ox \ y x\y , 


we see that the inequalities 


1\d (6 Ox (6 0 (6 é 
a +)! S (~ = (“2 “w) 
z(2 > 3 2) and EY; + > < 0, 


are always valid, as we set out to prove. 

If the dimensions of the primary volume are 
decreased the total error increases, reaching its greatest 
value when the primary region shrinks to a point. The 
error due to the averaging of the rieutron density then 
reaches its maximum and the error of opposite sign 
connected with the averaging of the quantity t becomes 
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Fic. 4.—Position of the primary sphere in the slab. 


zero. Therefore in solving specific problems it is 
appropriate to choose the primary volume in the form 
of a sphere of the greatest possible size, i.e. a sphere 
inscribed in the geometric form of the body. In doing 
this the basic requirement, that the maximum of 
neutron density lies within the volume of the primary 
sphere, is sure to be satisfied. 


COMPARISON OF CALCULATED AND 
EXPERIMENTAL DATA 
We compare the results obtained by the method 
described with the experimental data for systems of 
different geometrical shapes made of Orelloy 93-5* 
published by Graves and Paxton The parameter 
Ym for Oy(93-5) is 0-74, which agrees with the measured 
critical mass for a sphere of Oy(93-5), namely 51-3 
kg.) The neutron mean free path is a! = 4m. 


Infinite slab 


We inscribe the primary sphere in the slab, as 
shown in Fig. 4. Performing the integration on the 
right-hand side of relation (6) we obtain the critical 
equation for the slab 


i—? 
1 — yo(R) 


For the value y = y,, = 0-74 we find from equation 
(10) that R = 0-77, i.e. the critical thickness of the 
slab is H = 2Ra = 616 cm. 

The critical slab thickness found by asymptotic 
diffusion methods, with material parameters con- 
sistent with the measured critical mass of an Oy(93-5) 
sphere, is 6-57cm. The critical thickness of the slab 
obtained by extrapolation of experimental data is 
H =~ 61cm. 


= 1+ Re®Ei(—R). (10) 


Infinite cylinder 
For an infinite cylinder of Oy(93-5) we obtain from 
equations (6) R = 1-45; D = 2Ra = 11-6 cm. 

The measured critical diameter D for an infinite 
cylinder of Oy(93-5) is 12:-4cm.® The critical 
diameter of a cylinder calculated by the asymptotic 
diffusion method is also D = 12-4 cm. 


* Orelloy 93-5 or Oy(93-5) is metallic uranium containing 93-5 per 
cent of the isotope *°U. 
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Fic. 5.—Sphere with eccentrically placed primary sphere. 


A sphere 


We estimate the critical radius a of a sphere of 
Oy(93-5) using equation (6). To do this we place the 
primary sphere of radius R eccentrically, as shown in 
Fig. 5. Performing the integrations in relation (6) over 
the complementary region we obtain: 

for R=0-75a a=19, r=ax'=7-6cm; 

for R=05a a=1-95, r= 78cm. 

The measured critical radius r of an Oy(93-5) sphere 
with a density of 18-8 g/cm® is 8-7 cm. 

As R decreases further the error decreases and for 
R < 0-37a it changes sign. This serves to illustrate 
the fact that the requirement that the maximum of 
neutron density should be within the primary zone is 
sufficient but not necessary to obtain a result which 
errs on the safe side. 


Two spheres 


For a system of two identical spheres, one of which 
is taken to be primary, relation (6) has the following 


wed Ame 


Q Ee 
— (1 — g), =p feta, (11) 


Q 


| R\*?\ . , 
where Q = r I— /1l- (- is the solid angle 


subtended by the second sphere at the centre of the 
first (6 is the distance between the centres of the 
spheres). The function g characterizes the trans- 
parency of the sphere. 

We can, with high accuracy, take g to be equal to 
the transparency coefficient g, of the sphere for a 
plane beam of neutrons: 


_— e—2R 
[eras = eR(] + 2R) 


f= 5 PR? , S = wR’. 


Ss 


(12) 
Comparison with the result of the exact integration 
in equation (11) shows that the replacement of g by gy 


leads to a negligibly small error. Even in the most 
unfavourable case b = 2R, the error does not exceed 
1 per cent in the quantity 1 — g.* This approach 
allows the results to be generalized to the case of a 
large number of interacting spheres. 

Figure 6 curve A shows how, according to relations 
(11) and (12), the critical radius of Oy(93-5) spheres 
expressed in units of the neutron mean free path 
depends on the relative distance between the centres 
of the spheres, b/R. Curve B shows for comparison 
the dependence of the critical radius R on 5/R when 
calculated according to the method described by 
STUART, 

Relation (11) was verified experimentally by B. D. 
Stsiborsky and M. I. Kuvshinov for two Oy 
spheres placed in contact with each other. The 
results of the measurements coincided, within the 
limits of experimental error, with the results of the 
calculation from equation (11). The good agreement 
between calcujation and experiment is explained by 
the fact that the mean values of the neutron density in 
the primary and complementary regions are in this 
case the same, because the spheres are identical. 

Equation (11) is valid also for a system consisting 
of several spheres. In this case one chooses as the 
primary region one of the spheres near the centre of the 
system, where the neutron density is a maximum, and 
the solid angle Q in expression (11) is summed over 
all the other spheres (if they do not screen one another). 


System consisting of a large number of spheres 


We apply relation (6) to a system consisting of a 
large number of spheres of radius R uniformly 
distributed over the volume of a sphere of radius a 
with a mean sphere-density of n per unit volume. We 
choose as the primary sphere one of the spheres at 
the centre of the system. 

Each sphere of a system can be characterized by the 
effective cross section it presents for neutron inter- 
action: 


o = (1 — g,)S, S = aR?, (13) 


where g, is determined from expression (12). The 
mean free path of the neutrons in the system is 
at = [(1 — gy)Sn}". (14) 


Taking into account expressions (13) and (14) we 
obtain the critical relation for the system of spheres 
in the following form 


l—y 


= e-(! —%)Sna 
1— Yo 


* The sign of this error is favourable from the safety angle. 
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Fic. 6.—Dependence of the critical radius R on the relative 

distance b/R between the centres for system of two spheres: 

(a) according to equation (11); (b) according to the method 
of Stuart.‘® 


or, more conveniently, 


3 R\? 1 — 
where N is the total number of spheres in the system. 

Since the primary sphere is at the maximum of the 
neutron density, equation (15) is biased in the direction 
of safety, i.e. it either underestimates the critical 
number of spheres in the system, or, if the number of 
spheres, N, is given, it overestimates the critical radius 
of the system. 

To estimate the size of this safety factor we note 
that in the system the distribution of mean neutron 
density along a radius is the same in first approximation 
as the distribution of neutrons in a unit sphere of 
fissile material whose material constant y’ = 1/Q, 
where Q is the multiplication coefficient for neutrons 
incident on each sphere of our system.* Therefore 
having determined the critical radius R’ of this sphere 
by the same method that we use to determine the 
critical radius a of a system of spheres we obtain the 
same error in the critical radius in these two cases. 

We place the primary sphere centrally in a sphere of 
a substance with constant y’ and let the radius of the 


* The method of determining the multiplication coefficient is 
explained by Fucus.) 


primary sphere tend to zero. We find from relation 
(6) a lower limit for the critical radius of the sphere R’ 


R’ = |in(1 — y’). 

Comparing the quantity R’ with the exact value of 
the critical radius of the sphere R(y’) and introducing 
the same kind of relative correction into expression 
(15) we obtain a corrected critical relation for our 
system of spheres: 


1 ion 
In——”* (16) 
i? 


(1 — se)N( 


=) >. Bi 

a lin (1 — y’)| 
where y’ = 1/Q and R(y’) is determined for instance 
from Fig. 2. 

We stress that owing to the absence of experimental 
data only relation (15) can serve as a working formula 
which certainly includes a safety factor. The size of 
this factor is estimated from expression (16). 


CONCLUSIONS 


The analysis of the errors performed above and the 
comparison with experimental data confirms that the 
sign of the error is constant irrespective of the par- 
ticular problem. This is very important in dealing 
with problems concerned with the safe handling of 
fissile materials. 

The proposed method is especially effective in 
calculating critical parameters for a group of bodies 
of fissile material, when other methods become 
particularly unwieldy. The method is applicable for 
arbitrary density distributions of the fissile material. 
Thus the present approximate method can be applied 
to all systems consisting of homogeneous (in compo- 
sition) fissile material without moderators or reflecting 
envelopes. 
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THE OXIDE CONTENT* 
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Abstract—The presence of oxides in sodium used as a heat-exchange fluid accelerates corrosion of the pipe- 
lines, and may cause blockages in the cold parts of the loop. We report experiments with 
an apparatus for measuring the oxygen content of liquid sodium, and with cold traps for collecting the 
oxides. Our results will be useful in designing experimental or industrial plant based on a sodium or 


sodium-potassium alloy coolant. 


1. INTRODUCTION 


THE employment of sodium as a heat-exchange fluid 
has until now been made difficult by the fact that 
there are no methods for freeing the sodium from 
oxides, and for monitoring the oxygen content. The 
presence of oxides in liquid sodium accelerates the 
corrosion of structural materials” (e.g. of stainless 
steel, see Table 1); precipitation of oxides in the cold 
parts of the loop hinders the transfer of heat to the 
coolant), and may lead to blockages in the pipelines. 

We have been testing instruments for measuring 
the oxide content of sodium, and traps for collecting 
the oxides, using a test loop (Fig. 1) with the following 
characteristics : 

volume of metal in loop 0-100-0-450 m'; 
oxygen content 0-1-0-001 per cent; f 
working temperatures 110-550°C; 

pump pressure 6-10 kg cm; 

total length of pipelines ~S5S0m; 

diameter of pipes 25-48 mm. 

All parts of the loop were provided with electric 
heaters for the preliminary heating of the metal. 
Under operating conditions the metal was heated by 
means of electric or gas ovens. 


TABLE 1.—LEACHING OF THE COMPONENTS OF STAINLESS STEEL 
IN CONTACT WITH SODIUM AT 496°C 


Solution rate (mg cm~* month-*) 


In sodium with 
0-01 %% oxygen 


In sodium with 
0-003 %, oxygen 


Iron 40 
Cobalt ; ' | 
Tantalum . } 4 
Manganese 26 


* Translated by G. RyBack from Atomnaya Energiya 8, 30 (1960). 
t+ Concentrations are given in per cent by weight throughout. 
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Fic. 1.—Diagram of the test loop: (1) pump; (2) and (8) 

plugging indicators; (3) sampling device; (4) heat-exchanger 

(sodium-—sodium-potassium alloy); (5) electric oven; (6) gas 

heater; (7) heat-exchanger (sodium-—water); (9) measuring 

tank; (10) cold trap; (11) pump tank; M, magnetic flow- 
meters. 


2. AN INSTRUMENT FOR MEASURING THE 
OXYGEN CONTENT OF LIQUID SODIUM 

There are several chemical methods for measuring 
the oxygen content of liquid sodium, such as the 
amalgam separation method, the butyl bromide 
method, the distillation method and the vacuum 
fusion method. These methods are somewhat 
involved and time-consuming, require special equip- 
ment, and are further complicated by the fact that 
radioactive sodium has to be treated. The most 
difficult operations are the sampling and the intro- 
duction of the sample into the measuring apparatus, 
without contamination with oxygen. 

Our measurements of the oxygen content of sodium 
were made with a plugging indicator, the principle of 
which has been known for some years.'7*) The 
method is based on the precipitation of oxides from a 
stream of liquid sodium flowing through small 
apertures. This occurs when the temperature falls 
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950mm 


Fic. 2.—Design of the plugging indicator: 


(1) main valve with radial holes in the piston; (2) heat-exchanger (sodium-air); 


(3) flow-meter; (4) control valve; (5) thermocouple measuring temperature in the plugging zone. 


below the saturation temperature for the oxide solution 
and leads to plugging of the apertures. Although the 
method does not call for precision apparatus it does 
ensure the required degree of accuracy over a wide 
range of oxide concentrations. The precipitation 
temperature having been determined, the con- 
centration of oxygen in liquid sodium is given by the 
equation) 


0-4 t 36 
W=27X 1 (5) , (1) 


where W is the solubility of oxygen in sodium (per 
cent by weight) and ¢ the temperature (°C). 

In the plugging indicator shown in Fig. 2 the moment 
of precipitation was indicated by a fall in the flow rate 


registered by the flow-meter. In this apparatus the 
valve (1) which had several radial holes in the piston 
was placed to allow the oxides to be flushed out 
easily after each determination. The metal was cooled 
by air from a fan. A slightly modified recording 
electronic potentiometer EPP-09 with a time constant 
of 8sec recorded the temperature and flow rate 
simultaneously (see Fig. 3). The characteristics of the 
three versions of the device which we have examined 
are given in Table 2. 
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Fic. 3.—A specimen record produced by plugging indicator: 
(1) e.m.f. from magnetic flow-meter; (2) temperature at the 
plugged holes: 


0o =6©200 «66300 


To select the best design we investigated the de- 
pendence of the instrument reading on the rate at 
which the metal flowed through the holes, the number 
and size of the holes, and the rate of cooling of the 
metal. In these experiments the oxygen content was 
0-002-0-1 per cent, and the temperature 110-550°C. 
For each of the three versions (as a rule, two were 
compared in each experiment) we measured the 
variation of the reading with the rate of flow for two 
concentrations of oxygen. At flow speeds between 2:5 
and 14msec™ the plugging temperature remained 
constant (Fig. 4), but at lower speeds the temperature 
reading was low, for reasons which are at present 
unknown. 

The temperature reading decreased by 2-5 per cent 
when the size of the holes was changed from 0-5 x 
0-5 to | x Imm. The number of holes must be 
sufficiently large (10 to 15) to obtain accurate results 
when some are accidently blocked. 

The temperature reading is independent of the rate 
of cooling providing the oxygen content is constant 
(0-008-0-02 per cent); the flow speed is 2-5-13m 
sec-!; and the rate of cooling at the apertures is 
0-3-37 deg min". A cooling rate greater than 10 deg 


TABLE 2.—CHARACTERISTICS OF PLUGGING INDICATORS 


Number of holes in valve 
Size of holes (mm) 
Diameter of heat- 
exchanger pipe (mm) 
Total area of heat 


exchanger (m*) 


400 ~ ~ 
9 [ al 
°o 3~0 7 ~ere _=— 7 —. 
~ 200 
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V, m sec 


Fic. 4.—Relationship between plugging temperature and 


flow speed of metal through the holes: 
© 0-031 per cent oxygen; 
@ 0-013 per cent oxygen. 


min is undesirable since it can lead to erroneous 
plugging temperature readings. 

The instrument readings were checked by chemical 
analysis of the metal accumulated in the trap after a 
certain period of operation. Table 3 compares the 
chemical data and the instrument readings; the 
agreement is seen to be satisfactory. 


3. COLD TRAPS FOR REMOVING OXIDES 


The principles underlying the working of cold traps 
are as follows."’*5) The liquid metal flowing from 
hot parts of the loop is cooled and the precipitated 
oxides are subsequently filtered off. The efficiency of 
the purification process is enhanced by maintaining 
the trap at a low temperature, since the solubility of 
sodium oxides in sodium decreases with falling 
temperature. 

The trap (Fig. 5) consists of a cylindrical tank (2) 
enclosing an inner cavity (8) and an outer cavity (9), 
both filled with stainless steel shavings or wire (3) 
[but see below]. The jacket (1) in which the tank is 
placed contains boiling toluene, which absorbs heat 
from the sodium, and the toluene vapour is condensed 
on a coil (5) carrying tap water. This complicated 
cooling system has been adopted as a safety precaution 
in the event of an escape of liquid sodium. The lower 
part of the trap forms a sump (6) in which the oxides 
accumulate. The cone (7) reduces the speed of metal 
flowing through the sump. The trap is heated 
before use by nichrome heaters placed in the central 
well (4). 


TABLE 3.—OXIDE CONTENT IN TRAP, DETERMINED BY PLUGGING 
INDICATOR AND CHEMICAL ANALYSIS 


Trap Plugging indicator Gas analysis 
No. (g) (g) 

1 | 890 + 100 1000 + 500 

10 | 4750 = 700 6200 — 900 
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Fic. 5.—Design of a 32-litre cold trap. 


The fall in the oxygen content of sodium which has 
passed through the trap is given by the material 
balance equation 


yVde = yQ(c — c’) dr, (2) 


where V is the volume of sodium in the loop (m*); 
c is the concentration of oxygen in the sodium (%); 
c’ is the solubility of oxygen in sodium at the minimum 
trap temperature ¢’ (per cent); @Q is the rate of flow 
of sodium through the trap (m* hr~'); y is the density 
of the metal at the loop temperature (kg m~*); and 
t is the working time of the loop (hr). 

Equation (2) implies the following assumptions: 
(a) the volume of the trap is smaller than the volume 
of the loop; (b) the quantity of metal flowing through 
the trap is small compared with that flowing through 
the loop; and (c) all the precipitated oxides remain 
in the trap, i.e. the oxygen concentration in the metal 
leaving the trap corresponds to the solubility at the 
minimum trap temperature. Integration of equation 
(2) gives 

c=c’'+(cq—c'e". (3) 


where cy is the concentration of oxygen in the sodium 
before purification and n is the number of times the 
total volume of sodium in the loop has passed through 
the trap in time r. 

In developing the trap, it was necessary to determine 
(a) the highest degree of purification achieved by 
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TABLE 4.—CHARACTERISTICS OF TWO TESTED COLD TRAPS 


32° 


Capacity of trap (/ of sodium) 
47 


os 


Duration of experiment (hr) 
Duration of circulation of metal (hr) 
Flow rate (m* hr-*) 
Flow speed of metal (mm sec™*) 
in outer cavity 
in inner cavity 
Temperature of metal (°C) 
at trap inlet 
inside trap 
at trap outlet 
Yoluene vapour pressure (atm) 
working range 
maximum 
Oxygen content of sodium prior to 
operation of cold trap (%) 
working range 
maximum 
Quantity of oxides collected by trap (g) 
Quantity of oxides collected by trap (per 
cent of the metal inside trap) 


624 
105 
0-117-0-100 


1-75-1-5 

1-95-1-6 
310-420 
140-217 
148-280 


0-5-3 


* The sump was found to contain 13-2 per cent oxides (per cent of the metal inside trap); this quantity was 
determined from the density, the densities of sodium and its oxide differing by a factor of more than two. 


means of the trap; (b) the maximum quantity of 
accumulated oxides; and (c) the suitability of the 
construction as a whole, and its thermal and mechani- 
cal characteristics. In the experiments the metal 
was made to circulate through the traps at a given rate 
for a certain period, and the oxygen concentration 
was measured before and after this process. This was 
repeated until the oxygen content decreased to the 
desired level and the results were compared with the 
calculated curve given by equation (3). Oxides were 
being carried out of the trap if the experimental curve 
was above the calculated curve. By decreasing the 
flow rate the experimental points were made to fall on 
or approach closely to, the calculated curve. The 
oxygen was introduced into the sodium either by 
mixing the metal with oxidized sodium, or by adding 
sodium peroxide. 

Table 4 shows the experimental results for two 
versions of the cold trap. The following conclusions 
can be drawn. 

(1) The cold trap is capable of lowering the oxygen 
concentration to 0-002 per cent. 

(2) The required level of purity can readily be 
achieved under suitable working conditions. 

(3) Oxides which have accumulated in the trap 
improve the filtering capacity of the trap. High rates 
of flow through the trap allow considerable escape of 
oxides from the trap. 


(4) A low temperature at the inlet to the trap and a 
low mean temperature inside the trap increase the 
filtering capacity. 

(5) The oxide capacity of the trap depends on its 
design, on the nature and density of the filling, and on 
the working conditions. 

(6) At equal flow rates, a filling consisting of 
shavings is more efficient in retaining oxides than one 
of 0-5 mm diameter wire. 

By filling only the inner cavity (8) with shavings 
(100 kg m~*), by increasing the volume of the sump, 
and by increasing the time spent by the metal in the 
sump, the oxide capacity of the trap has been increased 
to 10 per cent. 

If the oxygen concentration was >0-1 per cent, the 
trap soon blocked. In such cases the metal was first 
circulated through the trap without the toluene, using 
the trap merely as a mechanical filter, until the oxygen 
content fell to 0-06-0-05 per cent. Toluene was then 
added and the filtration continued. Typical working 
characteristics of the trap are illustrated in Fig. 6. 

It should be noted that the oxide capacity of the trap 
is largely determined by the working conditions. For 
example, at a flow rate of 0-080-0-117 m* hr the 
capacity is only 4 per cent; at 0-270-0-500 m* hr 
the capacity reaches 10 per cent, owing to more 
uniform distribution of the oxides inside the trap at 
the higher speed. 
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Fic. 6.—Decrease in oxygen concentration in sodium during 
oreration of the cold trap. The thick line represents the 
theoretical curve (equation (3)); experimental points are for 
the following flow rates of sodium through the trap (m° hr): 

@ 0-168; 

A and (0-250; 

» @,@ and A 0-285; 

@ and © 0-300; 

© and @ 0-335. 
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To find out where in the trap the oxides accumulate, 
the inner and outer cavities were blown through with 
gas after the experiments, and in some cases the sump 
contents were analysed. Experiments with various 
traps and analyses of the sump contents after the 
experiments lead to the following conclusion about 
the importance of the various components of the trap. 
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Fic. 7.—Vertical temperature distribution inside trap for 
different flow rates of sodium (m?* hr-): 
Cj 0-140; 
© 0-080; 
A 0-060. 


Precipitation of oxides occurs in the outer cavity; 
measurements of the temperature distribution in the 
trap (Fig. 7) indicate that the oxides are almost 
entirely precipitated near the inlet into the trap, where 
the temperature of the metal falls from 300-450°C to 
180-200°C in 14cm. This explains the previously 
observed"* increase in the hydraulic resistance of 
traps, which is due to plugging of the outer cavity. 
For this reason we omitted the filling from the outer 
cavity. 

The cooled metal passes from the outer cavity to 
the upper part of the sump, which constitutes 10-14 
per cent of the total volume of the trap. Our experi- 
mental results show that the quantity of oxide retained 
in the sump is negligible. 

It should be noted that overflow and blind pipes 
which are relatively cold act as diffusion traps and, 
depending on the oxygen content of the metal and on 
the relative temperature of the blind pipe and the loop, 
are capable either of collecting oxides or of returning 
them to the loop. 
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ISOLATION OF CARRIER-FREE **Pa FROM IRRADIATED 
THORIUM NITRATE* 


V. I. SprrsyN and M. M. GOLUTVINA 


(Received 13 November 1959) 


Abstract—A method is given for the isolation of carrier-free ***Pa from thorium nitrate irradiated with slow 
neutrons. It consists of isolating ***Pa from the thorium nitrate solution by sorption on a MnO, precipitate; 
extracting the cupferron complex of protactinium with amyl acetate; re-extracting the protactinium into 
aqueous citric acid; and decomposing the citrate complex by oxidation with nitric acid. Good separation 
from a- and f-emitters was achieved. The isolated radioisotope was identified by its half-life period. The 
method will be found useful for obtaining carrier-free ***Pa, which can be employed as a tracer in chemical 
studies on protactinium, and in investigations of the extraction of protactinium from natural raw materials 
and of the separation of ***Pa from thorium during the preparation of **°U. 


1. INTRODUCTION 
Tue following process is used to obtain **Pa from 
thorium: 
: B- 3- 
°82Th(n,y)**Th iF =22:1 min *33Pa ty =27-0days 


MY ut»... 


The neutron activation cross section of **Th is") 
7-33 + 0-12 barn. The **Pa so obtained"? is usually 
contaminated with thorium and various radioisotopes 
derived from *%U by neutron-induced fission. The 
literature contains several papers’ dealing with 
the isolation of Pa. 

We have based our work on the papers of MADDOCK 
and Mies."*:”) Before the method of these authors 
could be adopted, we had to carry out detailed in- 
vestigations to determine suitable conditions for each 
stage of the purification process. 


2. INVESTIGATION OF THE MANGANESE 
DIOXIDE PRECIPITATION 


Protactinium was separated from thorium and 
zirconium by sorption on a precipitate of manganese 
dioxide, a phenomenon first described by Grosse and 
Acruss.) Manganese dioxide was prepared in one 
of the following ways: 
2KMnO, — 3MnSO, + 2H,O = 

= 5MnO, _ K,SO, aa 2H,SO, 
or 
KCIO, + 3MnSO, + 3H,0 = 

= 3MnO, + KCI + 3H,SO,. 


The sorption of protactinium on MnO, is efficient 
and almost independent of the conditions of pre- 


cipitation; sorption is most complete and most 


* Translated by G. Rysack from Atomnaya Energiya 8, 117 (1960). 


selective when MnO, is precipitated from a s‘rongly 
acid solution. Citric acid and fluorides interfere by 
forming stable, soluble complexes with the pro- 
tactinium. To study the sorption of **Pa by pre- 
cipitated MnO,, we carried out the following experi- 
ments with freshly irradiated thorium nitrate, which 
was dissolved in 7-N nitric acid and diluted to a 
specific activity of ~S « 10~* counts min mi-. An 
end-window counter was used having a mica window 
of 1-8 mg cm~ thickness. 

The solution (3 ml) and 5 per cent manganese 
sulphate solution (0-5 ml) were heated on a water-bath 
to 80°C. The addition of 0-5 per cent potassium 
permanganate solution (0-8 ml) precipitated MnO,, 
which was coagulated by heating for 20 min. After 
the addition of more potassium permanganate solution 
(0-8 ml), the precipitate was separated by centrifuging 
and dissolved in 7-N nitric acid (1 ml) containing a 
small amount of sodium nitrite. The yield of MnO, 
was | mg per ml of solution. It was shown that 97 
per cent of the initial activity was adsorbed by the 
precipitate. 

In subsequent experiments the purification was 
improved by carrying out three precipitations of the 
MnO,, the yield being increased to 4-4 mg per ml of 
solution. 98 per cent of the initial activity was 
adsorbed by the precipitate. 


3. INVESTIGATION OF THE CUPFERRON 
EXTRACTION 

Amyl acetate extraction of the cupferron complex 
of protactinium was employed to free **Pa from trace 
impurities sorbed by the MnO,. The precipitated 
MnO,, prepared as described above and dissolved in 
hot concentrated hydrochioric acid, was treated with 
an equal volume of a saturated aqueous solution of 


48 


TABLE 1.—AMYL ACETATE EXTRACTION OF ***Pa CUPFERRONATE 
FROM 6-N HYDROCHLORIC ACID 


B-activity of amyl acetate phase | B-activity of aqueous phase 
% Of initial activity) (% of initial activity) 


107 
113 
111 
76 
80 
116 


Average 100 Average 3 


cupferron containing a small quantity of hydro- 
quinone as stabilizer. The mixture was then shaken 
with an equal volume of amy] acetate, the volumes of 
the two phases being measured before and after 
shaking. The results given in Table | show that 
protactinium cupferronate is satisfactorily extracted 
by amyl acetate from 6-N hydrochloric acid. 

To re-extract the protactinium into aqueous 
solution, the amyl acetate solution was shaken for 
5 minutes with an equal volume of 1-M citric acid. On 
heating the mixture on the water-bath for 40 min the 
cupferronate decomposed and the protactinium passed 
into the aqueous phase, in which it formed a stable 
complex with citric acid. When cold the mixture was 


TABLE 2.—SEPARATION OF **Pa FROM G-EMITTERS DURING 
ISOLATION FROM IRRADIATED THORIUM NITRATE 


| a-activity of precipitate 
MnO, precipitation (% of initial activity) 


1 | 2 
42 

10 

5 


| 
First precipitation | 43 


Second precipitation | 14 
Third precipitation | 8 
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again shaken for 5 minutes, and the volumes and 
activities of the separated phases were then measured. 
It was shown that 85-90 per cent of the activity 
originally present in the amyl acetate solution passed 
into the citric acid solution. The latter was then 
repeatedly treated with hot concentrated nitric acid. 


4. DISCUSSION 


It was shown in the course of our work that most 
of the stages in the isolation of **Pa are successful 
only if the mineral acid concentration is high (>6-7 N). 
When the acidity was lowered to 3-3-5 N, the results 
deteriorated considerably, adsorption on the walls of 
the vessel increased, and the experiments became 
poorly reproducible. 

The degree to which the **Pa was purified of 
a-emitters (e.g. uranium and thorium) present in the 
original solution was determined, using a zinc sulphide 
crystal scintillation counter. The results (Table 2) 
show that the main separation from «-emitters occurs 
in the course of the three precipitations of the MnO,, 
and is completed at the amyl acetate stage (the amyl 
acetate phase has zero activity). 

On the basis of our experiments the following 
method has been developed for the isolation of 
carrier-free **Pa from irradiated thorium nitrate. 


5. EXPERIMENTAL METHOD 


A solution of freshly irradiated thorium nitrate in 
7-N nitric acid was mixed with 10 per cent manganese 
sulphate solution (0-2 ml per | ml of the thorium 
solution) and heated to 80°C on the water-bath. 
1 per cent potassium permanganate solution (0-5 ml 
per ml of the thorium solution) was stirred slowly in. 
The MnO, precipitate was coagulated by heating on 
the water-bath for 20 min, centrifuged off, and 
dissolved in hot concentrated nitric acid containing a 
small quantity of sodium nitrite. The solution so 


TABLE 3.—ISOLATION OF ***Pa FROM IRRADIATED THORIUM NITRATE 
(Original solution in 7-N nitric acid; yield of MnO, precipitate 4-4 mg per | ml of solution) 


Activity (% of initial activity) 


Three-fold MnO, 
precipitation 


Extraction with amyl acetate from 6-N HCl 


Re-extraction with M citric acid 


Sorbed by 
precipitate 


Mother- 
liquors 


| 

Remaining | Remaining 

on walls of 
vessel 


Citric acid Amy] acetate 


| 
phase 2 | 
| 
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Fic. 1.—/)-decay curve of the isolated ***Pa. 


obtained was diluted with an equal volume of water, 
and the precipitation of MnO, repeated twice. The 
final MnO, precipitate was dissolved in hot 6-N 
hydrochloric acid. To this solution was added an 
equal volume of cupferron solution (7 g cupferron and 
0-2 g hydroquinone dissolved in and made up to 100 
ml with 6-N hydrochloric acid, and filtered), and the 
liquids after being well mixed were transferred to a 
separating funnel. The vessel which originally 
contained the solutions was washed out with two 
portions of amyl acetate (total volume equal to the 
combined volumes of the acid and the cupferron 
solutions), which were then added to the separating 
funnel. After shaking for 5 minutes the phases were 
allowed to separate. The protactinium was re-extracted 
from the organic phase by an equal volume of 
1-m citric acid solution, the mixed organic and aqueous 
phases being heated on the water-bath for 30 minutes 


4-(20 pp.) 


with occasional shaking. The aqueous phase contain- 
ing the **Pa was separated when the mixture had 
cooled. 


6. RESULTS 


Table 3 shows the results obtained by the above 
method. The relative mean square deviation of the 
activity measurements was +3 per cent. It was 
possible to extract up to 70 per cent of the *Pa 
activity from samples of freshly irradiated thorium 
nitrate. The f-decay of the isolated radioisotope 
(Fig. 1) confirms its identity; the observed half-life 
of 27 days agrees well with the value in the literature. 

The extent to which the protactinium is freed from 
fission fragments has not been specially determined, 
but the measured half-life suggests that no significant 
amounts of these are carried through the purification 
process. 
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ON THE THERMODYNAMIC FEASIBILITY OF DRIVING TURBINES 
WITH ORGANIC LIQUIDS HEATED IN NUCLEAR REACTORS* 


P. I. KHRISTENKO 


(Received 11 April 1959) 


Abstract—This article examines the feasibility of using heated organic liquids as the working substances of 
turbines. Diphenyl oxide, diphenyl, dowtherm etc., can be used as such liquids. The liquids are heated in 
power reactors, and can be evaporated in the nozzle of the turbine. In adiabatic expansion the vapour of 
such liquids is superheated, although its temperature drops. The parameters of the thermodynamic cycle of a 
power reactor in which dowtherm is used as the coolant are considered as an example. 


CERTAIN organic coolants (e.g. diphenyl oxide) possess 
a property which makes it possible to drive a turbine 
directly with the organic liquid heated in the reactor, 
without producing water vapour. 

It is known that, in the adiabatic expansion of the 
saturated vapour of any liquid, the state of the vapour 
during expansion depends on the physical properties 
of the liquid, i.e. on the relation between the heat 
capacity of the liquid and its latent heat of evapora- 
tion”. For example, if saturated water or mercury 
vapour is adiabatically expanded, it will become wet 
in proportion with the expansion. On the other hand, 
saturated diphenyl oxide vapour will be superheated 
during adiabatic expansion, although its temperature 
drops in the process. 

Analytically this phenomenon is described thus: 


r 
S’=S'+-, 
T 


where S” is the entropy of the dry saturated vapour, 
S’ is the entropy of the liquid, r is the latent heat of 
evaporation and T is the absolute temperature of the 
saturated vapour. Differentiating this equation with 
respect to the temperature 7, we find 


2h +S— 5) 
- oT” = 
(since T dS’ = C dT). 
If the heat capacity of the liquid C, is less in 
os 
aT T!’ 


then the increase in the entropy of the saturated vapour 
with the rise in temperature will be negative, which 


absolute magnitude than the expression 


* Translated by D. R. H. Puiturps from Atomnaya Energiya 8, 
214 (1960). 
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Fic. 1.—TS diagram for water and diphenyl oxide. 


corresponds to curve | in Fig. 1. In this case the 
curve passes to the right of the ordinate KA drawn 
through the critical point. This type of curve corre- 
sponds to saturated water or mercury vapour, which 
becomes wet in adiabatic expansion. If the quantity 
C, is greater than the absolute magnitude of the 
expression = - =): then the curve passes to the 
left of the ordinate KA (curve 2 in Fig. 1). The increase 
in the entropy of the saturated vapour will be positive; 
in adiabatic expansion such a vapour will be super- 
heated. 

The behaviour of saturated diphenyl oxide vapour 
gives a basis for assuming that heated diphenyl oxide 
can be used directly to drive a turbine. Figure 2 gives 
the 7S diagram for diphenyl oxide. If diphenyl oxide, 
heated to a temperature 7, is directed into a nozzle, 
where it will be adiabatically expanded to a tempera- 
ture 7,, then from the nozzle (if it is long enough) will 
come a jet of superheated, saturated or slightly wet 
vapour, which can be directed immediately on to the 
turbine blades and then condensed in a condenser. 
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Fic. 2.—TS diagram for water, diphenyl oxide and mercury: 

(a) water; (b) diphenyl oxide; (c) mercury (relative to 1 kg 

of saturated vapour); (b,) diphenyl oxide; (c,) mercury 
(relative to 6 kg of saturated vapour). 


It is clear that in the nozzle the heated liquid must 
start to boil and turn into superheated vapour. 

C—O 
dT T 
capacity of certain liquids to evaporate as a whole 
in adiabatic expansion, is satisfied by a number of 
other liquids in addition to diphenyl oxide. 

Figure 3 gives the TS diagrams" for diphenyl oxide, 
kerosene and ethyl ether. Apart from these liquids 
we can quote dowtherm (a eutectic mixture of diphenyl 
oxide and diphenyl), and obviously n-hexane, acetic 
acid and naphthalene. 

The thermodynamic cycle of a heat engine, in 
which heated liquid is used directly, is shown in Fig. 4. 
The isobar AB (coinciding with the lower limiting 
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Fic. 3.—T7S diagram for dipheny! oxide, kerosene and ethyl 
ether: (1) diphenyl oxide; (2) kerosene; (3) ethyl ether. 


curve) characterizes the transfer of the heat to the 
liquid, the adiabatic curve BC represents the expansion 
of the liquid in the turbine nozzle, and the isotherm 
CA characterizes the condensation of the vapour. 

If the working liquid satisfies the condition 


r 
=.|, from an adequately long nozzle will 


come a vapour or a two-phase liquid. The cycle in 
question can be called a boiling liquid cycle. 
The efficiency of such a cycle (if it is assumed that 
the heat capacity of the liquid is constant) is 
T, In (7,/T2) 
T, — T, 


where 7, is the upper temperature of the cycle and 7, 


n= 1 (1) 
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Fic. 4.—TS diagram of a boiling liquid cycle with 
regeneration. 


is the lower temperature of the cycle (temperature in 
the condenser). 

If we use the fact that in the 7S diagram the lower 
limiting curve, coinciding with the isobar, within 
narrow temperature limits (e.g. for water up to 100°C) 
is approximately a straight line, it is possible to 
derive an approximate formula for the efficiency of 
the cycle: 

T, — T, 

3 qT, 7 T, 


" 


If we compare the efficiency of the boiling liquid 
cycle with the efficiency of the Carnot cycle 


fr ~ % 
T, 


with the same temperatures 7, and 7, in both cycles, 
it is clear that a machine operating on the Carnot 
cycle has an efficiency almost double that of a machine 
operating on the boiling liquid cycle. However the 
thermal efficiency of the boiling liquid cycle can be 
substantially increased (and even brought near to the 
Carnot cycle), if regeneration of the heat is used. 
The theoretical regenerative boiling liquid cycle 
with an infinite number of stages (extractions) in the 


(3) 


Noe 
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TS diagram (Fig. 4) will be formed by the figure 
ABDE or the figure D’BCE’. 

The ABDE cycle can be achieved both for boiling 
liquid droplets and for gas. It is a thermodynamic 
cycle similar to that which is achieved in a gas turbine 
in which the gas is heated at a constant pressure in a 
regenerative preheater and combustion chamber 
(lines AD’ and D’B), expanded adiabatically in the 
turbine (line BD), cooled at a constant pressure in the 
regenerative preheater (line DE) and compressed 
isothermally in the compressor (line EA). 

In running a heat engine on boiling liquid the lines 
AD’ and D’B correspond to heating the liquid in a 
multi-stage regenerative heater and heat generator, 
BD and DE to adiabatic expansion of the liquid at first 
without extraction and then with multi-stage extraction 
of the working substance, and the line EA to con- 
densation of the vapour. 

The D’BCE’ cycle is the cycle achieved in a gas 
turbine in which heating at constant pressure (line 
D’E) is followed by adiabatic expansion of the gas 
(line BC) and then isothermal and adiabatic com- 
pression (lines CE’ and E’ D’ respectively). 

If we represent the regeneration temperature by T7,,, 
then with the conditions adopted above, C = con- 
stant and C dT = T dS, the efficiency of the cycle with 
regeneration is defined by the expression 


ged T, in( 2) (4) 


T,—T, 


The approximate value of this expression is 


=] — ——_-., 
Ne +7, 


We will examine the use of diphenyl oxide, heated 
in a reactor, as the working substance for a steam 
turbine. The critical temperature of diphenyl oxide is 
530°C, the pressure in this case is 32-7 atm (absolute), 
at 350°C is 6 atm, at 450°C is 16-5 atm, at 150°C is 
0-05 atm. Diphenyl oxide melts at a temperature of 
28°C when pure but at much lower temperatures if it 
contains slight impurities. At high temperatures 
diphenyl oxide decomposes. Experiment has shown 
that when diphenyl oxide was maintained at 15 atm 
and 440°C for 700 hr, 1-2 per cent was decomposed.‘ 

From the TS diagram of diphenyl oxide (see Fig. 2) 
it is possible to establish the limits of its application. 
The initial temperature of the liquid entering the 
machine is limited to 300-400°C (points 7, and 7,’), 
the final temperature to 120-200°C (points 7, and 
T,'). These temperatures correspond to __ initial 


pressures of 2-0-16-5atm and final ones of 0-015- 
0-15 atm. Since the final temperature of the diphenyl 
oxide vapour after passing through the turbine 
remains high (120-200°C), these machines should 
only be used for the first stage. The residual heat can 
either be used for district heating or for driving the 
second stage of a turbine using low-pressure water 
vapour. 

In the latter case the reactor heat will be used in 
accordance with a binary thermodynamic cycle, the 
circuit and 7S diagram of which are shown in Fig. 5. 
The first stage of this cycle is shown by the figure 
D'BD, bounded by the isobar D’B on which heat is 
passed to the liquid diphenyl oxide in the reactor (1) 
(Fig. 5a), by the adiabatic curve BD’ along which the 
heated diphenyl oxide expands during evaporation 
in the nozzle of the single (pressure) stage turbine (2) 
and by the isotherm DD’ along which the diphenyl 
oxide vapour condenses in the condenser (3). This 
condenser serves at the same time as an evaporator 
for obtaining the saturated steam which is the working 
substance for the second stage of the binary cycle. 


Fic. 5.—Circuit (a) and TS diagram (b) of the binary cycle. 

Stace I: heated diphenyl oxide, stage II: saturated steam. 

(1) Reactor; (2, 4) turbines; (3, 5) condensers; (6) regenera- 
tive heater. 
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The second stage of the cycle is represented graphi- 
cally by the figure D’ DEA, bounded by the isotherm 

D’ D along which water in the condenser (3) evaporates 
to produce saturated steam, by the line DE, which 
represents the adiabatic expansion of the steam in the 
steam turbine (4) together with multi-stage extraction 
for regeneration, and by the isotherm EA and isobar 
AD’, which correspond respectively to condensation 
of the steam in the condenser (5) and to heating of the 
water by the extracted steam in the regenerative 
heater (6). 

The thermal efficiency of the binary cycle when using 
liquid diphenyl oxide (stage 1) and water steam (stage 
II) (at temperatures ¢, = 350°C, ¢, = 200°C and cooler 
temperature 1, = 35°C) will be 0-43. If we assume an 
internal efficiency for the turbine 7. = 0-75, a mechan- 
ical efficiency »,, 0-96, an electrical efficiency 
n, = 0-97 and a utilization factor for the theoretical 
cycle of », = 0-9, then such an installation can have 
an efficiency of up to 27 per cent. Bearing in mind 
that the pressure of the diphenyl oxide does not 
exceed 6 atm (absolute), and its temperature is only 
350°C, this efficiency is very high. 

In certain cases, for example in the planning of a 
nuclear engine for transport purposes, where the 
weight and dimensions of the installation are of great 
importance, one might limit oneself solely to the 
turbine operating on the vapour of the organic liquid. 
In this case the thermal efficiency of the thermodynamic 
cycle would be 7, = 0-2-0-3, and the total efficiency of 
the installation would be 7, = 0-13-02. 

At the present time the most studied and the 
cheapest organic coolants are diphenyl, diphenyl oxide 
and their eutectic mixture dowtherm. 

If we use dowtherm as the working substance, with 
an initial temperature and heat content of 1, = 300°C 
and i, = 149-5 cal/kg (or alternatively t, = 400°C and 
i, = 219 cal/kg) and allow for its expansion in the 
nozzle of the turbine to a state of saturated or slightly 
wet vapour, then from the turbine outlet will come in 
the first example vapour at a pressure of P, = 0-017 
atm, with a specific volume of V = 11-5 m*/kg and 
heat content of i = 149-5 cal/kg, and in the second 
example vapour at a pressure of P, = 0-25 atm, with 
V = 1-0 m*/kg and i, = 219 cal/kg. 

The heat drops Ai, and Ai, during adiabatic expansion 
of the liquid to a state of saturated vapour will be 
approximately 25 and 55 cal/kg respectively, and the 
rates of flow of the vapour from the turbine nozzle 
will be c, ~ 450 and c, ~ 600 m/sec. The magnitudes 
of these velocities, and the need for complete ex- 
pansion of the boiling liquid to the saturated vapour 


state in the inlet nozzle of the turbine also determine 
its design. Apparently this will be an active turbine 
having a velocity stage with one or several (depending 
on its output) two-row or three-row disks. 

If we consider the comparatively low vapour 
velocity at the exit from the nozzle of such a turbine 
and the low pressures and specific volumes of organic 
vapours, then the construction of turbines with outputs 
of several hundreds to several tens of thousands of 
kilowatts becomes possible. The cost of such turbines 
should not exceed the cost of ordinary turbines. 

In addition one would, by using turbines operating 
with a liquid organic coolant heated in a reactor, 
eliminate the need for constructing steam generators 
with a first stage operating at a pressure of 30-40 atm. 

The thermodynamic cycle of power extraction from 
nuclear reactors depends to a great extent on how the 
heat is withdrawn. 

If the coolant does not change its aggregate state 
when heated in a reactor it is possible to obtain work 
from the energy of the coolant alone by cooling it in 
an engine from the high temperature imparted to it in 
the reactor down to the lower temperature corre- 
sponding to the cold source. The cycle examined 
should also serve as the theoretical thermodynamic 
cycle for such (non-boiling) reactors. 

If the coolant does change its aggregate state in the 
reactor by boiling, work can be obtained from the 
latent heat of evaporation of the liquid, i.e. by 
expanding the vapour obtained from the reactor 
adiabatically in the engine. Part of the heat of this 
vapour is turned into work, and the vapour is then 
condensed. The theoretical thermodynamic cycle for 
such (boiling) reactors will be bounded by two 
isobars and two isotherms. The efficiency of such a 
cycle is equal to that of the Carnot cycle. 

An intermediate position between boiling and 
non-boiling reactors is occupied by the uranium- 
graphite reactor being constructed in the U.S.S.R. 
which will have high-pressure water steam reheat. The 
regenerative thermodynamic cycle with steam reheat 
used in this reactor is normal for contemporary 
thermal power steam installations. 

As we have shown, it is possible in principle to 
achieve an ideal theoretical cycle for coolants heated 
in a reactor, with the aid of liquids which are capable 
of evaporating as a whole in adiabatic expansion. 
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INVESTIGATION OF THE ROLE OF OXIDATION-REDUCTION 
PROCESSES WHEN URANIUM OXIDES DISSOLVE 
IN ACID MEDIA* 
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(Received 11 January 1960) 


Abstract—The acidity of the ore is of crucial importance in uranium extraction. As the passage of uranium 
into solution involves various chemical processes and is complicated by the presence of impurities in the ores, 
it is necessary to study the mechanism of uranium oxidation and the influence of various compounds which 
pass into solution during the leaching of the uranium ore. 

In this paper are presented the results of an investigation into the oxidation and solution of uranium 
oxide in acid media and the influence on these processes of divalent iron compounds. For the first time the 
effects on uranium of various oxidizing agents are compared. It is shown that the oxidation of tetravalent 
uranium is not determined simply by the normal oxidation-reduction potential. The results obtained show 
that where considerable quantities of iron ions are present incomplete uranium extraction by a mixture of 
nitric and sulphuric acids in low concentrations is associated with the formation of complexes between Fe*-, 


SO,?- and NO,°- ions. 


It is well-known that unoxidized uranium minerals 
do not dissolve well in weak solutions of mineral acids 
and alkali carbonates. For this reason various 


oxidizing agents must be used to dissolve the maximum 


amount of uranium. 

The solution of uranium involves various chemical 
processes and is complicated by the presence of 
numerous impurities in the ores. It is therefore 
necessary to study not only the mechanisms of 
uranium oxidation but also the influence on this 
process of various compounds which pass into 
solution during the acid leaching of uranium ores. 

By studying these problems it is possible not only 
to establish theoretically the processes occurring when 
uranium is extracted from ores, but also to predeter- 
mine methods for intensifying these processes. 

In recent years many papers have appeared which 
deal with the influence of various factors on the 
solubility of uranium. Reference “ gives, in addition 
to data on uranium extraction as a function of the 
duration of the experiment, the temperature, the 
concentration of the acid and the size of the particles, 
data showing that when leaching with an acid medium 
the use of oxidizing agents improves the extraction of 
uranium into the solution. It has been shown") that 
changing the total concentration of a mixture of nitric 
(25 per cent) and sulphuric (75 per cent) acids from 
13-5 to 107-6 g/l increases the extraction of uranium 
into solution from 61 to 80 and from 82 to 97 per cent, 


* Translated by R. D. M. HeGarty from Atomnaya Energiya 8, 
330 (1960). 


the initial values depending on the particle size and 
the agitation time. At a sulphuric acid concentration 
of 16:5 g/l the introduction of potassium chlorate, 
potassium permanganate, sodium bichromate and 
other oxidizing agents into the reaction mixture 
increases the extraction of uranium into solution. At 
the same time it is noted that in the presence of ferric 
ions the uranium dissolves well without the addition 
of an oxidizing agent. In the references already 
quoted, and also in) the influence of various 
factors on the extraction of uranium from ore 
material is described. As the ores contain a whole 
complex of minerals, data on the extraction of uranium 
into solution reflect the influence not only of the 
leaching factors (concentration, temperature etc.) but 
also of the various impurities contained in the ores. 

We have performed a series of experiments with the 
oxides of uranium in order to study the influence of 
reagent concentration, temperature and processing 
time on the rate at which uranium dissolves. Sulphuric 
acid was used as the solvent, nitric acid, potassium 
chlorate, manganese dioxide, potassium permanganate 
and ferric salts as the oxidizing agents. The experiments 
were performed with controlled air temperatures. The 
batch of uranium oxide was 2g in weight and0-15 mm in 
size and the reagent expenditures were stoichiometric. 
The various combinations of uranium oxides, sulphuric 
acid solutions of several concentrations and oxidizing 
agents were placed in glass test tubes which were 
mounted on a rotatable disk. While the reactions 
proceeded the disk rotated at 200 r.p.m. The amounts 
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of tetravalent and hexavalent uranium were deter- 
mined by the methods described in “-*. 

Figure | presents the results of the experiments in 
which uranium oxides were dissolved in sulphuric 
acid of various concentrations. In three hours almost 
no uranium dioxide dissolved in a solution of sul- 
phuric acid at a concentration of 150 g/l and a 
temperature t = 90°C. This may be explained by the 
fact that the heat of formation of uranium dioxide is 


100 


% 


Amount of Uranium dissolved, 


60 300 500 700 


Conc. H, SO,. gf ; 
Fic. 1.—Influence of sulphuric acid concentration on the 
solution (1) of hexavalent uranium from the mixed oxide; 


(2) of tetravalent uranium from the mixed oxide; (3) of 
tetravalent uranium from the dioxide. 


extremely high (270 kcal/mole). Under the same con- 
ditions relatively more uranium from the mixed oxide 
passed into solution. 

In) a ratio of 25 per cent nitric acid to 75 
per cent sulphuric acid is considered the optimum 
mixture for dissolving the mixed oxide of uranium. 
According to the reaction equations 


3U,0, + 2HNO, + 9H,SO, = 


and 


3U0, + 2HNO, + 3H,SO = 
= UO,SO, + 2NO + 4H,O 


to dissolve the uranium completely the nitric and 
sulphuric acids must be mixed in the proportions 
12-5 per cent HNO, and 87-5 per cent H,SO, for the 
mixed oxide and for the dioxide 30 per cent HNO, 
and 70 per cent H,SO,. By altering the ratio of nitric 
and sulphuric acids over wide limits (Fig. 2) we have 
shown that maximum oxidation of the uranium in the 
mixed oxide is observed when the HNO, : H,SO, 
ratio is 12-5 : 87-5; a further increase in the nitric acid 
content does not influence the uranium oxidation, 
which at ¢ = 90°C is 100 per cent. For uranium 
dioxide complete oxidation and solution occurs for 
a ratio HNO, : H,SO, = 30 : 70, which is just as it 


should be from stoichiometry. At ¢ = 20°C a similar 
picture is observed for the mixed oxide, but uranium 
dioxide behaves differently. This is explained not 
only by the fact that uranium in the dioxide is more 
difficult to oxidize, but also by the weak oxidizing 
properties of nitric acid at low temperatures. Under 
similar conditions (constant temperature and reaction 
tinue) the effect of the initial sulphuric acid concentra- 
tion varies with different oxidizing agents (Fig. 3). At 
t = 20°C increasing the sulphuric acid concentration 


H2SQ 
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% 
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Fic. 2.—Dependence of uranium oxidation on the quantity 
of nitric acid in a mixture of nitric and sulphuric acids at a 
total concentration of 100 g/l and reaction time 3 hr. 
©: mixed oxide of uranium; @: uranium dioxide; 

t= 90°C; ----: t= 20°C. 


from 5 to 100 g/I has little effect on the oxidation of 
mixed uranium oxide by permanganate, potassium 
chlorate and nitric acid, but at t = 90°C the sulphuric 
acid concentration plays a decisive part in oxidation 
with nitric acid. The mixed oxide of uranium dissolves 
completely at a sulphuric acid concentration of 100 
g/l in the presence of oxidizing agents such as nitric 
acid and a ferric salt. In the presence of manganese 
dioxide on the other hand oxidation of the uranium 
is scarcely affected by changing the sulphuric acid 
concentration over a range of 50-150 g/l. 

At a sulphuric acid concentration of 100 g/l 
uranium is completely oxidized and dissolved only 
when ferric iron compounds and nitric acid are used 
as oxidizing agents. We therefore studied the speed 
with which the mixed oxide dissolved (Fig. 4). At 
t = 20°C not one of the oxidizing agents used oxidizes 
and dissolves the uranium completely even after 
38 hr. At ¢ = 90°C the worst results were obtained 
with manganese dioxide. Complete solution of the 
mixed oxide of uranium is slower with potassium 
chlorate than with nitric acid and the iron salt. 

Figure 5 presents typical curves showing how the 
temperature affects the rate at which uranium oxidizes 
and dissolves. For nitric acid at temperatures from 
20° to 40°C especially rapid oxidation of the uranium 
is observed. In sulphuric acid with added nitric acid or 
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Fic. 3.—The degree of oxidation of uranium for various 
initial concentrations of sulphuric acid with oxidizing agents. 


O: nitric acid; 


t = 90°C; 


@: potassium chlorate; ©: 
permanganate; A: manganese 


potassium 


dioxide; @: ferric sulphate; 
t = 20°C; 


reaction time = 


3 hr. 
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Fic. 4.—Influence of reaction time on the amount of uranium 
dissolved when the mixed oxide is treated with sulphuric acid 
and the oxidizing agents. 


©: nitric acid; @: potassium chlorate; ©: 


potassium 


permanganate; A: manganese dioxide; m: ferric sulphate; 


> ¢= 90°C; 


potassium chlorate the amount of uranium dissolved 
varies almost linearly with temperature. For mixtures 
of sulphuric acid with ferric sulphate, manganese 
dioxide and potassium permanganate the amount of 
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Fic. 5.—Influence of temperature on the amount of uranium 
dissolved during treatment of the mixed oxide with nitric acid 
(x) and sulphuric acid together with the oxidizing agents. 
O: nitric acid; potassium chlorate; ©: potassium 
permanganate; A: manganese dioxide; m: ferric sulphate. 
Concentration of acids 100 g/l; reaction time = 3 hr. 


: t= 20°C. 


mixed oxide dissolved varies more rapidly when t = 
20 ~ 60°C than when t = 60 = 90°C. A comparison 
of the curves of Fig. 5 shows clearly that the influence 
of temperature on the amount of uranium dissolved 
is comparatively small only when potassium per- 
manganate is used. This is explained by the fact that 
in this case the reaction occurs in the diffusion region. 
The results obtained show that in the presence of 
oxidizing agents the extent to which the mixed oxide 
of uranium dissolves is largely determined by the mech- 
anism of the process and by purely kinetic factors. 

If one compares the degree to which uranium is 
oxidized by various oxidizing agents at a sulphuric 
acid concentration of 25 g/l, it can be seen that the 
most effective oxidizing agent for uranium is potassium 
permanganate. A mixture of nitric and sulphuric 
acids with potassium chlorate gives the worst results. 
In the presence of divalent iron the picture changes 
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abruptly. If oxidation and solution of the mixed 
oxide of uranium proceed according to one of the 
following reactions: 

3U,0, ~ 3FeSO, 
9UOANO,), 


3NO 


24HNO, 
Fe(NO,), 
12H,O; 


Fe(SO,), 
2U,0, — KCIO, — 2FeSO, 
6U0,SO, — Fe~SO,), 
2U,0, — 3MnO, + 2FeSO, 
6U0,SO, — Fe,(SO,), 
2HNO, — 2FeSO, 
6U0,SO, — Fe,(SO,), 


7H,SO, 
KCI 

10H,SO, 
3MnSO, 

7H,SO, - 
2NO 


3H,0: 


10H,O: 
2U,0, 
8H,O, 


then for oxidizing agents such as potassium chlorate, 


manganese dioxide and nitric acid, in the absence of 


sulphuric acid, an increase is observed in the degree 
of uranium oxidation (Fig. 6). On the other hand, for 
a mixture of sulphuric and nitric acids the presence 
of divalent tron is characterized by a sharp reduction 
in the rate of oxidation of the uranium. In the first 
case iron plays the part of a catalyst, accelerating the 
process, and in the second case it retards it. 
Reference ‘*’ describes a similar situation. When 
ore was treated with a mixture of nitric and sulphuric 
acids of total concentration 108-5 g/I the best extraction 
of uranium into solution was obtained from the ore 
which had been more coarsely crushed. The longer the 
ore was crushed in a ball mill, the less the extraction 
of uranium into solution (95-72 per cent), while when 
finely ground ore was treated a considerable amount 
of iron passed into solution. However it is con- 
sidered) that the reduced uranium extraction can 
hardly be explained by the presence of iron. as nitric 


100 


Uramum dissolved, 
vy 
° 


Acid conc., g/t 

Fic. 6.—Influence of compounds of divalent iron on the 
amount of uranium dissolved by nitric acid (>, .,) and 
sulphuric acid together with the oxidizing agents (potassium 
chlorate (@, &) and manganese dioxide (©, ))atr = 90°C, 
dependence on initial acid concentration: ©, @, ©: with- 
out Fe®~, reaction time 3 hr; .\. &. @: with Fe*®*; reaction 

time 1 hr. 
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Fic. 7.—Influence of divalent iron compounds on the amoun 

of uranium dissolved by a mixture of nitric and sulphuric 

acids as a function of the total acid concentration (1) in the 

presence of Fe*~; (2) in the absence of Fe?-. ¢ = 90 € 
reaction time 3 hr: (3) oxidation of Fe? 


acid was used in excess. in relation to the amount of 
iron present. 

Figure 7 shows how compounds of divalent iron 
affect the oxidation of uranium by a mixture of nitric 
and sulphuric acids for various initial concentrations 
of these acids. At concentrations of 25-150 g/l the 
amount of uranium dissolved suddenly decreases, and 
this is connected with the formation of complexes in 
the system Fe?~. SO,?-, NO,~. 

Oxidation processes occurring in the presence of 
nitric acid are autocatalytic: in them the oxides of 
nitrogen play the part of catalysts. Therefore if the de- 
composition products from nitric acid are bound into 
complexes of the type [Fe(NO)|SO,. NO [Fe(NO,),] 
or Fe,(SO,),NO,. which tinge the solutions dark brown. 
the oxidizing power of the nitric acid is reduced. 

According to the results quoted in“? the acidity 
of the solution has a pronounced influence on 
the absorption of oxides of nitrogen. In“ it is 
shown that the solubility of nitric oxide in solu- 
tions of divalent iron salts varies with temperature 
according to the Clausius-Clapeyron equation, but 
the variation deviates from Henry's law. As the nitric 
acid concentration increases, absorption of oxides of 
nitrogen by iron salts decreases."*’ Figure 8 shows that 
when the total concentration of a mixture of nitric and 
sulphuric acids is brought to 200 g/l the inhibiting 
influence of divalent iron ceases and the mixed oxide 
dissolves completely. 

Although the value of the normal oxidation- 
reduction potential of the system Fe?~/Fe*~ is 0-77 V. 
the smallest value for any of the oxidizing agents 
studied, compounds of ferric iron at t = 90°C are better 
oxidizing agents than potassium chlorate or manganese 
dioxide (Fig. 8). It follows from this that in a sul- 
phuric acid medium containing the two oxidizing 
agents—nitric acid and a ferric salt—compounds of 
trivalent iron serve as the oxidizing agent for the 
uranium. Nitric acid, within the limits of total 
concentration represented by mixtures of nitric and 
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Fic. 8.—Comparative characteristics of oxidizing agents: 
(a) in order of decreasing oxidizing power in relation to 


uranium; 
— ae 


sulphuric acids of 25-150 g/l, is bound into a complex 
by the ferrous ions liberated, and does not take part 
in the uranium oxidation process. Retardation of 
the uranium oxidation by added ferric ions begins to 
appear at an equimolar ratio of nitric acid to ferric 
sulphate. A gradual increase in the amount of ferric 
salt present increases the extent to which the mixed 
oxide of uranium dissolves. Here the ferrous ion 
content is related to the quantity of uranium oxidized 
according to the reaction 


U,0, = Fe,(SO,), oa 2H,SO, = 
= 3U0,SO, + 2FeSO, + 2H,0, 


i.e. the uranium oxidizes as if the nitric acid was not 
present in the reaction mixture. 

The following conclusions may be drawn from the 
foregoing. 

1. We have studied the influence of reagent con- 
centration, reaction time and temperature on the 
extent to which uranium oxides oxidize and dissolve 
in an acid medium. 

2. The influence of reagent concentration and 
temperature on the oxidation process is smallest with 
potassium permanganate. In spite of the relatively 
low oxidation-reduction potential of Fe?*/Fe** in 
relation to U**/UO,**, iron salts at t = 90°C are 
in an acid medium the most effective oxidizing agents 
for uranium. 


(b) in order of decreasing oxidation-reduction 
potentials. Duration of experiment: 
C; ----:t 


(1) lhr; 
= 20°C. 


(2) 2hr; 


3. It has been established that if iron compounds 
are not present in the solution the least effective 
oxidizing agents for uranium are potassium chlorate 
and manganese dioxide. When ferrous ions are 
introduced into the reaction mixture, these oxidizing 
agents completely oxidize uranium even in com- 
paratively dilute solutions of the acids. In the 
presence of ionized iron salts high concentrations of 
a mixture of nitric and sulphuric acids are required 
to oxidize uranium and iron. 

4. It has been established that in the presence of 
considerable quantities of ionized iron salts the oxida- 
tion of uranium by a mixture of nitric and sulphuric 
acids is retarded as a result of complex-formation 
processes. 
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LETTERS TO THE EDITORS 


The behaviour of a reactor with temperature 
self-regulation* 


(Received 8 January 1959) 


A stupy of the physics of fast neutron reactors'’-*’ shows that 
two different types of reactivity change take place when the 
reactor power is increased: (a) comparatively fast changes which 
are associated mainly with the mechanical deformation of the 
fuel elements and with coolant expansion and (b) slow changes 
associated with the expansion of the reactor structural com- 
ponents. For a number of processes the reactivity power factor 
may be regarded as a combination of an instantaneous power 
factor p and a delayed power factor & associated with an average 
time delay +. The factors p and k may be either positive or 
negative. This separation of the power factor into two parts 
wpplies also to intermediate and thermal reactors. 

Several authors'*-*’ have studied the influence of temperature 
effects on reactor behaviour. In the work reported here we 
studied the general behaviour of a reactor in which the only 
control was that introduced by the temperature effects men- 
tioned above. The neutrons were divided into two groups: 
instantaneous (zero lifetime) and delayed (lifetime 7,). It was 
assumed that when the reactor is shut down the delayed power 
contribution falls off exponentially with time. With these 
assumptions the reactor kinetic equations have the form* 


p [’ wit’) : dt’ 
Et 1 )ex at, 
TAP p(t)) | P | ° 


[p(r) p); (1) 


Wit) 


k ft t—-¢ 
p(t) = po — pWit) + - W(t") exp (. —) dt’, (2) 
a T 


where W(t) is the reactor power, p(r) is the reactivity, § is the 
effective fraction of delayed neutrons, and py is the reactivity of 
the cold reactor (with W(1) = 0). 

This set of equations reduces to a linear differential equation 
for W(t) (or for p{t)) which, with the substitutions W(1) = x, 
7TW'(t) = y, leads to the form 


dy A,v* + Agy*x — Asyx* + Ag? + Asv* 


Agyx 7 
dx A,yx* + Agyx 


A-x* 


(3) 


where A,—Ay, are constant coefficients which are functions of k, 
P. 7, To B, po. Since the behaviour of the integral curves in the 
XY-plane is very strongly influenced by their behaviour in the 
neighbourhood of the singular points, we investigated all six 
singular points in equation (3).> 

The most interesting singular points occur at x 


Po 
d at . a 
and at x k+p y 


0,y=0 
= 0. The behaviour in the neighbour- 


* Translated by D. L. ALLAN from Atomnaya Energiva 7, 363 
(1959). 

+ See, for example, Reference". 

* See, for example, Reference'’’. 


hood of the first singular point determines the characteristic 
variation of the reactor power as it rises from zero, while the 
behaviour near the second singular point determines how the 
reactor behaves in power regions close to the stationary power 
level, in the time during which the reactivity p,. introduced by 
the controlling devices is being compensated by temperature 
effects. The conditions for the existence of such a point is 
k — p -. 0 (with p, > 0). An examination of the solutions of 
equation (3) in the neighbourhood of the singular point at zero 
showed that in all cases where 0 < p, < /, the reactor power 
increases from zero according to the law 


; , Pol 
Wir) w, exp (=). 
? PolTo 


In the neighbourhood of the stationary point, the solutions of 
equation (3) are more varied; they are aperiodically stable (AS) 
and aperiodically unstable (AU) solutions (singular point a 
node), oscillatory stable (OS) and oscillatory unstable (OU) 
solutions (singular point a focus) and unstable solutions of a 
special type which we shall call type U solutions. These differ 
from the others by virtue of the fact that only two curves pass 
through the singular point (i.e. the singular point is a saddle). 
This is in contrast to the other solutions in which an infinite 
number of curves pass through the singular point. Figure | shows 
the general form of the domains of existence of these solutions 
in terms of the co-ordinates p»/f and p/(kK — p). Curves I-IV 
satisfy the equations: 


( ) l ac 2a 


° l 
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(1 — ac) 


(3),, 


where a = t/r, and c ~ p). When r+ 


OS, OU and AU vanish. 
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Fic. 1.—Domains of existence of the different solutions of 
equation (3) in the neighbourhoods of the stationary point. 
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(b) 


Aperiodically stable solutions of equation (3) ending 
at a stationary point. 

(a) solutions in a type (i) region; (b) solutions in a type (ili) 

region. 


Fic. 2.- 


In the case of the oscillatory solutions, the small power 
oscillations are sinusoidal. They have a period 


4nr(P} — cpo) 


r 


V 4pa(p — cpo) — (P 


and a logarithmic decrement 
3B ~ po ~ aCpy 
2p) —- cpo) 


T. 


From a study of the particular properties of equations (1) and 
(2) and of the remaining singular points it is possible to follow 
the behaviour of the integral curves completely. We restricted 
our study to that part of the phase plane X) for which a 
physical meaning could be attached to the solutions of equation 
(1). These regions were bounded by the straight lines 

Xx (l 


a)fi — py 
oe, 
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(1 a)x and 


for which p(t) -%* and p(t) 


According to the values of the constant coefficients in equa- 
tions (1) and (2), one obtains four different kinds of region 

(i) A singly-connected region enclosing the neighbourhoods 
of the zero and stationary points. 

(ii) Two regions which meet each other at a single point. with 
the neighbourhoods of the zero and stationary singular points 
located in one of the regions 

(iii) Two regions, similar to (ii), but with the neighbourhoods 
of the zero and stationary singular points located in different 
regions 

(iv) Two detached singly-connected regions with the neigh- 
bourhoods of the zero and stationary singular points located in 
different regions. 

In type (i) regions the stationary point is always stable and a 
transition from the zero power zone to the stationary power 
zone always takes place. In the case of type (li) regions, a 
transition from the zero power to the stationary power zone is 
also possible and occurs when the solutions at the stationary 
point are stable (AS or OS). In the case of type (iii) regions, the 
integral curves pass out of the zero power zone into the station- 
ary point zone under the same conditions which apply in the 
case of type (ii) regions. In the converse case, the integral curves 
pass out of the zero power zone and go to infinity without 
entering the region containing the stationary point. Naturally. 
in the case of type (iv) regions, it is not possible to go from zero 
to stationary power if only the temperature self-regulation of 
the reactor is available to keep p(t) <— //. 

When p -. 0 all the integral curves end at a stationary point 
and when p -- 0 only those integral curves from a specific region 
of the phase space (including the zero power zone) enter a stable 
stationary point. Outside this region all the integral curves (with, 
occasionally, a single exception) avoid the stationary point 
region and go off to infinity. In particular, the boundary of 
these regions is formed by the segments of the straight line 


2p — pa 


If the stationary point is unstable, all the integral curves go to 
infinity. 

Figures 2-4 present some typical examples of the behaviour of 
the integral curves. Figure 2shows solutions of the AS type which 


ap 


Fic. 3. 


-Oscillatory stable solutions of equation (3) at a 
stationary point for a type (ii) region. 
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Fic. 4.—Unstable solutions of equation (3) for a type (iv) 
region. 


end at a stationary point for type (i) and (iii) regions, while Fig. 
3 gives solutions of the OS type at a stationary point for a type 
(ii) region (the boundaries which separate solutions converging 
towards the stationary point are separate from the rest of the 
solutions). An example of an unstable type U solution for a 
type (iv) region is shown in Fig. 4. The broken lines represent 
the condition p(t) = 0. From Fig. 4 (top right-hand corner) it 
can be seen that the reactor power progressively increases 
(tending to some limit), while p(t) is negative. This regime of 
operation is dependent upon a positive temperature coefficient 
and arises sometimes when p > 0. 

If we confine ourselves to the examination of a single neutron 
group with an average lifetime (valid for slow processes), then 
the solutions are found in the region represented by the half- 
plane XY. The number of singular points is reduced to two; 
the zero and stationary singular points. In the stationary point 
domain the following types of solution remain: AS, OS, OU 
and AU as the power rises for p > 0, and AS, OS and AS for 
p<9%. 
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Sectionalized reactor systems*t 
(Received 6 January 1959) 


A SECTIONALIZED reactor system is one in which a high-energy- 
density critical reactor (acting as a neutron ‘trigger’) is followed 
by a succession of sub-critical sections which operate as neutron 
multipliers. Neutron valves, which pass neutrons in one direc- 
tion only, are placed at the boundary between the critical reactor 
and the first sub-critical section, and also between the individual 
sub-critical sections. These valves consist of a layer of **°U, 
which is ‘black’ to thermal neutrons, a layer of cadmium (or, 
better still, a layer of thorium or highly depleted uranium), and 
a layer of moderating material. The uranium layer is on the side 
facing the critical reactor or the preceding sub-critical section 
and the neutrons can pass only in the direction uranium to 
moderator. The multiplication factor of each sub-critical 
section is determined by its nearness to criticality. 

Of the neutrons which leak out of a sub-critical section the 
overwhelming majority are unable to pass back, since if they 
start to traverse the neutron valve in the reverse direction they 
are slowed down in the moderator and are captured by the 
absorbing layer. 

Borst’ has independently described} a neutron valve for 
isolating the sub-critical sections in convergatron systems, in 
which it is essential in the event of an emergency to guard 
against an uncontrollable release of reactor power. The effi- 
ciency of the neutron valve can be increased by placing a thin 
layer of water or some other hydrogenous material close to the 
cadmium layer. The hydrogen scattering cross section for the 
fast fission neutrons is significantly less than that for slow 
neutrons and consequently the hydrogen layer lets the fast 
neutrons through the neutron valve in the forward direction but 
impedes the flow of slow and thermal neutrons into the absor- 
bing layer. Thus the water layer behaves as a valve when 
irradiated on one side by fast neutrons and substantially reduces 
the number of neutrons absorbed in the absorbing layer. 
Calculations made by V. V. Orlov show that with a water layer 
~2.cm thick the neutron transmission through the valve may 
reach 0-9. It should be mentioned that a neutron valve can be 
used to protect any type of reactor, including fast and inter- 
mediate reactors. The energy production of the sub-critical 
sections is such that a substantial increase in the burn-up of 
fissile isotopes can be achieved. As an illustration, we give the 
essential parameters of a sectionalized reactor system having the 
same lattice arrangement as the reactor of the First Atomic 
Power Station’. 

Lattice multiplication factor 1-38 
Total neutron leakage (per cent) 28 


* Translated by D. L. ALLAN from Aftomnaya Energiya 7, 456 
(1959). 

+ Paper presented to the Physics Section of the Scientific Council 
of the Board of Atomic Energy Utilization Physics Institute in the 
presence of the Council of Ministers of the U.S.S.R. (1957). 

t A neutron valve has also been described by Dusovsku ef al.‘* 
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Geometrical leakage of neutrons through the 
side face (per cent) 

Fraction of neutrons from the critical reactor 
which pass through the valve and undergo 
multiplication in the sub-critical section (per 
cent) 

The effective multiplication factor kerr of a 
sub-critical section which operates at the 
same power as the critical reactor 0-90 

An effective multiplication factor of 0-90 can be obtained in a 
sub-critical section either at the expense of a reduction in the 
loading, making allowance for the shape of the sub-critical 
assembly (ring section), or by loading depleted fuel elements 
into the lattice. At the same time the burn-up of the fuel can be 
increased two or three times, since the reserve reactivity at burn- 
up during a run of the atomic power station reactor is 0-03. The 
fact that power can be produced by a sub-critical reactor for 
which Kerr < 1 means that a sectionalized reactor system can be 
used to provide extremely high fluxes of thermal neutrons. In 
fact, in a sub-critical reactor having the same neutron multipli- 
cation and leakage parameters as a critical reactor, the thermal 
neutron utilization coefficient can be reduced in conformity 
with the value of Kerr, at the expense of an increase in the 
quantity of constructional materials. Thus for the same thermal 
load it is possible to increase the thermal neutron flux. For the 
lattice used in the atomic power station reactor it is possible to 
increase the thermal neutron flux by nearly a factor of three by 
reducing Kerr from 1 to 0-7. 

To obtain the highest neutron fluxes it is advantageous to 
employ a ‘convergent’ sectionalized reactor system in which an 
outer ring-shaped critical reactor is the trigger which irradiates 
an adjacent inner sub-critical section with neutrons. This inner 
section in turn irradiates the adjacent central section. In sucha 
‘convergent’ system the neutron valve passes neutrons from the 
circumference towards the centre. An interesting application of 
sectionalized reactor systems is their use as pulsed neutron 
sources to provide intense pulsed neutron fluxes. 
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B. G. DuBovskli 
REFERENCES 
. Borst L., Phys. Rev. 107, 905 (1957). 
. Dusovsku B. G., KAMAgev A. V. and MAKAROv E. F., J. 
Nucl. Energy 6, 172 (1958). 
. Krasin A. K., DusBovsku B. G., DoIL’NITSIN E. 1A., MATALIN 
L. A., INtuTIN E. I., KAMAEvV A. V. and LANTsov M. N., J. 
Nucl. Energy 3, 227 (1956). 


Compound fission of uranium by 2°5 MeV neutrons* 
(Received 20 June 1959) 


COMPOUND fission of heavy nuclei by thermal and epithermal 
neutrons in which a long-range alpha particle is emitted has been 
studied extensively. It appears, however, that compound fission 
by high-energy neutrons received comparatively little attention. 


* Translated by J. Apam from Atomnaya Energiya 8, 137 (1960). 


The negative result published in’) was accepted as 
proof that compound fission is characteristic of *°U and is 
related to the lower excitation levels of fissile nuclei. Sub- 
sequent findings®:*’ however have shown that 2-5 and 14 MeV 
neutrons can induce compound fission in uranium. 

This note is concerned with investigations into the compound 
fission of uranium by 2:5 MeV neutrons. 

Type P-9 photo-emulsions were loaded with a 4 per cent 
aqueous solution of UO, Na(C,H,0O,), of natural isotopic 
composition. These emulsions are adequate to discriminate 
between particles of different charges. To reduce the soft 
neutron background the plates were placed in cadmium cylinders 
filled with boron and the irradiation time was chosen so that the 
background of secondary particles did not interfere unduly with 
observations. 

During scanning both the compound fission and the total 
number of binary fission events were registered. Altogether 50 
ternary fissions were found in about 30,000 fission events, i.e. one 
fission in 600 is a ternary event involving the formation of an 
alpha-particle. Corresponding probabilities for ternary fission 


: 


50 id 130 
e° 
Fic. 1.—Angular distribution of «-particles about the 
direction of the light fission fragment. 


are about | in 350 for thermal neutrons and about 1 in 1,100 for 
14 MeV neutrons’ and it may therefore be concluded that the 
probability of this rare event decreases with the increasing 
excitation energy. It must be remembered, however, that 
thermal neutrons cause fission in **°U, while in experiments 
involving fast neutrons fission occurs in ***U. 

To establish whether the probability of ternary fission depends 
on the isotopic composition of uranium, a control experiment 
was performed. In this the emulsion was charged with a uranium 
salt containing approximately one-fifth as much ***U as natural 
uranium. The emulsion was irradiated with 2-5 MeV neutrons 
and the probability for ternary fission was found to be inde- 
pendent of the *°U content. It can be concluded therefore that 
the observed ternary fissions occurred in ***U. 

Compound fission by 2:5 MeV neutrons is similar to com- 
pound fission by neutrons of other energies, thus: 

(a) fission is asymmetric and the average ranges of the light 
and heavy fragments are in the ratio R,/Rg = 1:3; 

(b) in the angular distribution of x-particles the slight shift 
from 90° to the direction of motion of the light fragment was 
found, (Fig. 1); 
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Fic. 2.—Range distributicn of a-particles formed in the 
fission of uranium by 2:5 MeV neutrons. 
: Tracks leaving the emulsion. 


(c) the distribution of «-particle ranges in the emulsion shows REFERENCES 
a broad maximum at R, = 130 « (Fig. 2) which corresponds to 


an energy of 16 MeV . TSIEN SAN-TSIANG, CHASTEL R., Ho ZAH-WelI and VIGNE- 


RON L., J. Phys. Radium 8, 165,200 (1947). 
Acknowledgment—The author wishes to thank N. A. PERFILOV . TITTERTON E. W., Phys. Rev. 83, 673 (1951). 
for help in this work. 3. Perritov H. A. and Sotov’eva Z. I., Atomnaya Energiya 
Z. I. SOLOV’EVA 5, 175 (1958). 
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Use of the moment method for calculating the spatial and energy 

distributions of the neutron fluxes produced by point and two- 

dimensional sources in an unbounded medium: A. R. PTITSYN. 

A method is given for calculating the spatial and energy 

distributions of the neutron fluxes produced in an unbounded 

medium by plane and point sources. The density p(x, E) is 
" 


sought in the form w(x, E) Sd(E)KIb (EDX). The form of the 
i=] 


function K(x) is unimportant and may be selected on the basis 
of physical considerations. The 2N parameters a,, 5; are found 
from 2N spatial moments of y(x, E). Distributions are given 
for hydrogen and water; those for water are compared with 
experimental results. Comparison with Wick’s exact solution 
for hydrogen shows that it is sufficient to use four moments to 
find the spatial distribution with adequate accuracy up to 
distances of 20 mean free paths. 


Production of an azimuthally varying magnetic field: 
MESHCHEROV and E. S. MIRONOV. 


R. A. 


A method is presented for calculating the surfaces of poles 
designed to produce a magnetic field which has an azimuthal 
variation of specified extent and whose mean value follows a 
specified law along a radius. A description is given of experi- 
ments with an analogue for the field of a 1}-metre cyclotron 
having an azimuthally varying field. 


Thermal stresses in the walls of a reactor having fluctuating 
internal heat sources: B. I. MAKSIMENKO, K. N. NIKITIN and 
L. I. BASHKIROV. 


The thermal stresses set up during transient states covering a 
wide range in heat loading may exceed the stresses set up in 
steady states. The rate of change of loading must be restricted 
in order to ensure that the components will work reliably. 
The geometrical forms of components can be referred to the 
two commonest types, namely flat walls and cylindrical walls. 
A solution to the equations for transient heat flow in such 
walls is used to compare the stresses arising in the two types 
during transient modes of operation. 


Reaction between solid UO, and solid MnO, in solutions of 
sulphuric acid: E. A. KANevskil and V. A. PCHELKIN. 


A study is reported of the reactions of UO, with MnO, in 
sulphuric acid (in relation to the use of pyrolusite in acid 
leaching of uranium ores); various possible mechanisms are 
discussed. The experimental results show that the reactions 
occur at the meeting points of the hydrated surface layers of 
UO, and MnO,; the rate of the process is restricted by steric 
hindrance. The same basis is used to discuss the role of iron 
in the reactions between pyrolusite and primary uranium 
minerals during acid leaching. 


A study of the behaviour of UF, in organic solvents: N. P. 
GALKIN, B. N. Suparikov, V. A. Zattsev, D. A. VLAsov and 
V. G. Kosarev. 


Published material is used for a brief review of the various 


methods of making UF, from UF,; those suitable for use in 
reductive melting are stressed. Free-energy data are given for 
some of the reactions, and the effects of some factors on the 
purity and apparent density of the UF, are discussed. The 
advantages and disadvantages of the various methods are 
considered. 


Methods of reducing UF,: 
and V. A. ZAITSEV. 


Solubility and rate of solution are reported for UF, in carbon 
tetrachloride, chloroform, dichloromethane unsymmetrical 
dichloroethane, s-tetrachloroethane, pentachloroethane, tri- 
fluorotrichloroethane, trichloroethane, and tetrachloropropane. 
It is found that solutions of UF, in carbon tetrachloride, 
tetrachloroethane, pentachloroethane and _trifluorotrichloro- 
ethane are stable for two weeks at 20°C, whereas those in 
chloroform, dichloromethane, and dichloroethane are unstable. 
It is found that UF, reacts with these organic solvents in the 
following way at 60-100°C. UF, is first formed and is after- 
wards reduced to indefinite fluorides containing much U"* 
and then to UF, itself. 


N. P. Gackin, B. N. SUDARIKOV 
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The mechanisms whereby fast nucleons interact with nuclei: 
V. S. BARASHENKOV, V. M. MAL’Ttsev and E. K. MIKHUL. 
Measurement of the radiative capture cross section of '*’I for fast 
neutrons: Yu. YA. STavisskil, V. A. ToistTikov and V. N. 
KONONOV. 

A beta ray source based on '**Au for use in studies of the physical 
properties of materials under irradiation: M. A. MOKUL’skt 
and Yu. S. LAZURKIN. 

A generator producing a strong flux of neutrons having energies 
of 14 or 2.5 MeV: V.I. Petrov. 
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IKh18N9T steel: V. V. Gerasimov and V. N. ALEKSANDROVA. 
A method of studying slowing-down processes for fission frag- 
ments in metals: N. A. Protopopov, Yu. B. SHISHKIN, V. M. 
KUL’GAVCHUK and V. I. SOBOLEV. 

Melting points and other parameters of the lower oxides of 
niobium: O. P. KOLCHIN and N. V. SUMAROKOVA. 
High-temperature hardness of some alloys based on niobium: 
I. I. KoRNILOV and R. S. PoLtyakova. 
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Build-up factors for heterogeneous shiclds: L. R. Kime. 
Solution to the kinetic equation for a medium having a point 
source emitting in a single direction: E. B. BRESHENKOVA and 
V. V. ORLOV. 

Effects of inelastic scattering in uranium on the moderation length 
for neutrons in water: B. A. Levin, E. V. MARCHENKO and 
D. V. TIMOSHUK,. 
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The 230cm adjustable-energy cyclotron at Livermore: H. 
ERNANDEZ, J. Pererson, B. Smiru and S. TayLor. 


A description is given of a cyclotron in which protons can be 
accelerated to energies ranging from 2°6 to 15 MeV; deuterons, 
from 5:2 to 12-5 MeV; and «-particles, from 10-4 to 25 MeV. 
The magnet is 230cm in diameter and produces a leakage 
field of special form, which is such as to reduce the divergence 
of the external beam. The resonant circuit to one dee is supplied 
by a generator consisting of a quartz-crystal oscillator feeding 
a power amplifier; the frequency is adjustable from 40 to 
9-5 Mc's by steps of 55 kc/s. The current in the external beam 
is restricted to 200 A in order to avoid damaging the deflecting 
electrode; 15-25 per cent of the beam can be extracted. The 
total energy spread in the external beam is 2 per cent, the 
duration of one phase bunch being about 2 per cent of the 
period of oscillation. Most of the extracted beam is contained 
within an elliptic cone having angles of 0-6° and 0-3”. 


Selection of the best parameters for a nuclear power station: 
A. YA. KRAMEROV. 


A system of equations is derived to define the best parameters 
for a nuclear power station (the parameters that provide 
electric power at the least cost). It is assumed that the type of 
system, the principal components, and the materials have 
already been selected; the problem is that of selecting the best 
numerical values for the parameters. Fairly general approxi- 
mate relations are used for the dependence of cost on the 
parameters. The coupling between the parameters is taken 
account via equations describing the processes in the system 
and the restrictions that are imposed on safety grounds. 

The system of equations can be used to check the parameters 
of any proposed two-circuit system which includes a non- 
boiling reactor and has a defined maximum temperature for 
the fuel elements. Examples are given of expressions for the 
best parameters in terms of other parameters; these have been 
derived from the system of equatiors. 


Resistance of steels and alloys of zirconium to corrosion in 
solutions of boric acid at various temperatures: M. A. TOLSTAYA, 
S. V. BoGatyreva and G. N. GRapDusov. 


Results are given from corrosion tests performed in solutions 
of boric acid at high temperatures and pressures on IKh18N9T 
steel, Zr alloys containing | and 2 per cent Nb, and on carbon 
steel type 20. The materials were tested under static conditions in 
autoclaves; the boric acid concentration was varied from 0-23 
to 1-131 in tests at 335°C and 140 atm lasting 1000 and 
2000 hr, and was 5-65 g/l in tests at 310°C and 100 atm lasting 
150 hr. It is demonstrated that boric acid can be used in the 
fine-control system of a nuclear power station. 

Results are also given for solutions of boric acid used at 
40°C with free access of oxygen, the materials being in this 
case steel 20, alloy steel Kh5M2, stainless steel OKh13, and 
IKhI8N9T steel. These results show that OKh13 steel can be 
used for storage tanks. 


Nature of the residual defects in single crystals after neutron 
irradiation and deformation: E. V. KOLONTSOVA. 


X-ray diffraction and etching methods have been used to study 
the defects produced by radiation in LiF and x-quartz and by 
deformation in LiF, aluminium, etc. Some common features 
are detected. 


The use of ammonium carbonate for purifying uranium: N. P. 
Ga.kin, A. A. Matorov, G. A. PoLtonnikova, V. G. SHCHER- 
BAKOVA and L. V. UTrKINa. 


Pure (NH,),U,0, (solid) has been used in conjunction with 
solutions of (NH,),CO, and NH,HCO,, salting-out tests have 
been made with (NH,),CO, [solid deposited (NH,),UO(CO,),], 
and studies have been made of the behaviour of some impurities 
during crystallizations. It has proved possible to select condi- 
tions for obtaining the lergest crystals of (NH,),UO(CO,),; 
it has been found that certain impurities (Cu, Na, P, V) are 
removed very effectively in crystallization, as well as the others 
(Fe and Al) already known to be removable in this way. 


Radioactivity and the physicochemical properties of a material: 
L. M. Kopytin and Yu. V. GAGARINSKU. 

Some special properties of radioactive substances are discussed, 
and it is concluded that these features arise from self-irradiation. 
Any system containing radioelements is not at equilibrium; 
the proportion of particles (molecules, atoms, ions) having 
high energies is larger than the equilibrium value. Any region 
which is involved in stopping =-rays, f-rays, or recoil atoms 
has excess free energy and an increased concentration of defects. 
These two features must affect the vapour pressure, solubility, 
dissociation pressure, equilibrium constants of reactions, 
specific heat, density, electrical conductivity, thermal conduc- 
tivity, and other properties, as well as the type of phase transition 
to be expected. Some properties reported in the literature for 
various radioactive substances are considered from this point 
of view. 


Uses of the stable isotopes of boron: S. P. Porapov. 


A brief review is given of the main trends in the use of the 
stable isotopes of boron as enriched materials, which are 
required on account of the nuclear parameters of the isotopes. 
For example, a neutron flux can be transformed to a flux of 
heavily ionizing particles by means of the reaction **B(n, «)’Li, 
which has a high cross section for thermal neutrons; in con- 
sequence the reaction has use in medicine, in nuclear research, 
and in radiation chemistry. The difference between the neutron- 
capture cross sections of **B and "'B may be of value in the 
design of reactors; e.g. '°B may be used in control rods and 
shields. 


Radioactive contamination of the air and of the River Neva in the 
region used for the fitting out trials of the Lenin icebreaker: 
Yu. V. Srvintsev, V. A. KNIZHNIKOv, E. L. TELUSHKINA and 
A. D. TURKIN. 


Studies are reported of the amounts of radioactive material 
found in the air of the main fitting berth, in the engine room, 
in the surrounding atmosphere, in the river water, and in the 
flora and fauna of nearby regions. The results show that the 
nuclear power plant of the Lenin icebreaker presents a very 
high standard of nuclear safety; the vessel presents no hazard 
to the crew, to the ports, to the ship’s base station, or to the 
convoy of ships it is escorting. 


Letters to the Editor 


Production of monoenergetic beams of accelerated particles: 
F. R. ARUTYUNYAN and I. P. KARABEKOV. 
Cross sections for (d, p) reactions: M. Z. MaKSIMov. 
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Abstract—The phenomena associated with the existence of two steady states with equilibrium xenon poison- 
ing for the same distribution of fuel and absorbers are described. A general method for determining the 
conditions for spatial flux instability from an analysis of steady state flux distributions is presented as a 


related phenomenon. 


1. INTRODUCTION 

THE neutron flux distribution in low power reactors is 
determined mainly by the disposition of the fuel and 
absorbers. In power reactors there are additional 
effects due to the fission product Xe and the tempera- 
ture effects upon reactivity. These temperature effects 
have been discussed by Syretr (1959), with special 
emphasis on graphite moderated reactors. The large 
positive feedback caused by positive moderator 
temperature reactivity coefficients in reactors with 
solid moderators leads to some interesting effects in 
reactor statics and reactor dynamics. 

Possible steady states can be attained and main- 
tained in actual reactors by suitable movements of 
control rods, or by other methods. Ina reactor with a 
given distribution of fuel and a fixed coolant flow it 
is possible to obtain steady states at different power 
levels by altering the steady state value of some 
parameter such as the position of the control rods. 
This is because the net change in reactivity due to the 
combination of the control rod movement and the 
alteration in power level can be balanced against the 
difference in steady state neutron leakage. For reactors 
with net positive reactivity coefficients there are two 
exceptions to this rule. The first is that there is no 
steady state, with a fixed distribution of absorber, at 
any power level if the intrinsic reactivity before the 
inclusion of temperature and xenon effects is too high, 
or in other words, if too much neutron absorbing 
material is removed from a given reactor. The second 
is that there is an upper limit to the steady state power 
which can be obtained by adding absorber, at a limited 
number of positions, to a reactor with a fixed coolant 
flow. 

The reasons for these effects, which are described in 
more detail below, are quite simple. An increase in 
the power level of a reactor with a net positive tempera- 
ture coefficient of reactivity increases the steady 
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state material buckling in the absence of xenon poison- 
ing. As the change in neutron leakage with flux level is 
relatively small at low powers, an increase in the steady 
state power level requires a greater loading of neutron 
absorbers. Hence, in the absence of xenon poisoning 
there is no steady state if the absorber loading is less 
than that corresponding to the steady state at zero 
power. 

The steady state poisoning due to Xe increases 
with flux level, but the effect tends to a finite limiting 
value at high fluxes. If the moderator temperature 
reactivity coefficient is in a certain range, which 
depends on the reactor being considered, there are two 
possible steady states with equilibrium xenon poison- 
ing and the same distribution of fuel and absorbers. 
In one of these there is a low power level and low 
xenon poisoning; in the other, the extra xenon poison- 
ing is compensated by the reactivity released at the 
higher temperatures produced by the higher flux level. 
As absorbers are removed from a given reactor, the 
difference between the two steady state power levels 
decreases, and there is no steady state with equilibrium 
xenon poisoning if too much absorber is removed. 
This is illustrated by the calculation reported in Section 
2, and by Fig. 1. 

The existence of a maximum steady state power for 
a given reactor and coolant flow and various local 
absorber loadings is due to the change in flux distri- 
bution. A local increase in control rod strength causes 
a local depression in the steady state neutron flux, with 
a corresponding increase elsewhere, and a net change 
in the average flux level. The flux distortion is 
increased by further local increments in control rod 
strength. These distortions release reactivity else- 
where in the reactor, but have a diminishing effect 
upon the total reactivity, owing to the reduced import- 
ance of that region. Thus, if the flux distribution has 
been suitably distorted, a steady state with increased 
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control rod strength has a lower steady state power 
level, despite the presence of a positive temperature 
coefficient of reactivity. This occurs with or without 
equilibrium xenon poisoning. It is shown in Section 3 
that the phenomenon is closely linked mathematically 
to that of spatial flux instability in the absence of 
xenon poisoning, and that it is possible to compute the 
conditions for flux instability without having to solve 
the time-dependent equations for the system. This 
leads to a great saving in computational effort. The 
method is illustrated by an example. 


2. STEADY STATES WITH EQUILIBRIUM 
XENON POISONING 


The existence of two steady states for the same 
distribution of fuel and absorbers may be illustrated by 
considering a single channel in the flattened region of a 
hypothetical gas-cooled uranium metal fuelled graphite 
moderated power reactor. 

The details of the model, the equations, and the 
method of solution are summarized in Appendix 1. 
The moderator temperature coefficient of reactivity, £, 
and the criticality constant, ky, of the unpoisoned 
reactor at gas inlet temperature were regarded as 
arbitrary parameters. As the coolant flow was the 
same in all cases, and the reactor uniform, the coolant 
temperature gives a measure of the total power pro- 
duced in the channel. 


The values of ky required for various channel heat 
ratings for values of 6 between —10 and —25 mn/°C* 
are plotted in Fig. 1. The main features of the graph 
have been discussed in Section |. The graph also shows 
that simall changes in ky near the maximum value for 
which there is a steady state correspond to large 
changes in the steady state power level with equilib- 
rium xenon poisoning. In this example a moderator 
temperature coefficient of 1 mn/°C corresponds for 
constant inlet temperature roughly to 0°6 mn/°C on 
the coolant outlet temperature, and to 0-45 mn/kW on 
the channel heat rating. 

The changes in the flux distribution, and hence in 
the temperature distributions, were studied by analys- 
ing the flux, ¢, in the form 


(9) = D(sin 6 — A, sin 26) (1) 


where the direction of increasing 4 is that of increasing 
coolant temperature, and ® is aconstant. The value of 
A, was computed from the fluxes at the third and 
eighth of the ten axial mesh points in the core of the 
reactor. Figure 2 shows that A, is a linear function of 
the power level in the reactor. The results for this 
particular reactor may be represented by the empirical 
formula 
A, = (0°68 — 0°368)10-4*P 


* 1 mn/°C = I milli-nile per degree centigrade = 1 x 10-5/°C in 


reactivity. 


Channel heat rating, kW 


Fic. 1.—Steady state power for constant coolant flow, 

equilibrium xenon poisoning, and moderator temperature 

coefficients of reactivity between B = —10 and Bf = +25 
mn/°C. 
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Channel hect rating, kW 


Fic. 2.—Steady state flax asymmetries for the cases presented 
in Fig. 1. 


where # is the moderator temperature coefficient of 
reactivity in mn/°C and P is the channel heat rating in 
kilowatts. Thus increases in f or in the power level 
displace the position of maximum flux towards the 
hotter end of the reactor if f is greater than about 2 
mn/°C. The states with maximum k, correspond to 
values of A, around —0-10 for this particular reactor. 
Similar results can be obtained for the more realistic 
case of a non-uniform reactor in which steady states are 
specified by the control rod position. Work on 
uniform reactors shows that the effects are principally 
determined by the moderator temperature reactivity 
coefficient. 

The coolant flow and heat transfer data usedin Fig. | 
were independent of the power level. It is usual in 
practice to reduce the coolant flow when decreasing 
load, so as to maintain steady temperatures in the 
system. If the load is not changed by more than, say, 
30 per cent, the ratio of the actual power level to that 
corresponding to the maximum k, does not appreciably 
alter. If the uniform reactor of Fig. 1 were operated 
at 6 = 10 mn/°C and channel heat ratings around 
300 kW, the required value of k, would be close to 
the maximum over a range of power levels. This would 
mean that in the steady state with equilibrium xenon 
poisoning the control rod position would be virtually 
independent of reactor power for any given coolant 
flow. This is unlikely to be of practical importance 
owing to the long time taken for the xenon poisoning 
to approach its equilibrium value. 


3. STEADY STATES AND SPATIAL 
FLUX INSTABILITY 

(a) Theory 

It is convenient to start the discussion of the existence 
of a maximum steady state power level under certain 
conditions by considering the classic model analysis of 
spatial instability (WARD, 1956; HiTcHcock, 1960). 
In this treatment the conditions for instability are found 
by considering the stability of small disturbances 
having an assumed spatial dependence. A solution of 
the form 


Hr.t) = deft) + ¥ a,d,(0) e™ 


T(r,t) = T,(r) + 5 b,,T,(r) e°"" 
n=O 


ete. 
is sought for all the variables ¢, T, etc. in the time- 
dependent equations, including the equation for the 
control rod position. Here ¢(r) and 7,(r) are the 
steady state values of the variables ¢ and T at the 
position r; ¢,(r), 7,(r) are suitable functions of 
position, and a,, 6, amplitudes which may be complex. 
Substituting the solution (2) into the time-dependent 
equations, and subtracting the steady state equations, 
gives a set of equations involving the e’“ and cross 
products. For small disturbances it is permissible to 
neglect the products of two small amplitudes, and so 
eliminate all terms other than the coefficients of the 
e*-', These may be separately equated to zero, giving 
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sets of equations for the individual w,. As the 
stability of the modes depends upon the associated 
neutron leakage, the higher modes will be stable, and if 
the fundamental and the first N — 1 modes are stabil- 
ized by the control system, it is only necessary to 
determine the conditions under which the Nth mode is 
stable. These are the conditions that the real part of 
wy Shall be negative. 

The most important case is that in which the in- 
stability is principally due to the xenon poisoning, and 
the time dependence of the equations for the flux 
and temperatures can be neglected relative to the 
slow variation in the xenon population. The threshold 
of instability is usually defined as the value which the 
moderator temperature coefficient of reactivity would 
have to exceed if the reactor were to be unstable. At 
the threshold for xenon instability, disturbances 
oscillate with constant amplitude and a period of 
about 30 hours (HitcHcock, 1960). Spatial instabili- 
ties which are primarily due to a positive temperature 
coefficient of reactivity occur with periods short 
compared with the half-life of I. In this case it is 
permissible to neglect the variation in the xenon 
population, and to consider wy to be real. The 
threshold of instability is then at wy = 0. 

Under these conditions, as all the other modes are 
damped, after a suitable time the solution (2) for 
@y = 0 becomes 


P(r,t) = dol) + aydy(r) 
T(r,t) = T(r) + byTy(r) 
etc. 


(3) 


The time does not appear on the right-hand side of 
solution (3), so that this is also a solution of the steady 
state equations for any non-zero values of ay, by,.... 
which are sufficiently small for the solution (2) to be 
a valid solution of the kinetic equations. Thus at 
the threshold for instability, there is an infinity of 
possible steady states. It is therefore possible to find 
the threshold for instability without having to solve 
the time-dependent equations. 

It should be noted that the arguments given above 
are very general. The equations to be solved have not 
been written down, no set of spatial co-ordinates has 
been assumed, and the equations might equally well 
apply to systems other than nuclear reactors. The 
only assumptions are that a solution of the form (2) 
with non-zero a,, 5,, ... can be found for the time- 
dependent equations, and that the solution at the 
threshold reduces to (3) a suitable time after the initial 
disturbance. This corresponds to the conditions that 
all the w,, have negative real parts, except w,,, which is 
zero. 


The validity of these assumptions can be tested by 
inspecting the time-dependent equations to see whether 
they can be linearized, and whether there is any mecha- 
nism for producing an oscillatory response. Complex 
values of w, are unlikely to be of physical importance 
if the times considered are short compared with the 
half-life of I, but the assumption might be in- 
validated by non-linearities in the control system. 

The steady state method of analysis is of interest 
because in reactions with solid moderators the differ- 
ence between the physically significant threshold with 
xenon poisoning and the threshold at w, = Ois small 
compared with the influence on the threshold of such 
matters as the presence of harmonics in the steady 
state flux distribution. The object of stability analysis 
is to ensure that the reactor control system will easily 
be able to suppress spatial disturbances under any 
likely operating conditions; hence a small uncertainty 
in the difference between the two types of threshold is 
preferable to the large uncertainties introduced by the 
use of an inadequate mathematical model for the 
reactor. The difference between the two types of 
threshold can be estimated with sufficient accuracy 
from a simple model. The advantage of the steady 
state method for finding the threshold of instability is 
that it is much easier to solve steady state equations 
than to solve time-dependent ones. A further ad- 
vantage is that it is possible to use existing computer 
programmes, and dispense with the need to write 
complicated programmes to solve the equations for 
the kinetics of reactor models which include the 
detailed non-uniformities of the reactor and the equa- 
tions for all relevant temperatures. 

The problem of finding the conditions for stability 
has therefore been reduced to that of finding the 
conditions under which there is a range of steady state 
solutions of the form (3). Thus the stability of a 
particular reactor design may be investigated by 
considering a family of reactors which differ from it 
only by the value of some parameter, such as the 
moderator temperature reactivity coefficient. One of 
the reactor equations is then made redundant by 
fixing one of the variables, for example the control 
rod position. The solution of the remaining equations 
is then computed for each member of the family of 
reactors, using values of the specified variable which 
differ slightly from the solutions of the complete set 
of equations. The threshold of instability is at that 
member of the family of reactors for which the solution 
of the incomplete set of equations with the perturbed 
value of the chosen variable is also a solution of the 
redundant equation. Thus the threshold can be 
evaluated in terms of the value which the chosen 
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parameter. would have to have if the original reactor 
were to be marginally stable. 

In the example described in the next section, the 
complete set of equations was the time-dependent set 
corresponding to the steady state equations which were 
solved, plus an equation for the control rod position 
required to maintain constant coolant outlet tempera- 
ture. The threshold for spatial instability was found 
by computing the change in coolant outlet tempera- 
ture which was produced by a small change in the 
steady state control rod position. At the threshold 
there was no change in the outlet temperature when 
the control rod position was slightly altered. 

As the stability of a reactor decreases with power 
level, the arguments given above show that if the 
power level which is a solution of the steady state 
equations for a particular reactor is plotted as a 
function of one of the variables, the curve will have a 
maximum at the threshold of spatial instability at 
wy = 0. The existence of this maximum power level 
was described in Section 1. This is the reverse of the 
situation shown in Fig. |, when the value of ky which 
was required for a given steady state power level had a 
maximum value. 


(b) Application of axial instability 


The method described in the previous section may 
be illustrated by referring to computed axial flux and 
temperature distributions. The mathematical model 
used, and the method of solving the equations were 
the same as those used in Section 2 and are described in 
Appendix 1. 

Most of the parameters used were appropriate to a 
hypothetical uniform reactor with a channel rating 
of 175 kW, and a fixed coolant flow. There was no 
xenon poisoning. The moderator temperature coeffi- 
cient of reactivity was treated as a variable parameter, 
which was given artificially high values. 

Moderator temperature coefficients of reactivity 
B = +30, +40, ..., + 80mm/°C were chosen, and 
non-uniform flattening applied so that the unperturbed 
flux distributions were approximately sinusoidal, so as 
to make possible a comparison with other theories. 
The steady state in the absence of xenon poisoning was 
then computed for each value of 8. The value of the 
criticality constant ky at gas inlet temperature at the 
eighth axial mesh point was increased by Ak., corre- 
sponding to movement of a control rod, and the per- 
turbed steady state computed for each value of 8. The 
increase of +AT, in the coolant outlet temperature is 
proportional to the change in power level. Figure 3 isa 
plot of BAT, against 8 for Ak, = 200 mn and Ak, = 
500 mn. The graph shows that the results can be 


Fic. 3.—The change in steady state power level multiplied by 
the reactivity coefficient 8, for fixed coolant flow and dis- 
turbances, Ak, = 200 and 500 mn. 


represented to a high degree of approximation by two 
straight lines which pass through zero at 8 ~ 60 mn/°C. 
The slope of the line for Ak, = 500 mn is closely 2} 
times that of the line for Ak, = 200 mn, showing that 
the perturbation is small enough for the effects to be 
linear. 

The flux distribution was analysed in terms of 
equation (1); the results are plotted in Fig. 4 for 
Ak, = 200 mn. This shows that the small local 
increase in ky which corresponds to a small with- 
drawal of control rods in the hotter portion of the 
reactor, displaced the maximum of the steady state 
flux distribution towards the hot end of the core for 
all values of £. 

The two figures show that for a particular value of 8 
close to 60 mn/°C it is possible to obtain steady states 
having the same power level but different control rod 
positions and flux distributions. This is the situation 
described in the previous section, where expressions (3) 
were solutions of the time-dependent reactor equations 
for a range of non-zero values of the coefficients a,, 
by, etc. Thus the threshold at w, = Ocan be found by 
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(Ae) an. 20 ~ Ae) a4,+200mn 


40 
4 mn/*c 


Fic. 4.—The change in asymmetry for 4A, = — 200 mn. 


computing the steady states for various conditions. 
Figure 3 shows that the increase in local reactivity leads 
to a steady state with a smaller total power for values 
of 6 less than ~60 mn/°C. This is the normal be- 
haviour for reactors with positive power coefficients of 
reactivity, as has been explained in Section 1. For 
values of 6 above 60 mn/°C, the withdrawal of 
control rods corresponds to an increase in the steady 
state power. This is because the increased neutron 
leakage due to the change in steady state flux distri- 
bution absorbs more reactivity than is released by the 
assumed control rod movement. In this situation the 
flux distribution is unstable, despite a control system 
which stabilizes the total power level. 

The effects can be analysed in terms of the change 
induced in the steady state flux distribution by a given 
control rod movement. This is done in Appendix 2, 
where first-order perturbation theory is used to derive 
the conditon that the change A® in power level shall 
be zero, if A, = Oin the unperturbed flux distribution. 

For the case described above, expression (A.5) gave 
an instability threshold of 66-5 mn/°C. The simple 
formula given by HITCHCOCK and RoserTs (1960) led 
to 69-1 mn/°C. The differences between the results of 
the various methods are due to their differing choice of 
eigenfunctions, different heat equations, and the use 
of A, = 0 in the simple theories instead of the value 
A, = V-092 which was used in the numerical work. 

At £ = 66°5 mn/°C, equation (A.4) gives a value 


AA, = —0-0063, which is in reasonable agreement 
with the AA, = —0-0067 given in Fig. 4. Equations 
(A.3) and (A.4) give an expression of the form 


P+ QB 
P+ RB+S 


for any given Ak. The dominant term in the denomi- 
nator is Rf, which explains why BA®, and hence 
BAT,, are, to a very good approximation, linear 
functions of 8, as is shown in Fig. 3. This fact makes it 
easy to obtain a good estimate of the threshold by 
computing only a few steady states. 

This example shows that the steady state method for 
finding the threshold of instability is simple to use, and 
gives results for a simple case which agree with those 
obtained by the usual methods. The great advantage 
of the steady state method is the ease with which the 
detailed non-uniformities of the reactor can be in- 
cluded in the calculations. 


A® = 
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APPENDIX 1 
The model used in the numerical work 


A single channel in the flattened region of a gas-cooled graphite 
moderated power reactor was considered. The equations were 
written in finite difference form; temperatures and neutron 
fluxes were computed at ten levels axially along the channel. 
One-group neutron diffusion theory was used, with linear 
reactivity feedbacks from the fuel surface temperature (— 1-8 
mn/'C) and from two positions in the moderator. The steady 
state xenon poisoning was computed at each mesh point for the 
work described in Section 2. The flux was assumed to be zero 
at two extrapolated end points. 

The radial flow of heat at each of the ten axial mesh points 
was computed at six stations in the fuel, two in the magnox can, 
one in the coolant, and at four stations in the moderator. An 
axial equation was used for the coolant temperatures. The 
system was assumed to have radial symmetry ; net radial leakage 
of heat, and axial heat conduction in the solids were neglected. 
The fuel element was assumed to be a continuous rod, with 
appropriately adjusted heat transfer coefficients. The Laplacian 
operators in the heat diffusion equations and the neutron diffu- 
sion equation were replaced by the equivalent first-order finite 
difference forms. The errors introduced by using finite differences 
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amount to a few degrees in centre fuel temperature, and are 
unimportant in the present work. 

The equations were solved as an initial condition problem by a 
programme written for an English Electric ‘DEUCE’ computer. 
The set of equations and the programme for solving them have 
been described in more detail by BALFour, BooTH, BULLOCH and 
STANNERS (1959). 


APPENDIX 2 


An analytic approximation for finding the threshold for axial 
instability 

Let the unperturbed flux distribution in a uniform one- 
dimensional reactor be 


¢(6) = D sin 0 


where 6 is a co-ordinate of position which is zero at the cool end 
of the reactor and ® is a constant. The boundary conditions are 
that the flux is zero at 6 = O and at 6 = a. 

A small local disturbance in reactivity, which is 4k, between 
6, and 6, and is zero elsewhere, alters the steady state flux 
distribution to the form 


¢'(0) = Msin 6 + A® sin 6 + MAA sin 28. (A.1) 


The resultant local changes in steady state reactivity may be 
written 


Ak(6) = Ak (0) + (2A + BB)A® sin 6 + MAA sin 26} 


+ (x + B)C{A — cos DAD + MAA sin 26} (A.2) 


where « and f are the coefficients of reactivity associated with the 
fuel and moderator temperatures, A and B the steady state 
differences per unit flux between these temperatures and the 
coolant temperature and C the axial rate of change of coolant 
temperature per unit flux. 

Application of first-order perturbation theory (BALFouR ef al., 


1959) gives two conditions that (A.1) shall be the steady state 
flux distribution corresponding to the reactivity changes (A.2): 


— —f Ak sin* 6 d6/M,* 
m f sin® 6 dO 


ata les A®)\ f sin 6 sin 26 Ak d6/M,* 
= 3) 3n*/L? f sin® 20 dO 


where M,* is the axial migration area and L the extrapolated 
length of the reactor. The integrals may be taken over the range 
0 < @ < =m without introducing appreciable errors. 

Integrating, the equations become 


and 


onl Ak. 
9 = —- (6, — 6,) — (sin 20, — sin 26,)) — 
M; 7 


8 
+ = (aA + BB)A®D 


+ (a + B)C(A® + #@AA)} (A.3) 
— 1+ ADM (4 


AA = ————_ ]— 
3n* M,*/L* |\3a 


(sin* 6, — sin* 6,)Ak, 


— Ha + B)CA® + ~~ (aA + BBYDAAN | (A.4) 


As Ak, is known, these two equations determine the unknowns 
A® and AA for any given f. 

At the threshold of instability, A® is zero, and for any Ak, 
and AA, 


3° M,* 32 
. = iSn (aA + BB)® 
x ((6, — 6,) — Hsin 20, — sin 26,)) 
+ {sin® 6, — sin* 6,})(a + B)C® =0 (A.5) 


Equation (A.5) may be used to determine the critical value 
of the temperature coefficient £. 
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Abstract—The effect of holes on a reactor is considered by using appropriate boundary conditions on the 
asymptotic neutron flux at the surface of the holes. For a flux variation along the hole, this method gives the 
same streaming correction as BEHRENS, but for a flux variation across the hole, the streaming correction is 
smaller than that given by BEHRENS’ formula. Values of the radial streaming correction factor are compared 
with experimental and Monte Carlo results and also with values obtained from the iterative method of 


BENOIST. 


1. INTRODUCTION 
THE presence of holes in a nuclear reactor always 
causes a loss of reactivity due to the greater facility 
with which neutrons move from regions of high flux to 
regions of low flux. This phenomenon is commonly 
known as streaming and various attempts have been 
made to provide a theory of the effect (BEHRENS, 1954; 
BENOIST, 1959; GRANT, 1958). The problem has also 
been investigated by the Monte Carlo method and 
experimentally (SHAEFER and PARKYN, 1958). Stream- 


ing is usually included in diffusion theory reactor 
calculations as a correction to the migration area. In 
obtaining this correction, BEHRENS assumed that the 
migration area varies directly as the neutron mean 


square free path in a particular direction. LALETIN 
(1958) has shown that this assumption is true for 
neutron transport parallel to a hole but not perpen- 
dicular to it. GRANT (1958) has also questioned this 
assumption and has demonstrated that BEHRENS’ 
transverse streaming correction is incorrect in slab 
geometry. A general treatment of neutron transport 
in a heterogeneous medium has been given by BENOIST 
(1959). He develops an iterative solution of the 
integral transport equation. When treating the 
streaming problem in a lattice of empty holes, his 
zero-order solution is equivalent to BEHRENS’ theory. 
BENOIST’s approach is very instructive but it is not 
clear whether his iterative scheme converges sufficiently 
rapidly to be convenient. The convergence is certainly 
slow in slab geometry, and some Monte Carlo results 
reproduced in Section 4 of this paper indicate that the 
convergence may also be slow in cylindrical geometry. 

In the present report we shall obtain streaming 
corrections to the migration area by using boundary 
conditions at the surface of a hole. We consider a 
bare reactor with a lattice of parallel cylindrical holes 


going right through the reactor. Flux variation 
parallel to the holes gives rise to axial streaming whilst 
flux variation across the hole causes radial streaming. 
For the axial streaming, we use a boundary condition 
given by Davison (1951). The boundary condition 
for the radial streaming is given by CARTER and 
Jarvis (1960). The methods used in this report are 
applicable to the case where the holes contain fuel 
rods but new boundary conditions would have to be 
worked out. 


2. AXIAL STREAMING 
We consider an infinite lattice of holes with an 
axial flux variation of the form cos xz in the direction 
parallel to the axis of the holes. We define an extrapo- 
lation length, 4= (mean flux over surface of 
hole)/(mean normal derivative over surface of hole). 
4 will be a function of x and of the size and shape of 
the hole and its evaluation will in general be a rather 
complicated problem in neutron transport theory. We 
shall later use the expression for 4 obtained by 
DavisON for a hole of circular cross section. 
Let B® be the buckling in the reacting medium. 
Then the asymptotic flux ¢(r) satisfies the equation 
(V? — B*)d(r) = 0 (2.1) 
in the reacting mediuni, and V¢(r) = 0 over a cell 
boundary. Now consider a homogeneous reactor with 
the same axial flux dependence. Let it have flux 
distribution ¢,,(r) and buckling B,,? so that 


m 


(VY? — B,,)¢,,(r) = 0. (2.2) 
Since the reactor is infinite radially, ¢,,(r) has no 
radial dependence and B,,? = ?. 


m 
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Multiply (2.1) by ¢,,(r), (2.2) by (r), subtract and 
integrate over the lattice cell area. 


| (85%, — ba¥*4) dV 


Then, B* — B,? = = 


$m dV 
vm 

[vs .ds 
SE (2.3) 

odV 

vm 

where the surface integral is over the surface of the 
hole. If we take ¢ = ¢,, in the volume integral, then 


27a ma 2W (2.4) 
Aa2V,, hax® , 

ma" volume of holes 

where =— = —. 
V,, volume of material 


The critical equation for the reactor is 


k —1 = B*M?. (2.6) 


Alternatively, we can write the critical equation in 
terms of the buckling, B,,” of the homogenized reactor 
as 


k —1=B,2M,?, (2.7) 


where, using (2.5), 

S . Ae 2w 
*= Tt — Bt! t Toad 

For (aa) < 1, DAvison’s formula gives 


l 


where / is the mean free path in the reacting medium. 
Then (2.9) becomes 
M,,* a 
‘aa + 2w {1 + 2 
S,= M2 1+ 20 (1 *) : (2.10) 


2 => 


3. RADIAL STREAMING 


We wish to consider the effect of a lattice of holes in 
a reacting medium which is infinite in the direction of 
the holes. Thus all variations of neutron density are 
in a plane perpendicular to the axis of the holes. 

We first consider a single cylindrical hole, radius a, 
in an infinite non-absorbing medium with mean free 
path /, in which the neutron flux varies linearly in a 
direction perpendicular to the axis of the hole. Thus 
the unperturbed flux is 


dr) = $y +1. Vdo, 


where r is a two-dimensional vector in the plane 


(3.1) 


perpendicular to the axis of the hole, and ¢o, Vd, are 
constant. The presence of the hole will perturb the 
flux in the region around it, and we find that the 
asymptotic flux becomes 


(3.2) 


bult) = $y +8. ¥45) I a4 


The coefficient 5 is a function of 5 and can be deter- 


mined by solving the transport equation for the system. 
This has been done by CARTER and Jarvis (1960; 
1961). They find that 5 is approximated fairly well by 


b=1 [1 - ~ 
a 


. foc. 9 |. 3.3) 


The hole is in fact behaving as a dipole with strength 
proportional to the flux gradient across the hole. The 
coefficient 6 in equations (3.2) and (3.3) may be 
considered as the polarizability of the hole in an 
infinite medium. Before we can use this value of 5 in 
the streaming problem, we must consider what changes 
are introduced when we have a regular lattice of holes 
instead of a single hole in an infinite medium. We 
consider a cylindrical cell of radius R about a hole, 
such that the lattice cell area is V. = 7R*. Then, 
from (3.2), the asymptotic flux at the cell boundary is 


| 3.4 
~| G4) 


$,.(R) = $y) +R. Vb, I = 


and the mean flux gradient in the lattice is 
2 
| l1—b po V do. 
Fa 


Thus the polarizability of a hole per unit mean flux 
gradient in the lattice is 
b 
b, = ” 
7a~ 
1—b— 
b 


c 


(3.5) 


We shall now consider the behaviour of the asymptotic 
flux in a reactor containing a lattice of holes. The 
actual flux near a hole differs from the asymptotic 
flux by a transport correction term, but provided the 
holes are separated by more than a few mean free 
paths, the transport correction terms from different 
holes will not overlap significantly, and the overall 
reactivity will be given correctly by considering only 
the asymptotic flux. Physically, the approximation 
made is that a neutron has a negligible chance of 
passing through more than one hole between succes- 
sive collisions. If this condition is not satisfied, there 
will be an interaction correction to our theory. 

We consider a bare reactor with a lattice of N holes. 
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Let B® be the buckling in the reacting medium. Then 
the asymptotic flux ¢(r) satisfies the equation 


(V2 + B%)d(r) = 0 


in the reacting medium, V, i.e. the total volume V, of 
the reactor less the volume of the holes. Now consider 
a homogeneous reactor with the same volume V5. 
Let it have flux distribution ¢,,(r) and buckling B,,? so 
that 


(3.6) 


(V? + B,,")bn(r) = 0 


over the whole volume V,. ¢(r) and ¢,,(r) = 0 over 
surface of Vj. From (3.6) and 3.7) we obtain 


(3.7) 


[ ¥%4n = ba) aV 
[ ¢¢nav 
[ (nV$ — $¥$q)-48 


[#4ua 4 (3.8) 


where the surface integral is over the surface of the 
kth hole and the summation is over all the holes. 

Let r, be the position of the centre of the kth hole, 
and a the vector from the centre of the hole to a point 
on its surface. We now expand ¢,,, ¢, ¢,, and V¢ in 
Taylor series about r,, retaining sufficient terms to 
give the surface integral correct to order (Ba). Thus 


Ply + &) = Pm(Ty) + O- Vbn(ty) +... 
1. Vobu(ty + a) = a. Vdbn(ry) 
+ (a. VPO,(rmy) +... 
and using equation (3.2), 
Pry + 8) = bmn(y) 
+ (1 — ba. V¢,(rm) +... 
a. Vo(r, + a) = (1 + ba. V9,(r) +... 


Note that there is no need to include a term of order a* 
in a. V@ since a. V¢ cannot have an angular in- 
dependent component as there is no net current into 
the hole. Using equations (3.9) and (3.10), with 6 as 
the angular co-ordinate of a, we obtain, to order a’, 


[ (4,04 — $V$,) . dS 


a... £9 


m 


(3.9) 


(3.10) 


Qn 
= 2b, | fa. Vd, (rd 


‘a [ blr (a . VIPS) dO 


= 12426 [V bm(tl + Bn? bm (ry)}- (3.11) 


In equation (3.8) we now replace the summation over 
k by an integration and take 


{ $¢,,dV = a [nr dV. (3.12) 
Then : 
Nra? 


, =) 


[B.24n30) + 26,94,(08) av) 2 
0 


xf bm(r) dV = re Y BX + 2b,). (3.13) 


_Va—V___ volume of holes, 


With w I : 
V volume of material 


we have 


=1+w(1+2b). (3.14) 


Using equations (3.3) and (3.5) for b,, we obtain 
a + w(2a + /1/2))} 

a+1+ wi/2 ] 

An equation equivalent to (3.15) has been obtained by 


LESLIE (1960) by letting B® tend to zero in a Feinberg- 
Galanin individual source treatment of the problem. 


S,=l+w E + (3.15) 


4. DISCUSSION 


Equation (2.10) for S, is identical to the formulae 
obtained by BEHRENS and GRANT, thus confirming 
LALETIN’s conclusion that BEHRENS’ assumptions are 
valid for axial neutron transport. BEHRENS’ formula 
for S, is 


s,=1+0(2+4) (4.1) 


l 
which may be compared with our equation (3.15). 
In Table | we compare our equation (3.15) with the 
formulae of BEHRENS and BENOIST and with some 
Monte Carlo results given by SCHAEFER and PARKYN. 
The interaction correction is negligible in all cases 
except the 6in. lattice pitch, where BENoIsT has 
estimated that his second-order value of 2°80 should 
be increased to about 2°85. 

The results in Table 1 do indicate that the BENOIST 
iteration series may be rather slowly convergent for 
small mean free paths and small lattice pitches. In all 
cases, except perhaps the 6in. lattice pitch where 
interaction is significant, the trend of the successive 
BENOIST approximations is such that the limiting 
value might be expected to lie somewhere near our 
value. However, there is a marked discrepancy 
between our values and SCHAEFER’s Monte Carlo 
results, particularly when the mean free path is small.* 


*ScHAEFER G. W. (1960) (Private communication) has now 
amended his value of S, for the 0-5 in. mean free path case to 2-1 
+ 0-2. 


Streaming due to holes in a reactor 


In view of this discrepancy, Dr. J. Ashford of A.E.E. 
Winfrith has treated the case with 0-5 in. mean free 
path and 8in. lattice pitch using the MCTU-1 
programme on the Ferranti MERCURY computer. 
This is a Monte Carlo programme which tracks 
neutrons in three dimensions in a hexagonal lattice 
cell. Each neutron is tracked until it is absorbed. 
The programme is really designed for lattices contain- 
ing fuel rods, and the statistics are rather poor in this 
case where the only absorption occurs in the moder- 
ator. Since we are interested in the limiting case of 
zero absorption, the programme was run for £,/Z, = 
‘20, ‘04 and ‘01. The programme produces a quantity 
T proportional to the sum of squares of the elementary 
path lengths. This should be compared with BEHREN’s 
result. It also gives a quantity C representing cor- 
relation between successive neutron paths, which is to 
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be compared with BeNnoist’s first-order correction. 
Finally it gives a quantity S proportional to the mean 
square distance travelled between birth and death. 
This represents the limit of the BENOIST series and may 
be compared directly with our formula (3.15). The 
complete results are given in Table 2. 

In spite of the large uncertainties in the Monte 
Carlo values, there does seem to be good agreement 
with our formula (3.15) and a significant discrepancy 
between the MCTU-1 results and SCHAEFER’s results 
given in Table 1. 

In Table 3, we compare the theoretical formulae 
with some experimental results. The experiments of 
Mummery and Richey are quoted by SCHAEFER and 
PARKYN (1958). It can be seen that our values of S, 
and S,/S, are in much better agreement with experi- 
ment than are BEHRENS’ values. 


TABLE 1.—RADIAL STREAMING CORRECTION FACTOR S, (a = 2 IN.) 


Mean free path (in.) 1-5 


Lattice pitch (in.) 


1-0 1-0 0-5 
10 8 6 8 


BEHRENS (BENOIST-zero-order) 
Benoist (first-order) 

BENoIST (second-order) 
Present work 

Ashford (Monte Carlo) 
SCHAEFER (Monte Carlo) 


1-51 + 


1-57 
1:51 
1-48 
1-41 


1-98 
1:87 
1-82 
1-73 
1:86 + -03 
1-84 + -04 


2°47 
2:25 
2:13 
1-78 
1-70 — -10 
2:22 — 04 


‘04 


TABLE 2.—RADIAL STREAMING CORRECTION FACTOR, S,, FOR LATTICE PITCH (8 IN.) OF EMPTY CHANNELS 
(RADIUS 2 IN.) WITH MEAN FREE PATH (0°5 IN.) 


Theoretical 
values 
from Table 1 


Monte Carlo MCTU-1 
programme 


Based on 7 (BEHRENS) 


Based on T + 2C 
(first-order BENoIST) 


Based on S (present work) 


TABLE 3.—COMPARISON WITH EXPERIMENT 


Channel 
dia. (in.) 


S, 


BEHRENS 


3-77 


1-73 


5. CONCLUSIONS 

The theoretical treatment of streaming in empty 
channels developed in this paper appears promising. 
The theory is in reasonably good agreement with 
other published results with the exception of SCHAE- 
FER’s Monte Carlo work. It would seem profitable to 
try to extend the theory to channels containing fuel 
rods. This requires the solution of rather complicated 
problems in neutron transport theory in order to find 
the appropriate boundary conditions to use at the 
channel boundaries. A knowledge of these boundary 
conditions would not only allow streaming correction 
factors to be calculated as in this paper, but, as 
pointed out by LesLie (1960) it would make it possible 
to include streaming in a logical way in the Feinberg- 
Galamin individual rod theory for heterogeneous 
reactors. 
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REACTOR KINETICS: INTEGRAL EQUATION FORMULATION* 


F. T. ADLER 
Department of Physics, University of Illinois, Urbana, U.S.A. 


(First received 23 November 1960 and in revised form 9 January 1961) 


Abstract—The non-linear reactor kinetics equations are reduced to an integral equation for the neutron 
density which appears particularly suitable for computer applications. The computer programme described 
consists primarily of summing operations and appears to lead to better stability for equivalent time steps 
than other existing approaches. Any number of delayed neutron groups can be handled easily. 


1. INTRODUCTION 


THE purpose of this note is to cast the non-linear 
reactor kinetics equations in an integral form, which is 
particularly suitable for digital computer applications. 
The multiplication constant, k, may depend on time, 
neutron density, (7). void fraction and temperature. 
Void fraction and temperature may in turn depend on 
their appropriate relaxation constants as well as the 
flux history. 

In the space-independent case, the integral equations 
can readily be solved numerically; a computer pro- 
gramme description for this case is given in Section 5 
below. The functional form of k is arbitrary with 
regard to time and neutron density and can be specified 
in the programme by a subroutine. Thus a programme 
based on the integral equation formulation can readily 
be applied to a variety of situations and their effect on 
reactor performance, and be of particular usefulness in 
hazards analysis studies. 

It is also possible to include the effects of spatial 
variations of the neutron density, m(7). As indicated 
in WEINBERG and WIGNER (1958), the neutron flux, 
(x,t), and the densities of delayed emitters, ¢,(¢), can 
be expanded in spatial eigenfunctions f(x) of the 
Helmholtz equation. Simple equations are obtained 
for the expansion coefficients when the temperature 
dependence of the cross sections is neglected. This 
case is of particular interest for the study of pulsed 
subcritical assemblies. The approach given here 
applies directly to the study of such spatially dependent 
problems. as will be indicated in Section 4. 

If the assumption of temperature independent 
cross sections is not valid, a perturbation theory 
treatment is indicated, which is not considered here. 


* Work performed in part under the auspices of the U.S. Atomic 
Energy Commission. 
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dn 


2. INTEGRAL EQUATION FORMULATION OF 
THE REACTOR KINETICS EQUATION 


The space-averaged reactor kinetics equations may 
be written as 


dn 


5, = teem — B) — Ill + F ACM + SLO) 


(1) 
(2) 


dC 


where S, represents an external source, / is the neutron 

life-time, 8 = 2X8, is the delayed neutron fraction, and 

the index i refers to the ith delayed neutron group. 
Integration of equation (2) then gives 


C(t) = C0) e-*# + e-™# { ‘dt’ & BAe lee’) 
0 
(3) 


where C,(0) is the initial value of C,(¢). 
Substituting (3) into (1) leads immediately to 


= {k{t,n(Q\l — B) — 1nlo/i 
+ Sot) + SACO) e~*# 


d 


+ Dae | de BAW eM.) 


0 
Equation (4) may be written in the form 


dn 


9p ON + SHO) 


which can also be integrated immediately: 


n(t) = n(0) ee? + el ar ef" S(t’). 
0 
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Or, explicitly, in the notation of equation (4): 


n(t) = n(O)e~"' — eT — py 


* 
x dt’ e'k[t' n(t’)nt’) 
~0 


. 


t . , , 
+ TACO e"| dt’ ee) 


« ( 
; re 
ent | dt’ e"SJt') 
eV 
rt . . "7 
+ D[p,A,/Ne am dt’ e~*# ef'lt 
i 20 


us a 
. | dt” e* k[t" n(t")Jn(t’). 


/0 


(7) 


The third term in (7) is directly integrable, while the 
last can be reduced to single integrals by integrations 
by parts. 

These simple transformations lead to the desired 
integral equation of Volterra type: 


a 


t 
n(t) = F(t) — | dt’ G(t.t')k{t' n(t’)yn(t’) (8) 
) 


« ( 
where F(t) is a known function depending on the 
initial conditions, n(0) and C,(0), and on the external 
source S,(f): 


F(t) = n(0) ee“ + ¥ C, (0) 


i, 


1—A4,l 


(rt 
x fe“ —e““J + e "| dt'S,(t'ye® (9) 
7 0 


From equation (7) it follows that the kernel of the 
integral equation, G(t,t'), can be expressed in the form: 


G(t,t') = G(t — t’) = (1/) I — pye~¢-em 


| 
- fen fe Alt—t’) __ e-em (10) 


We also note that 
G(t,t) = G(0) = “(1 B) (11) 
and that for small Af, 
Gls) = (1/D{ — B) — (At/DIA — B) — 2B.Ad} 


(11’) 


F(t) + ee 


n(t) = 


G(t — t’)k[t’ n(t’)\n(t’) dt’ + 4k(t — At.n(t — AdJn(t — Ad B(Ad 


3. SOLUTION OF THE INTEGRAL EQUATION 


Equation (8) is still completely general and cannot 
be solved analytically except by imposing simplifying 
assumptions on k(f,(7)). On the other hand, equation 
(8) provides a suitable starting point for a numerical 
solution. A simple numerical procedure for evaluat- 
ing the integral in equation (8) is here obtained by 
first expressing n(r) algebraically in terms of already 
known quantities. For this purpose we assume that 
n(t’) is known for tr’ < +t — At. Then, from equation 


(8): 
rt—M 
nt) = F(t) ~ G(t — wk [tnt )Jntt’) dt’ 


#0 


ct 
~| Git —U)k[t' al)’. (8") 
t—-M 


The first two terms on the right-hand side do not 
involve the unknown value of n(1)*, and can be 
considered as given functions of ¢. To evaluate the 
last term, we choose a Ar small enough that the varia- 
tion of k[t’,n(t')Jn(t’) in the integrand is correspond- 
ingly small, so that we may replace this factor by its 
average value: 


t 
[ G(t — yk’ a(t’) y(t’) dt’ = Aik [tn(1)jntt) 
et— M 


t 


— k[t — At, n(t — An)jn(t — Ar)} Git — r)dr’. 
Jt— At 
(12) 


The integration over the more rapidly varying 
function G(r — 1’) dt’ may be performed exactly. From 
equation (10) we have then: 


\ G ya’ =a At 
t—AM v1} = 5 -A- 2H 
B 


x [1 — eM] +S fl — 0) me BY). 
(13) 


From equations (8’), (12), and (13) we then obtain: 


t 


t—AM 
n(t) = F(t) + | Gt — t’)k[t'n(t')Jatt’) de’ 
0 
+ 4k[t,n()n(t) + kr — At, n(t — Ad] 


x n(t — At)}B(An). 
Therefore, we obtain: 


(14) 


(15) 


1 — (3)k[t,n(0)] B(Az) 


* Although the integrand is a function of the upper limit, it is not necessary to recalculate the entire integral each time the upper limit 
is changed, since G(t — 1’) consists of exponentials in t — ¢’, as shown in equation (10). The parts depending on ¢ may be taken 
outside the integral, permitting a simple addition to be made to the integral at each time step. 
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In the simplest situation, k depends only on f in 
some prescribed manner, and not on n(r): 


k = k(t). (A) 

In this case. equation (15) gives an explicit prescrip- 
tion for a point-by-point evaluation of n(r). In general, 
k depends on both ¢ and n(r): 

k = k(t, n(t)). (B) 

In most cases of interest k is a smoothly varying 
function of n(r), and normally varies less as a function 
of n(r) than through its explicit dependency on 1. 

In the general case (B), we have equation (15) where 
the denominator contains k(t.n(r)). We solve this 
implicit equation by successive approximations: in 
the first step. A(r.n(t — A2)) is used to calculate a first 
approximation n,(1) from equation (15). Further 
approximations v(t) are obtained by calculating an 
nt) using k(t.n,_,(1)) in the denominator. Because of 
the smooth variation of k with n, this iterative method 
will converge rapidly. 


4. APPLICATION TO TYPICAL PROBLEMS 

The integral equation approach is sufficiently 
flexible so that more complex problems can be treated 
readily by simple extensions of the formalism presented 
here. Two illustrations will be considered. 


A. Temperature and void coefficients 
The present approach applies also to problems in 
which k depends on the temperature 7 and the void 


fraction V: k = k(t.T.V). (C) 


We consider the equations for 7, and V, given by 
HeTRICK and GAMBLE (1958): 


dT, 


“—_ = En(t) _ Ty) (16) 


dv 
— = ant)E — y V(t) (17) 
dt 


E= [‘ar’n’) (18) 
“0 

where 7, is the temperature rise above the initial 
temperature. E is the total energy release in an 
excursion. ;, and 7, are appropriate relaxation 
constants for 7, and V. a is an adjustable parameter 
related to bubble growth and § relates the heat release 
by fission to the temperature increase. 

In analogy with the procedure of Section 2, one can 
immediately obtain integral equations for 7, and V in 
the form: 


“t 
Tt) = Fe" dt’ ee n(r’) (19) 


" *;' 
Vit) = Vie! — ae~»'| dt’ ent’) | dt"n(t”) (20) 
an .'0 


We note that the equations (19) and (20) are in a 
sense subsidiary equations since (1) depends on 7, 
and V only through the effects of temperature and 
void fraction on k. To solve for n(r), we now have to 
consider the set of coupled integral equations (8). (19) 
and (20). Equation (15) still holds in this general case. 
and is now an implicit equation, where the k in the 
denominator is a function of m(r), 7,(1), and V(r). An 
iteration procedure, similar to that discussed under 
case (B) is again possible, kK being a smoothly varying 
function of 7,, V, and n(7). 

In the first step of the iteration, n(r) is calculated 
using 


k = k{t, T,[t, n(t — Ad), Vr. n(t — Ady} 


in the denominator. Successive approximations n, to 
to n(t) are then made by using the preceding approxi- 
mation n,_, for the calculation of n(r). Convergence 
should be rapid, since the explicit dependency of k ont 
is taken into account exactly, as indicated in case (A). 


B. Spatial dependency 


The integral equation approach can also be applied 
to space-dependent problems. Heterogeneous systems 
will be considered in a subsequent paper. Here we 
consider only homogeneous pulsed assemblies and 
bare reactors. In this situation, the equations of case 
(A) apply immediately for each spatial mode, and the 
equations for the individual modes are uncoupled. 
Under less restrictive assumptions the equations for 
the separate modes are coupled. and a perturbation 
treatment is indicated. 

Following WEINBERG and WIGNER (1958), we write 
the reactor equation in the form 
1 a 


-— = DV*O(x,1) — ©, O(x,1) 
v Or 


+ (1 — B)fdx'H, (xx JZ Ax)(x,1) 
+. > A fdx’ HP (x.x'\C (x2) = Sox.) (21) 


ait = Brt,O(x,1) — 4,C(x,1) (22) 
where ® is the suitably averaged thermal flux, =, and 
x, the thermal absorption and fission cross sections, 
H,, is the slowing down kernel for prompt neutrons, 
and H,‘"’ is the slowing down kernel for the ith group 
of delayed neutrons. * 

The flux, source and precursor densities may be 
expanded in a suitable set of orthonormal eigen- 
functions. Using the well-known properties of dis- 
placement kernels, one can then obtain the following 


* The influence of the fast effect and of resonance capture may be 
represented by multiplying H, and H,' by suitable constants. 
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set of equations for the Fourier amplitudes ¢,(¢), 
S,(t) and C,,"(0) of these quantities: 


dC,(1) 


= BoE yg At) — ACW) 


(23) 


1 dg(t) 


. ys = [(1 — B)v2,H,(B;) — ,)] 


x pt) + SAA (BIC M (24) 


(DB;? + 


Here B;” is the buckling of the jth mode, and H, and 
H,‘° are the appropriate Fourier transforms of the 
slowing down kernels for prompt and delayed 
neutrons. 

Equations (23) and (24) are identical in structure to 
equations (1) and (2). The complete programme 
described below can therefore be used to evaluate the 
expansion coefficients ®,(r) and C,'(t) for bare reactors 
or assemblies. In particular, excepting normalization 


l 
constants, mo(t) = - g(t) and C,"(t) represent the 
v 


neutron and precursor populations in the system. 
For brevity, we introduce the following notations: 


the neutron life- 
time in the zero-th 
mode; 


(1) 1 =k = 1/vo( DB? + %,) 


(2) vy; = H,'"(Bo) the probability for 
non-leakage and 
non-absorption 
during moderation 
for neutrons pro- 
duced by the pre- 


cursor group /; 


the finite medium 
multiplication 
constant. 


(3) ky = e[Z,/(DB? 
Ro ~,))H,(Bo) 


= ky ,H,( Bo) 
With this notation one obtains : 


dng _ 
Tt = (1 — B)k(t)y =a I }rig(t)/! 


+ Laie) + Sot) (25) 
dC, 


leg —A,Co(1) + By k(O)n()/I. 


(26) 


The factors y, y, and y, represent the eliects of the 
finite size of the assembly considered. From equations 
(25) and (26) one can easily get an integral equation 
formally identical to equation (8). The form of the 
kernel G(t — t’) and of the function F(t) is, however, 
different from the expressions given in equations (9) 


and (10). In the space-dependent problem one obtains 
for these functions: 


F(t) = ne" + FCO) ate 


i 


. [e~*# ~~ e ay a a dt' S,(t’) ef ll (9’) 
0 
] 


ar) =5 a — pyye“@-Ot 


+ y 2TH Pedy [e e At") _— ene (10’) 
- lh, 

The integration procedure used in Section 3 applies 

here, too. Corresponding to equation (13), we 

introduce the abbreviation 


yd 5 


BAL) = {(1 — By — I. me 


i 


x [l-—e 1279," 


aad 


—e~4) (13) 


and find for n(t) the solution: 


Aly; 
= 


n(t) = 0 € ef [e~4# — e-"#] 


+ 26, (0); 


+e 


- [’ dt'S(t') ef" +e" ja — B)y/l 
0 


* 


t—At 
— 5 hee ata j | [ dt’k(t')n(t") ef" 


BA iViY't ~is —~ ’ ’ , At 
+ 2 Th e~ 4: dt'k(t')n(t’) e*° 
1— dA, 0 


+ $k(t — Atjn(t — aan} /( — $k(t)B(At)) 
(15’) 
5. COMPUTER SOLUTIONS OF 
KINETICS PROBLEMS 

Solutions to integral equations of the form of 
equation (8) can readily be obtained with a digital 
computer. In comparison with the usual direct 
numerical integration of equations (1) and (2), the 
computer solution of the integral equation appears to 
have several advantages: 

First, and probably most important, the analytical 
approach leads to a calculation consisting of summing 
operations, unlike the usual schemes in which differ- 
ences of the function and its derivatives are used. This 
should lead to better stability for equivalent time steps, 
or less computing time for the same stability. 

Second, the number of groups of delayed neutrons is 
arbitrary. The amount of calculation needed for an 
increased number of groups is much less than that 
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needed for the usual numerical integration, where the 
complexity of the code increases with the number of 
groups, and difficulties in convergence arise for 
practical step sizes. 

Third, no separate scheme is needed to start the 
calculation or to treat intervals where n(f) or k(t) vary 
rapidly. In the customary differential equation 
approach, a choice must be made between relatively 
inefficient methods of the Runga-Kutta type which can 
be used throughout the calculation, and other more 
complex methods which require separate start-up 
schemes. In the method given here, small time steps 
are taken for an initial period, of the order of the 
neutron generation time, to avoid introducing large 
relative errors into the integrals which describe the 
past history of the system. During this initial period, 
however, exactly the same method is used as in the 
rest of the programme. Thus it is possible to revert to 
small intervals when either k(f) or n(t) change by more 
than a prescribed amount in any given interval. 


To illustrate the numerical stability of the pro- 
gramme, we consider the errors in n(t) for different step 
sizes. In a representative case, the error in n(t) was 
about 0-07 per cent for an initial step size equal to 1/10 
of a generation time, and no detectable errors were 
found for step sizes of 1/100 or 1/1000 of a generation 
time. 

A digital computer programme using the integral 
equation method allows, furthermore, for relatively 
large steps in time in intervals in which the functions 
n(t) and k(t) vary smoothly. The function k[/,(7)] may 
of course depend on the previous reactor history as 
well as on time. 
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Abstract— Measurements have been made in a light water-moderated, highly-enriched, uranium-fuelled, 
sub-critical facility of the variation in critical mass with diameter of a central air void. These measurements 
indicated that there would be no transient increase in reactivity if a central void were to collapse radially. 
Other measurements on the slow flooding of a 3 in. diameter central air void showed that there was a slight 
addition of reactivity in the early stages, reaching a maximum of about 0-1 per cent, but that a completely 
flooded void was much less reactive than the empty void. Two-group diffusion theory calculations for the 
initial and final states indicate that the results of the measurements are not affected by small changes in the 


enrichment of the uranium. 


1. INTRODLCTION 


THe highest thermal, epithermal and fast neutron 
fluxes in a reactor are usually at the centre of the core. 
In order to make full use of these fluxes it is necessary 
to remove a central fuel element and replace it with a 
void containing the experiment. Before loading such 
an arrangement into a core it is desirable to study 
fault conditions such as collapse and flooding of the 
void. Theoretical predictions of this information are 
complicated and laborious, therefore the necessary 
data are obtained more rapidly and reliably by 
experiment, e.g. with a sub-critical facility (BURDEN, 
1958). The work reported below was undertaken in 
order to provide information for safety assessments 
concerning experiments in the core of MERLIN. 


5 


2. MEASUREMENTS IN THE 
SUB-CRITICAL FACILITY 

It was necessary for these measurements to use fuel 
elements containing uranium enriched to different 
degrees in**U, Each complete fuel element contains a 
nominal 140g of *°U (FirtH, 1958). Seventeen 
complete fuel elements are enriched to 80 per cent in 
*35U), These were used in the more reactive positions 
in the core. The remainder are enriched to 93 per cent 
in *U. The method of measuring critical masses has 
been described in detail elsewhere (CHICK. 1958). 


2.1 Critical masses with a 3 in. diameter void 


A cylindrical void made of aluminium 3 in. diameter 
and 1/16 in. wall thickness replaced a central fuel 
element for the measurements. This extended from 
2:8 cm below the bottom of the active core and through 
the top water reflector. which was 15 cm thick. The 
\oid was suitably weighted to prevent floating. 
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Critical mass measurements were made for the 
following cores: 

1. core with 3 in. diameter central axial void 
compact core (no void) 
. core with central 3 in. square water-filled hole. 

The final core configurations for cores | and 3 are 
given in Figs. l(a), and 1(b) respectively. 


5 
~- 
. 
5 


2.2 Radial collapse of a central air void 


Measurements have been made, in the SPERT I 
reactor (BRIGHT, 1957), of the change in reactivity with 
the size of a non-central air void inserted in a fuel 
element position. It was found that although the 
reactivity change from the position completely filled 
with air to completely filled with water was small, there 
was a substantial increase in reactivity at intermediate 
positions. This reached a maximum of 0-35 per cent 
when the water annulus around the air void occupied 
about 30 per cent of the total void volume. Conse- 
quently measurements were made to determine if such 
an effect existed for a central air void in MERLIN. 
This could affect the transient behaviour of the reactor 
if the air void were to collapse suddenly under 
hydrostatic pressure. 

Critical masses were measured for a series of 
diameters of aluminium voids all with 1/16 in. wall 
thickness. Cores | and 3 provided the end points for 
the measurements and the intermediate cores were: 

. core with 2-3/4 in. diameter central axial air void 
. core with 2-1/2 in. diameter central axial air void 
. core with 2-1/4 in. diameter central axial air void 
. core with 1-3/4 in. diameter central axial air void 
. core with 1-1/4 in. diameter central axial air void. 

The final core arrangements for these are inter- 

mediate between those given in Figs. I(a) and 1(b). 


The effect of cylindrical air voids in a highly enriched water-moderated core 


* 


w 
a 
b 
w 


a 


r+-Edge of 
plote 


£ 
) 


‘ 


aT 


(a) 31m. diameter 


~ 


void 
element 


or 


oe “Ss 


140g Fuel 


y 


© §888 


6C 35 Fue 
409 Fue 
209 
10g Fuel 


eement 
eement 
Fuel element 


element 


3in Ar void 


Neutron source 


Final core 


tottice—e 


32-47 one $5 
ennechment 
93% e 


= 
less] 


| 136 


35 


54 


28129. (27.52) 


| Cay 


Gr s3) 


- 


(b) 3in. squore water hole 


6c. 
No. 25-31 


crmer’ 


80% en crment 


93% err icnment 


configurations 


Fic. 1. 


TABLE |.—E*s FECT OF 3 IN. DIAMETER VOID 


1. 3 in. diameter axial air void 
2. Compact (no void) 
3. 3 in. square water filled hole 


Critical 
mass 
235|) (g) 


Change in 
critical mass 


3121-0 — 14 
2747-9 — 1-7 
3375:8 — 0-9 


Reference core 
—373-1 -— 2:2 
254-8 — 1-7 


The amounts of aluminium vary for each of the 
cores measured; however, since the maximum volume 
of aluminium present is only 6:5 per cent of the volume 
of the hole in the core, all the systems measured are a 
close approximation to air voids contained by infinitely 
thin walls. 


2.3 Slow flooding of a central air void 


The most likely fault which could develop in an air 
void immersed in water is a slow leak. An increase of 
reactivity may occur during the flooding of such a void 
placed centrally in a core. The effect of the 3 in. 
diameter void during flooding has been investigated by 
measuring the critical masses for a series of water 
heights in the void. These cores were: 

9. water height 3 cm above bottom of active core 
10. water height 9 cm above bottom of active core 
11. water height 15 cm above bottom of active core 
12. water height 30 cm above bottom of active core 
13. water height 45 cm above bottom of active core. 
Core |. with the empty void, corresponds to a water 


height 2-8 cm below the bottom of the active core. and 
core 3 to a water height 75 cm above the bottom of the 
active core. The final core arrangements are inter- 
mediate between those given in Figs. l(a) and 1(b). 


3. RESULTS 
3.1 Critical masses with a 3 in. diameter void 


Table 1 summarizes the critical mass measurements 
listed in Section 2.1. Replacing a central fuel element 
with a 3 in. diameter air void increases the critical mass 
by 373 g **U. and if the air void is removed. leaving a 
water filled hole 3 in. square. the critical mass is in- 
creased by a further 255 g of ?*U. 


3.2 Effect of diameter of air void on critical mass 


Table 2 summarizes the measurements and Fig. 2 


gives critical mass as a function of void volume. 
taking the 3 in. diameter void as 100 per cent. It is 
seen that the departure from a linear relationship is 
large, but that the lowest critical mass occurs for the 
largest void. 
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TABLE 2.—EFFECT OF DIAMETER OF AIR VOID 


Core 


Critical 
mass 
235) (g) 


Change in 
critical mass 


. 3 in. diameter axial air void 

. 2-3/4 in. diameter axial air void 

. 2-1/2 in. diameter axial air void 

. 2-1/4 in. diameter axial air void 

. 1-3/4 in. diameter axial air void 

. 1-1/4 in. diameter axial air void 
3. 3 in. square water-filled hole 


Reference core 
+76 + 2:2 
+122+19 
+33-1 + 16 
+102:3 + 26 
+173-8 + 16 
+254-8 + 1-7 


31210 + 1-4 
3128-6 + 1-7 
3133-2 + 1:3 
3154-1 + 08 
3223-3 + 2:1 
3294-8 + 0-8 
3375-8 + 0-9 


3.3 Slow flooding of 3 in. diameter void 


Table 3 summarizes the measurements and Fig. 3 
gives critical mass as a function of water height in the 
void. In this case a slight decrease in critical mass is 
observed, reaching a maximum decrease of 14 g °U 
at a water depth of about 8 cm above the bottom of the 
active core. 


4. CRITICAL MASS CALCULATIONS 
4.1 Fuel enrichment 


If cores containing central voids are loaded into the 
MERLINreactor, they will initially contain uranium of 
93 per cent enrichment only. Measurements on 
compact cores containing (a) only 93 per cent enrich- 
ment uranium and (b) mostly 80 per cent enrichment 
uranium have shown that the decrease in enrichment 
increases the critical mass by 70-1 + 4:2 g*°U. Two- 
group diffusion theory calculations predicted an in- 
crease of 53 g *°U. If the only effect of reducing the 


enrichment is a small increase in critical mass, as 
would be expected, then the trends shown by these 
measurements can confidently be applied to cores of 
93 per cent enrichment. 


4.2 Calculations for voided cores 


One-dimensional, two-group diffusion calculations 
were made for cylindrical cores containing cylindrical 
air voids equivalent in area to 3 in. square voids. This 
was the nearest approximation to a 3 in. diameter air 
void in a 3 in. square water hole which could reason- 
ably be tackled in a hand calculation. Since Fig. 2 
indicates that the critical mass does not vary much with 
void diameter for the larger voids, it was felt that this 
approximation was justified. Calculations were also 
made for cores containing a central water void. The 
size of this void was increased beyond 3 in. square for 
calculation purposes so that it touched the edge of the 
active fuel in adjacent elements. (The active area, in 
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TABLE 3.—FLOODING OF 3 IN. DIAMETER AIR VOID 


Core 


. Water 2°8 cm below bottom of core (empty void) 


. Water 3-0 cm above bottom of core 
. Water 9-0 cm above bottom of core 
. Water 15-0 cm above bottom of core 
. Water 30-0 cm above bottom of core 
. Water 45-0 cm above bottom of core 


. Water 75-0 cm above bottom of core (no void) 


Critical 
mass 
=U (g) 


Change in 
critical mass 
235 (g) 


31210 — 1-4 Reference core 
3111-1 12 | 9-9 
3107-1 — 1-7 13-9 
3128-0 — 1-4 —7-0 
3222-3 — 2:5 +101-3 
3344-4 ~ 03 223-4 
33758 — 09 +254:8 


TABLE 4.—CALCULATED AND MEASURED CRITICAL MASSES 


Core 


Compact core 

Compact core 

3 in. square central air void 

3 in. square central air void 

3 in. square central water void 
3 in. square central water void 


Enrichment 


Critical mass *°U (g) 


Calculated Measured 


93% 
81-4°% 
93% 
83-4°% 
93% 
83-4°, 


2655 
2708 
3085 
3128 
3291 
3335 


2663 
2733 
3052 
3121* 
3313 
3376 


* 3 in. diameter central air void. 


plan, of a 3 in. square element is only 2-36 in. x 2°50 
in.) This correction was necessary to avoid over- 
estimating the effect on the uranium of flux peaking 
close to the void since a homogenized core was 
assumed for the calculations. The calculations are, 
therefore, for the two extreme cases which have been 
investigated experimentally. 

Each calculation was made for enrichments of 93 per 


cent and 83-4 per cent, the average enrichment of the 
voided cores. Table 4 summarizes the results of these 
calculations, and critical mass measurements for 93 per 
cent enriched cores are included (KERRIDGE, 1960). 


4.3 Discussion 


The calculations for the compact core did not 
predict completely the measured increase in critical 
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mass with decreasing enrichment. This is not fully 
understood and cannot be attributed to the presence 
of 1-6 per cent **U which replaces some of the **U, 
since these two uranium isotopes have almost identical 
resonance integrals. All the calculations indicate, 
however, an approximately constant increase in 
critical mass of about 45g *°U when mixed enrichment 
cores are used. ' 


5. CONCLUSIONS 


All the results are quoted in terms of critical mass. 
Change in critical mass for this particular core size and 
composition may be approximately related to re- 
activity by the following expression which was calcu- 
lated by means of two-group diffusion theory: 


Ok,/k, = (1/52) Om/m. 


The measurements show that no serious addition of 
reactivity is likely to occur due to the collapse or slow 
flooding of a central air void. If a 3 in. diameter void 
were suddenly to collapse, Fig. 2. indicates that at all 
Stages the critical mass would be increasing, and that 
no addition of reactivity would occur. For the case of 
flooding of the void there is a slight addition of 
reactivity in the early stages, reaching a maximum of 
about 0-1 per cent. Addition of this amount of re- 
activity would produce a stable doubling time of about 
50 seconds. 

Two-group critical mass calculations for the end 


points of these measurements show that a decrease in 
enrichment results in an approximately constant 
increase in critical mass. It is, therefore, to be expected 
that this will be true for the intermediate cases, and 
that a core of 93 per cent enrichment will have the 
same behaviour. 

In SPERT La non-central water void is more reactive 
than an air void in the same position. Our calculations 
for central air and water voids in a SPERT I core also 
show this trend. The difference between MERLIN 
and SPERT I arises because the SPERT I core is 
undermoderated compared with the MERLIN core. 
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A GENERAL METHOD OF DERIVING RESPONSES AND TRANSFER 
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Abstract—A method of solving unsteady heat conduction problems is described. The solution is obtained by 
first finding the eigenvalues and eigenfunctions of an integral equation. Once these have been obtained it is 
possible to obtain ordinary differential equations or transfer functions describing the response to various 


disturbances in heat production and extraction. 


The method is easy to apply to cases where the heat flow can be treated as one-dimensional and can be 


extended to cover two-dimensional cases. 


As an example of the use of the method, the temperature responses of a fast reactor fuel pin to power 
changes and coolant temperature changes are derived. 


1. INTRODUCTION 


TRANSIENT heat conduction problems are often 
encountered in reactor technology. Changes of 
temperature in reactor fuel or moderator usually result 
in changes of reactivity which influence the reactor 
power, which in turn affects the temperature. The 
stability of this closed loop system affects very con- 
siderably the controllability and safety of the reactor. 
One part of this problem. i.e. finding the response of 
fuel or coolant temperature to power changes, is to a 
large extent a transient heat conduction problem. Be- 
cause the heat conduction problem is only part of the 
reactor stability problem. the answer is often required 
in general terms, e.g. as a series of ordinary differential 
equations which might be used in an analogue com- 
puting study or as a transfer function to be used in a 
frequency response analysis. Similar results may be 
required in the study of some automatic temperature 
control systems. 

For problems which can be specified in terms of one 
space variable (one-dimensional problems and cases 
of axial and spherical symmetry) the equation of tran- 
sient heat conduction is 


0 


5: (1.1) 


dz 
where 7(z.1) is the temperature, ¢ the time and = the 
space co-ordinate. The density of thermal capacity 
C(z) is o(=)27z for cylindrical geometry and o(z)47=* 
for spherical geometry, where o(z), the thermal 
capacity per unit volume, is p(z) C(z). The heat flow 
Biz) due to unit temperature gradient across the z-co- 
ordinate surface. is A(z)27z for cylindrical geometry 


7 
| Bt) : a | 
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and k(z)4zz* for spherical geometry. where A(=) is the 
thermal conductivity. 

This equation is solved analytically in the standard 
heat transfer literature for some cases where C(z) and 
B(z) are simple functions. The problem usually 
treated is the perturbation of temperature from a 
steady state condition. Solutions of the type 7(z.1) 
G(=) . H(t) are sought and substitution into (1.1) yields, 


dH dG 
dz 


df 
— | Biz). 


C(z). Giz). — / 
2). Ge) dz | 


= Hit 
dt “) 


(1.2) 


g [B(z) . dG dz) 
dH/dt dz Le iit 


H(t) 


i.e. 


- —/ (say) 
Cts). Gs) —" 


and separating the variables we obtain 


| Be) 


The boundary conditions for this equation are 
usually of the following alternative forms: 


jee 
— AH(t)=0 


at 


| — £C(z). Giz) = 0. 


7 


(1.3) 


d 


dG 
dz 


7 (1.4) 


(a) G(=) = 0 (zero perturbation of 


temperature at the boundary) 
dG 


, 0 (no heat flow at the boundary) 


dG (1.5) 
Biz) = = h,G(z) (lower boundary 


condition) 


| 
| 
| 
| 
| 


d 
or — Be) = h,G(z) (upper boundary 
. condition) } 
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Conditions (1.5 (c)) are the usual forced-convection 
boundary conditions. 

Because of these boundary conditions, equation 
(1.4) has non-zero solutions only for certain values of 
4. These values are known as the eigenvalues and the 
corresponding solutions for G(z) are known as the 
eigenfunctions. The general solution of equation (1.1) 
is therefore of the form 


T(z,t) = > A, . G,(z) e~**" (1.6) 
where G,(z) is the eigenfunction corresponding to the 
eigenvalue A,, and the constants A, depend on the 
initial conditions. The A, and G,(z) are conveniently 
called the ‘decay constants’ and ‘decay modes’ of the 
system. 

Equation (1.4) is of the Sturm-Liouville form, which 
occurs in many physical problems and was originally 
derived for the classical problem of the non-homo- 
geneous vibrating string. This problem is treated fully 
by CouRANT and HILBERT (1953) who show that, when 
B(z) and C(z) are positive throughout the range and 
boundary conditions (1.5) apply, the eigenvalues are 
all real and positive. Thus the solution (1.6) ap- 
proaches zero asymptotically as must be expected 
from the physical meaning of the problem. 

When C(z) and B(z) take certain simple forms, the 
G,(z) can be expressed in terms of sine, cosine or 
Bessel functions, but very often the G,(z) cannot be 
expressed in terms of well-known functions and a 
numerical solution is necessary. Rather than solve 
equation (1.4) directly, it is more convenient to solve 
the integral equation equivalent to equation (1.4) and 
its boundary conditions. 


2. DETERMINATION OF THERMAL DECAY 
CONSTANTS AND DECAY MODES 
The integral equation equivalent to equation (1.4) 
and its boundary conditions is 


G(z) = 25 CD) . H(z,0) G(Qde 


where ¢ is an auxiliary variable and where ¢(z,¢) is the 
Green’s function (or influence function) for the differ- 
ential expression d/dz[B(z).dG/dz] satisfying pre- 
scribed conditions at the boundaries, the range of 
integration being defined by these boundaries. It can 
be regarded as the temperature distribution arising 
from a steady unit heat source placed at z = ¢. 

Green’s function is easily obtained numerically in 
one-dimensional problems, but in two-dimensional 
problems it is difficult to calculate except in simple 
cases where the use of the integral equation method 
offers no advantage. 


(2.1) 


The differential expression d/dz[B(=) . dG, dz] is self- 
adjoint and the Green’s function ¢(=z. ¢) is therefore 
symmetric (COURANT and HILBERT, 1953). The kernel 
K(z,0) = C(Q)(z,0) is said to be of polar form. 

This type of integral equation and kernel occurs in 
problems connected with vibration of structures, and 
eigenfunctions and eigenvalues are often found by 
iterative procedures, although the problem is generally 
reduced to finding the latent roots and vectors of a 
matrix (DUNCAN and COLLar, 1934) and this procedure 
is suggested here. 

To facilitate numerical analysis, either the thermal 
capacity distribution may be made discrete instead of 
continuous (this cannot be done when the method is 
extended to two or three dimensions since. in these 
cases, point sources produce infinite temperatures) or a 
numerical integration formula may be used to replace 
the R.H.S. of equation (2.1). The integration then 
changes to a weighted summation of the values of 
C(o) . d(z,0) G(z) for certain values of ¢ and is evalu- 
ated only for the same values of -. 

When this is done, the single integral equation (2.1) 
which must be satisfied for all =, is replaced by a 
number of simultaneous linear equations which may 
be expressed in the following matrix form 


t{g} = [Al]{g}. (2.2) 


l 
where t = ~ and {g} is a column vector whose elements 
, 


are the values of G(z) at the chosen values of z, and 
the problem reduces to finding the latent roots 7, and 
latent vectors {g},, of the [A] matrix. The development 
of this matrix is treated morethoroughly in Section 5 of 
this article. The latent roots 7,, have the dimensions of 
time and are conveniently called the decay time 
constants. 


| ; 
If 7, replaces z in equation (1.6) we have 


*n 
T(z,t1) = > A, .e~'™G,(z). (2.3) 
n 

The solutions of the matrix equation (2.2) are not 
exact solutions of equation (2.1) as only a finite number 
of eigenvalues are obtained, whereas equation (2.1) 
has an infinity of eigenvalues. The differences between 
the approximate and exact solutions for the eigenvalues 
rt, and between the corresponding eigenfunctions are 
small, when » is small relative to the order of the 
matrix (in the author's experience reasonable accuracy 
is achieved when the order of the matrix is about three 
times the value of 7). It will be seen later that it-is 
generally necessary only to determine the larger values 
of r,, and their associated eigenfunctions, so the error 
of the matrix equation approximation is not serious. 
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3. DETERMINATION OF ARBITRARY 
CONSTANTS A, 
Suppose the perturbed temperature distribution at 
t = Ois 7,(z). Then from equation (2.3) 


T,(z) = > A,G,(2). (3.1) 
Now because ¢(:,¢) is symmetric the G,(z) have the 
property of weighted orthogonality with respect to 
the weighting function or thermal capacity function 
C(z), i.e. 


§ C(z). G,(z). G,(z) = O where m #n (3.2) 


where the field of integration covers the whole body. 
(This can be proved by a simple extension of the 
proof of orthogonality of eigenfunctions of a real 
symmetric kernel given in MARGENAU and MURPHY 
(1955). 

Multiply equation (3.1) by C(z) G,,(z) 


C(z). T(z). G,,(z) = ¥ A, C(z) . G,,(z) . G,(z) (3.3) 


Integrate over the whole body 


f C(z). Ty(z) . G,,(z) dz 


m—tl 


= > A, f C(z). G,,(z). G,(z) . dz 


a=0 


+ A,, | C(z). G,,%(z). dz 


n” wr 


> A, | Cz). G,,(z). G,(z) . dz 


_ 
nama 


= A,, | C(z). G,,(z). dz (3.4) 


the other terms being zero because of the weighted 
orthogonality of the eigenfunctions 


Cz). Tz). G,,(z) dz 


A, = : (3.5) 
| C(z). G,,%z) dz 


m 


4. RESPONSES TO DISTURBANCES IN HEAT 
PRODUCTION AND EXTRACTION 

The equation (2.3) merely describes how perturba- 
tions from a steady state decay to zero. The response 
to general disturbances in heat production and extrac- 
tion is now required. 

As an intermediate stage in determining the response 
to a general disturbance, it is convenient to first 
determine the response to a step disturbance. There 
are two reasons for this. First, the response is easy to 
obtain since after the step the temperature difference 
from the new steady state simply decays according to 
equation (2.3). Secondly, the type of response which 
occurs is easily recognizable as being associated with a 


particular transfer function and set of ordinary 
differential equations. Thus the response to a general 
disturbance can be derived. 

Suppose 6 represents one of the input variables e.g. 
in a fuel element 6 could be coolant temperature or 
power density (@ must then represent a power distri- 
bution of a prescribed spacewise form). Let 7,(z) be the 
steady state resulting from a unit change of 6. Then 
the temperature disturbance following a unit step of 
6 will be 


T(z,1) _ T(z) = =A, ¢ WG (z) 


| C(z). T(z). G,(z). dz 
where 4. — 1 C@)- 7) - G2) 


J : 4. 
' f C(z) . G,Az) dz (4.1) 


which may be rewritten 


T(z,t) = > [A,G,(z).l —e"'™)). (4.2) 


This response is easily recognizable as a sum of 
simple time constant responses and, therefore, if 4 
varies in any prescribed manner with time, the response 
T(z,t) (of which the response (4.1) is a particular case) 
will be 

T(z,t) = XA, .G,(z). F,(0) (4.3) 
where the F,(t) are given by the » ordinary differential 
equations 


F 
F(t) + t, al = (1). 


4.4 
a (4.4) 


The corresponding transfer function is 


A,, ..G,(z) 
> (4.5) 
l—-r,p 


T(z,p) = 
Hp) 


where p is the Laplace transform variable and 7(-.p), 
&(p) are respectively the Laplace transforms of 7(z,1), 
A(t). 

A useful approximation to the response can be 


F 
obtained by omitting the r, . = term in equation (4.4) 


for small values of r,,, i.e. by assuming infinitely fast 
response in the fast modes. The transfer function 
(4.5) then takes the form 


Tiz.p) _ &% A, -GAz) , | 


a. % al 
Hp) T=) — 2 AnG,(2)j (4.6) 


n=l 


ont §'— TT. -ff 


where the 7, are arranged in descending order of 
magnitude. In practice a sufficiently good answer may 
be obtained by using only a few decay modes. In the 
following example only three are used. 
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5. EXAMPLE: RESPONSE OF TYPICAL FAST 
REACTOR FUEL PIN TO CHANGES IN 
POWER AND COOLANT TEMPERATURE 


If lengthwise conduction of heat is neglected, the 
radial temperature distribution at any lengthwise 
co-ordinate depends only on the power density and 
coolant temperature at that point. In the following 
example the disturbances in temperature due to 

(i) a step in local power density, 

(ii) a step change in coolant temperature, are 

found. 


Numerical data 


Details of fuel pin. 
enrichment, zirconium clad by co-extrusion. 
radius 0-462 cm, can radius 0-512 cm. 

Physical constants: 


Uranium fuel of constant 
Fuel 


Zirconium 
6°55 
0-083 
0-550 


Uranium 
18-7 
0-036 
0-670 


Density (g/cm*) p 

Specific heat (cal g-' °C) ¢ 

Thermal density (pc) a 

Thermal conductivity 
(calem= sec? °C") = ky 0-07 k, 0-035 

Heat transfer coefficient h (can to sodium coolant) 
= 1-42 cal cm™ sec! °C~ at 50 cm/sec flow 

velocity. 


Temperature influence function 


The temperature influence function ¢(r.5), relative 
to a zero at the temperature of the sodium, is given by 


ine, 58 9a 
hb ky "a ky og 


forr >and <a 


x |i l 
hb” k, 


forr>éand>a 


d(r,é) = 


d(r,é) = 


where ¢(r,é) is the temperature at radius r due to a 
ring source of unit strength per unit length of pin at 
radius €. a, 6 are outside radii of fuel and can re- 
spectively. Forr < &, is substituted forr in the above 
formula. This function is drawn in Fig. 1 for the 
numerical values given above. 


Thermal capacity function 


The thermal capacity function allowing for the 
cylindrical geometry is 


C(r) = 2nra 


and is drawn in Fig. 2. 


Pivotal §=ponts 


3 4 5 6 7 8 


T » we 
I 


= Temperoture af rodws 6 due to o 


@(€) 
circular line source of unit strength 
ot radius £ 


cm sec °C/cal 


f(r) or (1), 


Notes g@ir.é s Fier r eof 
’ : f fa. 
i ee Oe 


Fic. 1.—Temperature influence funcuon d(r.:) 


Solution of the integral equation 
Multiplication of the thermal capacity function C($) 
and the temperature influence function d(r.5) gives 


the kernel function A(r.5) (see Fig. 
equation 


3) of the integral 


Gi =) Atr.=) d= (5.2) 


et! 


TG(r) 


the eigenvalues 7, and the eigenfunctions G, of which 
give the thermal decay time constants and thermal 
decay modes of the system. 


col/*C per cm? 
°o 


Fic. 2.—Thermal capacity distribution C(). 
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Using the trapezoidal rule* for numerical integra- 
tion, the integration of this equation may be replaced 
by a weighted summation of the values of the integrand 
at the pivotal points (§ = r,, § = rg etc.) shown in 
Fig. 1. g,,, the value of G(r) at r = r,,, the mth pivotal 
point is given by 
Qa 
2 


n=l 


= (5.3) 
where K,,,, = K(r = r,,. € = r,) and the weights a, are 
constants. (The value of the kernel at & = 0 is zero, 
so there is no gy term.) 

There are nine equations of this type to be satisfied 
as opposed to the single equation (5.2) which would 
have to be satisfied for all r. 

These equations may be written in the following 
matrix form: 


= [K] [a] {g} 


where [a] is a diagonal matrix, where the nth element 
of the mth row of X is X,,,,. and {g} is a column vector 
whose elements are the values of G(r) at the specified r. 
Since 


(5.4) 


Kir.s) = d(r.£) < CCE) 
[A] = [4] [C] 


~ 9(€) | 
(=Kin,é) forg >r) 


Typico! variations, 
of Gir, €) with | 
7 for é< r 


Notes: Forg>r 
K(r,€)=9(¢) 
Foré<r 

Cif) 


Kir. €) = g(a 


Fic. 3.—Kernel function A(r.=). 


* The use of the trapezoidal rule is convenient because it gives a 
symmetric . diagonal form of matrix in equation (5.4) and thus 
ensures the orthogonality of its latent vectors. At the same time, the 
discontinuities in @K/@; are taken account of. The integration is 
performed in two parts—fuel region and can region, because of the 
discontinuity in K atr = a. 


likely mode shopes 


Mode shope for +<+,, given by 
fAumerical integration 


Mode ! 
(r*0-624sec) 
+—Mode 2 

(r =0-106 sec) 
7Mode 3 

(r *0-042 sec) 


4.—Computed thermal decay modes of fast reactor 
fuel pin. 


where [¢] is a symmetric matrix and [C] is a diagonal 
matrix with positive elements. Therefore, 


[K] [a] = [4] [C.2] 


where [C.a] is a diagonal matrix with a, 
nth element of the diagonal, 
being positive. 

The latent roots of the product matrix are therefore 
real, and the latent vectors form an orthogonal set. 
The roots must also be positive since the temperature 
always tends to the steady state value in the absence of 
disturbances, a necessary and sufficient condition for 
this being that [4] is positive definite. 

The three largest latent roots and the corresponding 
vectors (plotted in Fig. 4) were found by the method of 
DUNCAN and COLLAR (1934) using a desk machine. 
(Digital computer programmes exist and generally it 
would be better to buy a small amount of time on a 
machine.) 

When the matrix method is used and the variables 
for this example are substituted, equation (4.5) for the 
transfer function becomes 


Tir.p) 2 A,G,Ar) 


=— = ——— 5.6 
Wp) 2 i+ t,p (5.6) 


(5.5) 


C(r,,) as the 
these elements also 


where 


a 
> C a 


- wt 


T, ° (2m)n 


> CrBin (Lin 


where (g,,,),, = mth element of th latent vector. 
T, = value of 7, at mth pivotal point. 
Equation (5.5) has been es by 


Tip) 2. A,-G,r) | | 
Hp) ar." i+ TaP | 


TAr) — y A,G,(r) (5.8) 
’ 1 
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since only the first 3 latent roots and vectors were 
found. 

The incremental steady states 7,(r) for unit increases 
in power and coolant temperature are the ‘final steady 
state’ lines of Figs. 5 and 6 respectively and, using the 
above method, the following approximate transfer 
functions were calculated. 

Response to power disturbances: 


T(r,p) _ 1272 G(r) 0-075 G,(r) 
AP 1406247 1+ 0:106p 


+ [T(r) — 1-272 G(r) + 0°075 Gir)] (5.9) 


T 
“Final steady state T, 


t=1-O sec 


—-— 
| 


| 
t=0-40 sec; 


120-10 sec 
: t=0-O05sec | 


Fic. 5.—Response to step in power of 1 cal/sec per cm* 
of fuel. 


| 


Final steady stote~ 
| 
{+22 O sec, 
! 


+- Calculoted 
More eo 1 =0:10 sec 


“Actual temp. distribution 


Colculated a 
t=0-OSsec 
More likely 


As coaiculocted with ‘fost’ +— 
j modes omitted, t?O — 


O- 0-2 0-3 0-4 


r cm 


Fic. 6.—Response to step of 1 C in coolant temperature. 


(the amount of the third mode in this response being 
insignificant), where 7, = incremental steady state 
due to local change of power density of | cal/sec per 
cm* and AP(t) = local change of power density. 


Response to change of coolant temperature: 


T(r,p) _1-450G(r) 0-696 G(r) 0-412 G(r) 
T. 14 0624p 1+0:106p 1 + 0-042p 


[7,(r) — 1-450 G,(r) + 0-0696 G,(r) — 0-412 G,(r)] 
(5.10) 


The responses of incremental temperature distri- 
bution to unit steps of 7, and \P have been evaluated 
and are plotted in Figs. 5 and 6. 

The effect of omitting the ‘fast’ modes is clearly 
shown in Fig. 6, but it is easy to interpolate between 
the true ¢ = 0 values and the values for ¢ > 0-2 sec, 
where the effect of omitting the fast roots will be 
negligible. 

Putting p = im in equations (5.8) and (5.9) gives 
the frequency responses of temperature to disturbances 
in 7, and AP. These frequency responses will be 
reasonably accurate in the range 0-3 c/s, but 
would be in error outside this range, because the 
assumption of infinitely fast response in the fast modes 
would no longer be a good approximation. 


6. EXTENSION TO TWO-DIMENSIONAL 
PROBLEMS 
So far, the discussion has been restricted to problems 
where the heat flow can be expressed in terms of a 
single space variable (i.e. infinite slab geometry and 
cases of axial or spherical symmetry). It is theoretically 
possible to extend the method to two or three-dimen- 
sional cases. 
In the two-dimensional case, it is necessary to 
determine the eigenvalues 4, and the eigenfunctions 
G,(x,¥) of the integral equation: 


G(x,v) = 2Ff CCE.) . dy; & ) . GE, 0) dé, dy 
(6.1) 


where (x,}; &,9)) is the temperature at (x,y) due to a 
unit heat source at point (§,) and satisfying pre- 
scribed conditions at the boundary, and C(x,y) is the 
areal density of thermal capacity. 

Two difficulties in the two-dimensional problems are 
the determination of the ‘temperature influence 
function’ ¢(x,); §,1) and the large number of ‘pivotal 
points’ necessary for a sufficiently accurate representa- 
tion of the problem. ¢(x,¥; §,9) can only be obtained 
theoretically in simple cases and, in some of these 
cases, the eigenfunctions can be expressed in terms of 
trigonometric, Bessel or similar functions without 
recourse to numerical methods. 
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Determination of ¢(x,y; §,) is possible with 
electrolytic tank methods—using varying depth to 
simulate varying conductivity. In the analogous 
problem of vibration of structures, two-dimensional 
influence coefficients of deflection are often obtained 
either by tests on full-size structures or on models, 
particularly in aircraft work where tests of this sort 
are fairly common. The author has not seen any 
transient heat conduction problems where the effort 
of an electrolytic tank determination of the Green’s 
function would be justified, but such problems may 
exist. 

Another difficulty arises due to the function ¢(x,y; 
,n) being infinite for x = —, y = n. This complicates 
the reduction of equation (6.1) to a matrix problem, 


but this reduction is possible if suitable assumptions 
for the variation of temperature between pivotal 
points are made. 


Acknowledgment—The dimensions of the fuel pin in the example 
are in fact those of the fuel pin in the American EBRI Mk. III 
reactor, although the American reactor uses NaK coolant, 
whereas sodium coolant has been assumed in the example. 
The author is indebted to the U.S.A.E.C. for their permission 
to publish details of the pin. 
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THE EXPERIMENTAL DETERMINATION OF FAST FISSION FACTORS 
IN LIGHT WATER-MODERATED, SLIGHTLY ENRICHED 
URANIUM ROD LATTICES* 


E. Erpikt 
Brookhaven National Laboratory, Upton L.I., New York, U.S.A. 


(First received 21 April 1960 and in final form 29 December 1960) 


Abstract—The ratio, 5:5, of the fission rate in **U to that in **U was determined for various slightly enriched 
hexagonal miniature uranium rod lattices in light water. The experimental values of 6,, and ¢ are given for 
1-0 per cent, 1:15 per cent and 1-3 per cent fuel enrichments, 1, 1-5, 2, 3 and 4 water-to-uranium volume 
ratios and 0-250 in., 0-387 in. and 0-600 in. rod diameters. The data presented are in some instances new; 
the remainder represent appreciable improvement over older values in that certain systematic and random 


errors have now been reduced. 


INTRODUCTION 


Tue effect of direct fission of **U in a nuclear reactor 
is usually taken into account through use of the fast 
fission factor e. This quantity is defined to be the 
number of neutrons slowing down past the **U 
fission threshold, per neutron from thermal fission. 
In recent years a large amount of work has been 
done to provide information on the size of the fast 
fission factor in different circumstances (KOUTS and 
Price, 1953; Kourts et al., 1955, 1958; Kouts and 
SHER, 1957; KLEIN et a/., 1958; Futcu, 1959; Price, 
1956; HILL, 1944). The importance of this parameter 
in helping to extend reactor core life has prompted 
this study, which is aimed simultaneously at enlarging 
the body of data available and improving the accuracy 
of some which has previously been reported. The 
improvements are partly made through a reduction of 
statistical error. In addition, certain systematic errors 
which have been present in the past have been reduced. 
The fast fission factor is given in terms of measured 
quantities by the approximate formula (KouTs and 
Price, 1953; Kourts eft al., 1955, 1958; KoutTs and 


SHER, 1957): 
e—1=( — tt), 
Yes 


2 (1) 


Vos 


where the subscripts and most symbols have their 
usual meaning, and 6,, is the ratio of the fission rate 
in *8U to that in ™°U. The experiments performed 
lead to values of dy. 


* Research performed under the auspices of the U.S. Atomic 
Energy Commission. 

t Visiting scientist under auspices of the International Co-oper- 
ation Administration. Permanent address: Faculty of Science, 
Ankara, Turkey. 
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MEASUREMENT OF FISSION PRODUCT 
ACTIVITIES 

The method used is basically that first used by HILL 
(1944) as refined later (KouTs and Price, 1953; Kouts 
et al., 1955, 1958; Kouts and SHer, 1957; KLEIN 
et al., 1958; Futcu, 1959; Price, 1956). It makes use 
of the catcher technique to determine the relative 
fission product activities from “*U and *°U fissions, 
and employs a calibration measurement to relate this 
ratio to that of fission rates. The techniques and 
analysis have been fully described elsewhere (KOUTS 
and Price, 1953; Price, 1956), and we extract here 
only that portion which is needed to clarify aspects of 
the present work. 

In the measurement of 4,,, two sets of catcher foils 
receive fission products respectively from a fuel rod 
and from a foil of depleted “*U sandwiched between 
two sections of a fuel rod. The observed count rates 
of the catcher foils are called R, and R, respectively; 
each is a function of both the exposure time T and the 
interval ¢ between the end of exposure and the time of 
counting. The observed experimental parameter is 


Rt,T) 


BUM) = Rn)’ 


(2) 
Briefly, B(t,7) is the activity of the catcher foil near 
depleted uranium to the activity of the foil near the 
fuel rod. From this it follows that 


B(t,T) — Mg5/Nos 
Nge/Nog — B(t,T) 


where the symbols m and N are atom densities in the 
depleted foil and in the uranium rod, respectively 
(Price, 1956). The difference in fission products from 


bog = K(t,T) 


(3a) 
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the two isotopes of uranium causes B(t,T) to differ 
from a constant value, and the factor K(t,7) must be 
used to correct for the variation. A calibration 
experiment which evaluates the dependence of K on 
its parameters is essential. 


CALIBRATION EXPERIMENT 


The technique used to find K(t,7) has also been 
fully reported elsewhere (Kouts et al., 1955 and 1958; 
Price, 1956). It makes use of a double fission chamber 
to measure the relative fission rates in ™*U and *°U 
in a spectrally adjusted neutron flux; simultaneously 
in the same flux catcher foils are activated by depleted 
uranium and by uranium at natural or near natural 
isotopic content. The exposure time for the calibration 
experiment is chosen to be the same as the exposure 
time T used in fast fission factor measurements. Since 
we kept T constant at about ten minutes in the 
experiments and the calibration, only the variation of 
K with ¢ was of importance. Three separate calibrations 
were done, with the results shown in Fig. 1. The 
error indications are the standard deviations of the 
three measurements. 

The principle change introduced here is one of 
magnitude of K. Older measurements (KouTs and 
Price, 1953; Price, 1956) of this function under the 
circumstances used in these measurements would lead 
to values about 7 per cent higher over the time interval 
of interest. The effect is that now 6,, must be reduced 
by essentially the ratio of the new to the old average 
values. 

ANALYSIS 

It was decided that the measurement was most 
simply done by choosing a range of values of t which 
leads to K(t) having an average value of unity. This 
was easily arranged; in the interval 60 minutes < ¢ < 
196 minutes K(f) has a mean value of 1-00 + 0-03. 
This time interval was chosen as well-suited to the foil 


counting arrangement. With this choice made, the 
analysis could be carried out with a simplified version 
of equation (3a): 


Pes B — tgs/Nos 
anil Nog/ Nog — B 


(3b) 


where B is the average value of B over the time interval. 
The error introduced is negligible, because by equation 
(3a) the time dependence of K and B nearly cancel. A 
number of tests on the data from individual measure- 
ments showed no significant difference between 
results found using both the exact expression (3a) and 
its approximate form (3b). 

The conversion from 4,, to ¢ made use of recent 
values of the parameters (SHER and Leroy, 1960): 


V¥o9/¥o5 = 1-160 
Vo, = 2°45 
Vog = 2°84. 


Integration of recent cross-section results leads to 
%»_ = 0-107. Use of these quantities in equation (1) 
leads to the result 


e— 1 = 0-708 4,,. (4) 

The coefficient is appreciably greater than the older 
value 0-557 (Kouts and Price, 1953). The values 
reported here are therefore larger than previous ones, 
a trend partly compensated by the improvement in the 
calibration experiment. 


RESULTS 


Measurements of B were made in 26 lattices of 
slightly enriched uranium rods in ordinary water. The 
lattices differed in rod diameter, enrichment, and in 
water-to-fuel-volume ratio. All rods were contained 
in 0-028 inch thick aluminium tubes, with a radial air 
gap of 0-005 inches. The results, converted to 6), and 
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PERIOD AFTER END OF EXPOSURE 
Fic. 1.—Correction factor K() for fast fission factor 
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to e, are listed in the Tables. 6g, is plotted in Fig. 2. 
Each point is the result of several measurements, the 
standard statistical error in B being between 0-0046 
and 0-0063. 

In all instances the fuel enrichment is nominal, the 
precise values being 1-299 per cent, 1-143 per cent and 
1-027 per cent weight percent of ™°U. The water-to- 
fuel ratios are the actual ones, the aluminium and air 
being neglected. The transition from larger to small 
rods introduces progressively greater volume fractions 
of aluminium and air into the lattices, and this point 
certainly accounts for most of the observed reduction 
of dy, as the rod size is diminished. 

The fuel enrichment is seen to have little or no 
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influence on the observed value of 6,,. This point is of 
importance in assessing the effect of fast neutron 
leakage on the results. The conclusion here is that the 
accuracy of the measurement does not lead to a clear 
evaluation of this small effect. 

For convenience, the Tables list values of « cal- 
culated with the old and the new versions of 
equation (4). 

The effect of using the most recent nuclear para- 
meters is seen to be very large. 
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TABLE 1.—EXPERIMENTAL VALUES OF THE FAST EFFECT AND FAST FISSION FACTOR FOR 0-250 IN. DIAMETER RODS 


Enrichment 
(%*U by weight) 


Volume 
ratio: 


1-0 


1-15 


Fast fission factor 


| € = 1 + 0557 dys | 


e= 1 + 0-708 Sos 


0-126 
0-103 
0-077 
0-061 


0-128 + 0-003 
0-103 + 0-003 
0-077 + 0-002 
0-064 + 0-002 


1-071 
1-057 
1-043 
1-036 


1-091 
1-073 
1-055 
1-045 


TABLE 2.—EXPERIMENTAL VALUES OF THE FAST EFFECT AND FAST FISSION FACTOR FOR 0-387 IN. DIAMETER RODS 


Enrichment 
(% *U by weight) 


Average 
(5g) 


| 


Fast fission factor 


&é= 1 + 0-557 Sos é€ 1 


0-180 + 0-003 
0-134 + 0-002 
0-108 + 0-004 
0-080 + 0-003 
0-066 + 0-002 


1-075 
1-060 
1-045 
1-037 


| 
| | 
| 1-100 
| 
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TABLE 3.—ENPERIMENTAL VALUES OF THE FAST EFFECT AND FAST FISSION FACTOR FOR 0-600 IN. DIAMETER RODS 


Volume 


Enrichment 
ratio: 1 


(°, LU bv weight) 
WU 1-0 1-15 13 
0-179 
0-142 
0-113 
0-086 
0-070 


0-180 
0-144 
0-116 
0-081 
0-072 


0-177 
0-126 
0-106 
0-084 
0-071 


0-179 
0-137 
0-112 
0-084 
0-071 


Average 
(Dos) 


T 


Fast fission factor 


0°557 Oo. 
0-002 
0-003 
0-004 
0-002 
0-002 
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Abstract—The average number of neutrons per fission, 7, has been measured for the spontaneous fission of 
“Cf. A large liquid scintillation counter was then used to compare some other ? values with that of **Cf. 
The following results were obtained for prompt ? values. 
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keV neutron induced fission 2°39 
2:5 MeV neutron induced fission 2°60 
* 235() 14-2 MeV neutron induced fission 4:28 
* 238) 14-2 MeV neutron induced fission 4:44 

*#°Pu spontaneous fission 
F *2Cf spontaneous fission 


0-05 
0-08 
0-08 
0-12 
0-05 
0-07 


2:13 
3-69 


These results are based on the assumption that **°Pu and ***Cf fission neutron spectra are identical; their dependence 


on these spectra is discussed 


1. INTRODUCTION 

MEASUREMENTS of 7, the average number of neutrons 
emitted per fission, have been reported from several 
laboratories. Relatively few of these measurements 
are absolute (KALASHNIKOVA ef al., 1955; SANDERS, 
1956; KENWaRD ef al., 1959) the remainder generally 
being referred to * for thermal fission of *°U. A 
summary table is given in a paper by LEACHMAN (1958), 
and it is noticeable that the accuracy of the # values is 
rather poor except for thermal and spontaneous 
fission. 

The growing importance of fast reactors has 
emphasized the need to know accurately how the 
parameter * varies over a wide range of incident 
neutron energies. This paper reports some measure- 
ments for neutron energies of 75 keV, 2-5 MeV and 
14-2 MeV, and also for spontaneous fission. Further 
work has been planned to determine the detailed 
variation of * with energy from thermal to about 20 
MeV. 

A loaded liquid scintillation counter (REINES ef al., 
1954) was used as the neutron detector. This type of 
detector, with a fission chamber at its centre, gives one 
pulse coincident with a fission chamber pulse, followed 
by one delayed pulse for each fission neutron captured 
within the scintillator after being slowed down by the 
moderating material present. Efficiencies of about 
80 per cent for detection of these capture pulses from 
fission neutrons are obtainable with large counters. 
The efficiency of the present counter was calibrated by 
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reference to the Harwell *Pu standard neutron source 
(RICHMOND and GARDNER, 1957; RICHMOND, 1958). 
However, this source is not suitable for direct calibra- 
tion of the scintillation counter since no fiducial pulse 
(as from a fission chamber, for example) is provided 
by the source, and also because the gamma-ray 
emission from the source would produce an intolerably 
large background rate. An indirect calibration was 
therefore necessary, and was performed in the follow- 
ing way. A determination of # for spontaneous fission 
of **Cf was carried out by measuring the fission rate 
of a **Cf sample and comparing its neutron output 
with that from the Harwell Pu source. This com- 
parison was made using detectors consisting of several 
BF, counters embedded in paraffin wax (such detectors 
commonly have efficiencies of about | per cent). A 
smaller sample of **Cf in a fission chamber was then 
placed at the centre of the scintillation counter, and 
the mean number of neutron capture pulses per fission 
was measured. The ratio of this number to # for **Cf 
gave the efficiency of the counter. 

Loaded liquid scintillation counters have been used 
previously for comparison of # values for fission 
induced by low-energy neutrons and for spontaneous 
fission (DiveN ef a/., 1956: Hicks er al., 1956). The 
extension of the method to higher energies necessitated 
the development of an efficient neutron shielding and 
collimating system. Neutrons were obtained from 
nuclear reactions induced by particle beams from a 
3 MV Van de Graaff. 
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This paper supersedes a preliminary note (MOAT 
et al., 1959) the final values given here being slightly 
higher than those previously quoted. 


2. MEASUREMENT OF **Cf * FOR 
SPONTANEOUS FISSION 


2.1 Cf neutron output determination 

A sample of **Cf deposited over a 3 cm diameter 
region on a thin (0-002 in.) Pt disk was supplied by 
Dr. J. Milsted of A.E.R.E. Harwell. The fission rate 
was approximately 650 fissions per second. The 
Harwell spontaneous fission source (RICHMOND and 
GARDNER, 1957) consists of 91:5 per cent **Pu and 
85 per cent *’Pu, and is contained in a | in. diameter 
spherical capsule. The neutron output of this source 
was taken as (2036 — 0-030) « 10' n/sec which is the 
value finally recommended by RICHMOND (1958), after 
calibration against source standards from a number of 
laboratories. The excellent agreement obtained by 
RICHMOND in these comparisons is taken as evidence 
for the reliability of the Harwell standard. 

Two ‘castle’ detectors were used, each consisting of a 
cylinder of paraffin wax through which runs an 
axial hole. Several BF, counters were embedded in the 
wax with their axes parallel to that of the cylinder. 
The dimensions and other physical data are compared 


TABLE | PHYSICAL DETAILS OF THE NEUTRON COUNTERS 


No. of 
BF, 
counters 


External] Internal 
diameter] diameter 
(in.) (in.) 


Height 
(in.) 


Position of 
cadmium 


Castle 


No 
cadmium 
Axial hole 
lined with 
Cd 0-010 
thick 


TABLE 2.- 


MEASUREMENTS MADE 


Detection efficiency, 


a 6 8 
Neutron energy, MeV 


Fic. 1.—Assumed response curves of the ‘wax castle’ counters. 


in Table 1, and the energy response curves of the two 
castles are shown in Fig. I. 

A comparison between the Harwell spontaneous 
fission source and the **Cf sample was made by 
counting each source placed in turn at the centre of 
the castle. The sources were arranged so that their 
centres occupied the same position in the castle. 
Corrections were applied for scaler dead-time, for a 
small increase in the output of the Harwell source 
when inserted into the castle (Section 2.2(c)), and for 
‘softening’ of the *°Pu neutron spectrum (Section 
2.2(b)). Table 2 shows the observed counting rates, 


IN NEUTRON CASTLES 


source 


Castle 


Time 


“ount 
Cou (sec) 


Rate 
counts 


Corrected 
for dead- 


Correction 
for reflected 
neutron 
multi- 
plication 
(see Section 


Correction 
for 
softening of 
Pu spectrum 
(see Section 


Output of 
22Cf 
sample 


*2Cf output 
corrected to 
6.12.58* 


7% 
2.2(c)) 2.2(b)) 
3.12.58 34.153 2 
111,341 


(2-431 


2-439 0-017). 108 


4.12.58 


——EEEE 


2-445 - 10° | (2-440 — 0-017). 16 


5.12.58 27-616) 2-441 - 10° | (2-438 


229-70 


0-016) - 10 


* This correction is for decay of the Cf sample. The error term does not include the error quoted for the Harwell source. 
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the corrected rates, and the ratios obtained with the 
two castles. The last column shows the data corrected 
for z-decay of the Cf sample. 

The value finally taken for the output of the **Cf 
sample was (2-437 — 0-040) x 10° n/sec. 


2.2 Possible sources of error in the neutron 
output measurement 


Three possible sources of error in the measurement 
described in Section 2.1 were considered. They were: 

(a) The geometry of the standard source was differ- 
ent from that of the Cf sample and an error in the 
ratio of source strengths would occur if the efficiency 
of a castle was critically dependent on the position of 
the source of neutrons. Measurements made with a 
small test source showed that the maximum decrease 
in efficiency for a | in. displacement from the centre 
was 0-2 per cent for castle A and 0-5 per cent for B. 

(b) KENWARD er al. (1959), have pointed out that 
the neutron energy spectrum from the Pu source will 
be slightly different from the *°Pu fission spectrum 
because some 6 per cent of emerging neutrons have 
been ‘softened’ by inelastic collisions through the 
plutonium metal. Furthermore, the neutron energy 
spectra from *°Pu and **Cf fission may not be the 
same. Consequently source strength comparisons 


should ideally be made with a detector of flat response. 


The efficiencies of the two castles were measured at 
24 keV, 197 keV and 827 keV using Sb-Be, Rd Th-D,O 
and Rd Th-Be neutron sources. At higher energies 
only sources which emit a wide range of neutron 
energies were conveniently available, and the castle 
efficiencies were measured with ‘mock-fission’ and 
Ra-—Be sources, with mean energies of 2:2 and 5-0 MeV 
respectively. The energy response curves (Fig. 1) were 
so drawn as to pass through the mono-energetic points, 
and to yield the measured efficiencies for mock-fission 
and Ra—Be when combined with the known spectra of 
these sources. The softened neutron spectrum emerg- 
ing from a | in. diameter Pu sphere was computed on 
the AWRE IBM 709 by the Carlson method and 
taking for the input fission spectrum that measured by 
CRANBERG ef al. (1956) for thermal fission of *U. 
The corrections for the softening effect are shown in 
column 9 of Table 2. In calculating the standard 
errors of the results given in column 12 it is assumed 
that these corrections are known to +25 per cent. 
TERRELL (1959), has reviewed experimental measure- 
ments of fission neutron spectra. For a particular 
fissioning nuclide he predicts an increase in fission 
spectrum mean energy, £, with excitation of that 
nuclide and consequently with *. He shows that the 
measured £ values for any nuclide fall close to the 
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predicted £ versus * curve for *U. Using this 
evidence one might expect F for ™*Cf to be 2-12 MeV 
and that for “Pu to be 1-88 MeV. However, no 
measurement of the Pu fission spectrum has been 
reported, and a preliminary measurement made here by 
T. S. Green indicates that the **Cf spectrum is perhaps 
softer than that reported by SMITH ef al. (1957). A 
correction due to 250 keV difference in £, assuming 
Maxwellian distributions, would increase the **Cf 
output as measured in castle A by 2-3 per cent and as 
measured in castle B, by 1-6 per cent. Such a correc- 
tion is not made here since insufficient data are 
available on the fission spectra concerned. * 

(c) The standard source consists of over 90 per cent 
*3®Pu which is thermally fissile, so that when the source 
is inside a wax castle multiplication of reflecied 
neutrons must be considered. There are several 
pieces of evidence which indicate that this effect is 
small. 

(i) There was no observable difference in the counting 
rates of castle A with and without a 0-015 in. 
thick cadmium box surrounding the “Pu source. 

(ii) The emission of a 6 kg sphere of Pu was found 
to increase by 3-5 per cent when inserted into 
castle A. The diameter of this sphere was 4 in., 
while that of the standard source is | in: the sur- 
face areas are therefore in the ratio 16 : 1. The sur- 
face multiplicationt of the small source is calcu- 
lated to be about 1-2 whereas that of the 6kg sphere 
is greater than twice this value. The increase in 
emission for the source must therefore be less 
than 0-11 per cent. 

RICHMOND and GARDNER (1957) showed during 
their work on source comparisons that the 
additional multiplication of this same source was 
(—0-1 + 0-4) per cent in a 4in. diameter cylin- 
drical cavity in a wax castle. 

The effect of multiplication, in castle B, of a | in. 
diameter sphere of **Pu has been studied by the 
Carlson method using 8 energy groups. For the 
purpose of this calculation the source was imagined 


* The sensitivities of practical neutron detectors vary with 
neutron energy. Consequently there is a need for more accurate and 
extensive data on spontaneous and induced fission neutron spectra, 
which are required in the evaluation of correction factors. The need 
for these data will be more acutely felt as the accuracy of neutron 
experiments improves. 

Note added in proof: A recent paper by Bonner (Nucl. Phys. 
(1961) 23, 116) gives experimental results for several fission neutron 
spectra including **°Pu and ™*Cf (mean energies 1:78 MeV and 
2-05 MeV respectively). Using these spectra we find that the **Cf 
output as measured in castle A should be increased by 2-5 per cent, 
and as measured in castle B, by 1:7 per cent. Such a correction 
would increase all our # values by (2-1 + 0-7) per cent. 

+ The surface multiplication of a mass of fissile material may be 
defined as the mean number of neutrons emitted due to one neutron 
entering the mass across its surface. 
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to be at the centre of a 5 in. diameter spherical 
cavity in a wax sphere of outer diameter 18 in; 
the result, 0-2 per cent increase in emission, is 
therefore an upper limit to the effect, the magni- 
tude of which for cylindrical geometry, was 
estimated to be 0-15 per cent. 


2.3 The *Cf fission-rate determination 


For this measurement the **Cf sample was mounted 
on one plate of a parallel plate fission chamber. This 
chamber had a plate separation of | cm and was used 
with a continuous flow of 90 per cent argon, 10 per cent 
methane, at atmospheric pressure. The bias curve 
obtained, (Fig. 2), had a slope of 0-18 per cent per volt. 
The fission rate, 657 fissions/sec, was determined by 
extrapolation to zero bias. A correction of 2 counts/sec 
due to scaler dead-time was applied, and an error of 
+2 counts/sec assigned, giving 659 —2 fissions/sec. 

The sample was inverted and a count made of 
pulses from the reverse side of the foil, to confirm that 
no fissile material had been deposited on that side of 
the platinum. No pulses were observed above the 
minimum discriminator bias of 5V. 


2.4 Result for Cf i 

Combining the figures obtained in Sections 2.1 and 
2.3 above we find * **Cf = 3-70 — 0-07. Correction 
for the delayed neutron contribution (Cox et al., 1958), 
gives a prompt 7 for **Cf spontaneous fission of 
3-69 + 0-07. 


3. COMPARATIVE #7 
3.1 Method 


MEASUREMENTS 


The comparative measurements were made using a 
100 litre cadmium-loaded liquid scintillation counter. 
The principle of this type of detector is that the large 


Fission counts/sec 


P , 
10 is 20 
Discriminator bias volts 


Fic. 2.—Bias curve for **Cf fission rate determination. 
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volume of hydrogenous liquid slows down the neu- 
trons; recoiling protons provide a prompt pulse 
coincident with the injection of a neutron. A loading 
element, usually cadmium, captures neutrons very 
efficiently as they approach thermal energy. Gamma- 
rays from these (n,y) processes produce scintillations 
in the liquid mainly by the Compton effect. A single 
neutron would thus produce a pair of pulses, the mean 
delay of the capture pulse commonly being about 
6 usec. For the present type of experiment a fission 
chamber is contained within the scintillation counter. 
Capture pulses are then counted for a fixed time follow- 
ing each fission pulse from the fission chamber. The 
mean number of capture pulses per fission, together 
with thescintillation counter efficiency, yields a measure 
of # for the fissioning nuclide. The present scintillation 
counter was a pilot model having an efficiency of 
about 65 per cent. It was cylindrical, 27 in. long x 
18 in. diameter, with a 2-5 in. diameter axial tube in 
the centre of which could be placed asmallcontinuous- 
flow fission chamber. The liquid (Nuclear Enterprises 
NE312, 6 per cent Cd loaded) was viewed by eight 
5 in. E.M.1. photo-multiplier tubes, type 6099, which 
were connected in two banks so that noise pulses 
could be rejected by a coincidence circuit. Figure 3 
shows this counter positioned in its shielding system 
which was situated 25 feet from the analysing magnet 
of a 3 MV Van de Graaff accelerator. 

A block diagram of the electronic system is shown 
in Fig. 4. A fission chamber pulse arriving in coinci- 
dence with the prompt pulse from the scintillator 
liquid (due to fission gamma rays and knocked-on 
protons) was made to open a ‘gate’ for a fixed interval 
of 23 usec. For the duration of this gate, scintillator 
pulses were passed to a multiple event analyser (Gore, 
1960) of dead-time 0-22 usec, which was arranged to 
give an output pulse with amplitude proportional to 
the number of input pulses. This output pulse was fed 
to a 100 channel pulse-height analyser. 

A ‘double-fission’ circuit was provided so that a 
second fission pulse occurring during the gate vetoed 
the output. This ensured that neutron pulses from two 
fissions could not be added together, and would also 
be good protection against interference pulses, since 
these are usually of an oscillatory nature. 

The efficiency of the scintillation counter was 
calibrated by placing a **Cf continuous flow fission 
chamber (about 30 fissions per second) in the centre of 
the axial tube through the scintillation counter, and 
measuring the number of neutron capture pulses per 
fission. The # measurements were carried out with 
a similar chamber containing 5 mg “Pu, and multi- 
plate chambers containing 130 mg natural uranium, 
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and 170 mg *°U (nominal masses). For neutron- 
induced fission the neutrons were produced by the 
following reactions, the neutron laboratory angle 
being 90°. 


75 keV neutrons: 1-30 MeV protons on tritium- 
zirconium target, 
2:5 MeV neutrons: 1-0 MeV deuterons on deuter- 
ium-zirconium target, 
14-2 MeV neutrons: 1-0 MeV deuterons on tritium- 
zirconium target. 


3.2 Neutron shielding system 


The neutron shield shown in Fig. 3 was designed to 
be effective up to 14 MeV neutron energy. The system 
was built on the ‘shadow cone’ principle, the angle of 
the cone being reduced as far as possible so that the 
minimum number of 14 MeV neutrons would be 


intercepted by it. The top 20 in. of thecone was made of 
iron so that the neutrons lose energy primarily by 
inelastic collisions; during this process many neutrons 
will also be scattered out of the sides of the iron cone. 
A 4 ft depth of water beyond the iron thermalizes 
the neutrons emerging towards the scintillation coun- 
ter. Neutrons approaching the side walls of the shield 
are room-scattered neutrons and only a very small 
proportion are expected io have energies near to the 
primary neutron energy, so that 2 ft of water shielding 
was considered adequate. 

Thermal neutrons passing out of the water towards 
the scintillation counter were stopped by a lining of 
boron carbide clad in aluminium (‘Boral’). A sheet of 
2 in. lead inside this provided some absorption of the 
soft gamma rays from neutron capture in the boron. 
No special provision was made to remove the 2:2 MeV 
gamma rays from neutron captures in the hydrogen of 
the water, since the shielding system was already 
adequate. This contribution to the background could 
probably have been reduced significantly by loading 
the water with boric acid. 

The neutron collimator was formed of cylindrical 
blocks 4 in. long, the five blocks nearest the target were 
made of iron and the rest were of Polythene. The 
first, third, fifth, etc. plugs counting from the target 
end of the collimator, were bored out with holes of 
progressively increased diameter, and were designed 
to produce a neutron beam 3 cm in diameter at the 
centre of the scintillation counter. The alternate 
blocks, i.e. second, fourth, etc. were provided with 
holes of 4 cm diameter as it was thought that some 
reduction of streaming of scattered neutrons into the 
beam would result from this construction. Cadmium 
filters were placed in the collimator to remove thermal 
neutrons from the beam. 

Some rough tests of the efficiency of the water 
shielding were made by draining water from the tanks 
whilst 14 MeV neutrons were being produced at the 
target. An increase in background rate by approxi- 
mately a factor of 3 was observed when the cone was 
emptied, and it was noticed that there was very little 
increase in background rate until the depth of water 
fell below about 15 in. Similarly a further factor of 3 
increase was observed as each of the annular tanks was 
drained. (A cylindrical partition, not shown in Fig. 3, 
divided the annular water shield into two concentric 
compartments each | ft thick.) The iron cone 
presumably had a very large effect since the trans- 
mission was about 10~* and the arrangement ap- 
proached ‘good geometry.’ Unfortunately it was not 
practicable to repeat the experiment with the iron 
removed. 
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Fic. 4.—Block diagram of electronics for scintillation counter. 


Typical counting rates of the scintillation counter 
were as follows: 
(a) unshielded, no neutron source 
1-0 » 10° counts/sec, 
(b) fully shielded, no neutron source 
0-4 x 10° counts/sec, 
(c) fully shielded with 3 x 10° 14 MeV 
neutron/sec emitted from the target 
7-5 x 10° counts/sec. 


3.3 Experimental procedure 

The total counting time on each sample was accumu- 
lated from a series of short runs: this method had the 
advantages of reducing the effect of long-term changes 
in the background counting rate, and minimizing the 
loss of data which could occur in the event of equip- 
ment or accelerator failure. For calibrations the length 
of a run was 15 minutes and for the other runs the time 
was normally about two hours. Two or three separate 
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calibration runs were performed before and after a 7 
determination and at intervals throughout the deter- 
mination. 

Background counts arose from scintillation counter 
pulses which were unrelated to a fission, but which 
occurred during the time the gate was open and hence 
were counted as neutron pulses. To make a correction 
for this it was necessary to know the average rate at 
which scintillation pulses from fast coincidence A unit 
(see Fig. 4) were being presented at the gate. A fast 
scaler (dead-time 0-25 usec) counted these pulses. The 
background rate was usually about 0-3 counts per gate, 
and during a run was kept within about 10 per cent of 
the mean value by controlling the accelerator output 
current. The ‘background’ scaler records the fission 
neutron capture events in addition to true background, 
but the former is a negligible fraction of the total count 
except for the case of spontaneous fission, where a small 
correction was necessary. The true background for 
the spontaneous fission experiments amounted to 
about 0-02 counts per gate. 

The pulse-height analyser display, the ‘background’ 
scaler count and the duration of the run provided 
sufficient data for the calculation of # values. However, 
in order to check that the equipment was functioning 
correctly, additional scalers counted the number of 
fission events, gating events and ‘double fissions.” The 
gating rate varied from experiment to experiment, the 
approximate number of gates per hour for ™°U was 
400 at 14 MeV, 100 at 2-5 MeV and 200 at 75 keV. For 
240Pu the rate was 1500 gates per hour and for **Cf 
60,000 per hour. 


3.4 Treatment of scintillation counter data 


The data observed in an experimental run comprise 
the true fission neutron emission probabilities modified 
by three factors; counter efficiency, background 
counts, and dead-time of the recording instrument. 
After correction for the last two factors the resulting 
average count per gate will be equal to # multiplied by 
the counter efficiency: for comparative measurements 
in which a ratio of two # values is determined, the 
efficiency cancels out. It appears to be impracticable 
to correct for background and dead-time by exact 
analytical methods. In the past, approximate methods 
have been used (DIveN ef al/., 1956; Hicks et al., 1956) 
the validity of which holds for a small loading of the 
capturing element, low background and short dead- 
time. These conditions are not adequately satisfied in 
the present case. We have recently devised a simulation 
method which is more generally applicable, the sole 
assumption being that the pulse width is small com- 
pared with the recording instrument dead-time. The 
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Aldermaston IBM 704 computer was programmed to 
produce, by a sampling process, the probabilities 
k,{N,B) of observing r pulses when N neutron pulses 
were generated during the gating interval with the 
correct capture-time-spectrum of the scintillation 
counter, and B background pulses were generated with 
uniform probability throughout the gating interval. 

The set of probabilities k,(N,B) was then used with 
the AWRE computer ‘DEUCE’ in a programme which 
synthesized the experimentally observed quantities 
Po, P;, etc. (where P, is the fraction of gates containing 
i pulses), in the following way. If A,, is the probability 
that » fission neutron capture pulses occur per gate, 
and x is the mean background count per gate, then: 


J J 
P,, = Ay > 5,k,(0,j)+ A, > 5, (1,j) +... 
jo=m-l 


J m 


xe =z 


where 5, , and is the probability that j back- 


a 
ground pulses occur in the gate. The value of J taken 
for each summation is such that 4,.,) is negligible. 
The range of m in the present experiment was 0 to 9. 

The set of simultaneous equations obtained was 
solved for Ay, A;, etc. The sum LA, is the mean 
number of fission neutron pulses per gate, and the 
ratio of this to the corresponding sum for **Cf, 
multiplied by # for **Cf, yielded # for the nuclide 
investigated. For example: 


ENA ,(23U, 75 keV) 


i? ™U, 75 keV) = YnA,(2Cf, spont.)’ 


i (Cf, spont.). 


3.5 Results of comparative measurements 


Table 3 contains the results of all the comparative 
measurements. The individual experimental runs 
were analysed separately and as an example Table 4 
gives the details of the experiment for 75 keV neutrons 
on *U. A weighted mean of the 2A, ratios from the 
last column of this table is entered in Table 3. The 
final column of Table 3 gives the # values obtained by 
taking (Cf, spont.) = 3-69 + 0-07. 


3.6 Assessment of errors 


The errors assigned to the LA, terms were based on 
the square root of the total number of neutron capture 
pulses observed in the run. It can be shown that this 
simplified procedure overestimates the errors slightly. 

The coefficients k,(N,B) mentioned in Section 3.4 
were themselves subject to random errors since they 
were produced by a sampling method, and it was 
necessary to know how these errors might affect the 
results obtained. The result of an experiment on 
22Cf was first processed using the original k,(N,B) 
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TABLE 3.—SUMMARY OF COMPARATIVE MEASUREMENTS 


Means of fissioning 


75 keV neutron induced 
2:5 MeV neutron induced 
14:2 MeV neutron induced 
14-2 MeV neutron induced 
Spontaneous fission 


Number of 
experimental 
runs 


~ n2A,(nuclide) 


~ nA,C*Cf spont.) 


0-647 
0-706 
1-159 
1-203 
0-576 


0-068 
0-016 
0-006 
0-023 
0-006 


coefficients, and then using the coefficients plus or 
minus one standard deviation, the positive or negative 
sign being chosen at random. The results of three 
runs were as follows: 

original coefficients 

modified coefficients run 1: nA, = 2-3066 

modified coefficients run 2: LA, = 2-3006. 

This test was taken as evidence that no significant 
error was introduced by inaccuracies of these co- 
efficients. 

Errors quoted in column 5 of Table 3 are com- 
pounded from the errors in column 4 and the error on 
p MCP. 


: nA, = 2-3022 


3.7 Effect of differences in fission neutron spectra 

It is generally assumed in this type of measurement 
that for all practical purposes fission neutron spectra 
are identical. If fission neutron spectra are in fact 
related to # values in the way suggested by TERRELL 
(1959), see Section 2.2(b), some error may be intro- 
duced when using liquid scintillation counters for 7 
comparisons. This type of counter has an efficiency 
which falls with increasing neutron energy. A typical 
Monte-Carlo calculation for a 30 in. diameter spherical 
scintillation counter gave the following efficiencies: 
0-93 at 0-1 MeV, 0-91 at 0-5 MeV, 0-92 at 1:5 MeV, 


TABLE 4.—INDIVIDUAL RUNS FOR **°U at 75 keV 


SnA, C™U, 75 keV) 


! 
No. of 7°U 
| fissions analysed 


Date 


| Run no. 
| 


<nA, CCF, spont.) 


4.2.59 16 380 
4.2.59 17 328 
5.2.59 325 
5.2.59 431 
5.2.59 389 
5.2.59 393 
5.2.59 351 
6.2.59 386 
6.2.59 372 
6.2.59 582 
6.2.59 458 
9.2.59 408 


0-683 
0-698 


NUFF wN UY S&S wWN 


0-85 at 3 MeV, 0°55 at 14 MeV. This response would 
introduce an error of less than | per cent in a # ratio 
for which the two fission neutron spectra differ in 
mean energy, £, by 0-25 MeV. The response of our 
scintillation counter was not measured. Monte-Carlo 
calculations predict a steeper efficiency fall-off with 
energy for this smaller counter, but this effect could 
conceivably have been cancelled by the poorer light 
collection from liquid near to the centre. 
p 49Py 
detectors known to have different response curves, the 
two measurements would be expected to disagree if the 
fission neutron spectra differ. This ratio has been 
measured by Diven et a/. (1956) and by Hicks et al. 
(1956), both using cylindrical counters 30 in. diameter 
by 30 in. long; they obtained respectively 0-583 
0-007 and 0-591 — 0-014 compared with our result, 
0-576 + 0-006. We conclude from the agreement of 
these results either that the response of our small 
counter is very similar to that of the 30 in. models, or 
that the fission neutron spectra are not very different. 
In either case it appears that the error made in this 
ratio determination will be small. 

For fission at high energies the relationship between 
E and # is almost certainly different from that pre- 
dicted by TERRELL since his analysis does not consider 
neutron evaporation prior to fission. For ™U at 14 
MeV, for example, the excitation is sufficient for the 
evaporation of two neutrons of mean energy | MeV 
followed by fission of **U. The mean energy of 
emitted neutrons may thus even be lower than that for 
thermal fission. 

It may be concluded from the arguments presented 
above that only small errors due to spectral differences 
can have arisen in our comparisons of # values. 


If one measured a # ratio, e.g. , in each of two 


4. DISCUSSION 


The average number of neutrons from the thermal 
fission of °U has been widely used as a standard for 
other # measurements. Assuming ¥ = Piyermay + 


0-135 x energy in MeV, we have deduced from our 
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measurements at 75 keV a thermal # for *°U; in- 
cluding delayed neutrons and reducing to three 
significant figures yields * = 2:39 — 0-05, the same as 
the prompt value at 75 keV. Itis of interest to compare 
this value with other direct measurements of this 
parameter. The first section of Table 5 lists the 
(?25U, thermal) values now available, whilst the 
remainder of that table compares our other # measure- 
ments with existing data. The 1960 edition of BNL- 
325 (HuGues et al., 1960) gives (?°U, thermal) = 
2-43 — 0-02. 
A comparison which can also be made is between 
our ratio of 
7(7U, 75 keV) 
?°CF, spont.) 


and the ratio of 
r( 235). 80 keV) 
i?*Cf, spont.) 


measured by DIvEN er a/. (1956) using the same type of 


TABLE § 
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counter. The respective values of the ratio are 0-647 
0-008 and 0-638 + 0-010. 

Critical size experiments and calculations provide a 
means of testing # values, particularly in the energy 
rangeupto3 MeV. Taking ? for*°U = 2-46 — 01446, 
where & is the incident neutron energy in MeV, and 
acceptable values for other *°U nuclear data, it has 
been found here by J. B. Parker. E. D. Pendlebury 
and Underhill that the critical radius of a bare *°U 
sphere as calculated by Carlson and Monte-Carlo 
methods is 10 per cent lower than the experimental 
value. A discrepancy in the same direction has been 
found by LOEWENSTEIN and OKRENT (1958). 

The results of a number of trial calculations in which 
various parameters were adjusted showed that the 
critical mass was most sensitive to *. It was also shown 
that if # alone is altered, good agreement between 
theory and experiment could be obtained by reducing 
its value by about 8 per cent over the entire energy 
range. A reduction of this magnitude is not supported 


COMPARISON OF ? VALUES WITH EXISTING DATA 


Nuclide Means of fissioning Reference 


aed | Thermal neutron induced 


Thermal neutron induced SANDERS (1956) 


KALASHNIKOVA ef al. (1955) 


Standard 


Ra-—Be source 


Harwell Ra-Be source 

Old value (9°66 — 0-4) 10° 
n/sec 

New value (9:09 


0-09* 0-14) 10° 


Thermal neutron induced 


75 keV neutron induced but 
corrected to thermal and 


adjusted to include delaved 


contribution 
25 MeV neutron induced 
2:5 MeV neutron induced 


15 0-5 MeV neutron 
induced 


14-8 MeV neutron induced 


i4+-1 MeV neutron induced 


14 MeV neutron induced 
14-1 MeV neutron induced 


14-2 MeV neutron induced 


Value above corrected to recently 
measured output of standard 


KENWARD ef al. (1959) 


Present paper 


JOHNSTONE (1955) 


Present paper 


SMIRENKIN ef a/. (1958) 


PROTOPOPOV and BLINOV (1958) 


JOHNSTONE (1955) 


GRAVES (1954) 


FLEROV and TALyYZIN (1958) 


Present paper 


0-037* 


*2Cfi = 3-69 — 0-07 


nsec 


Harwell **’Pu spontaneous 
fission source 


ot 3-69 — 0-07 


Harwell Ra-Be (Old value) 
aC fF 3-69 — 0-07 
AU, thermal) 2-47 


rP*U, thermal) 2-47 


Harwell Ra-Be (Old strength 
value) 


Values for non-elastic and 
fission cross sections 
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Taste § 


Nuclide Means of fissioning Reference 


2381) 14 MeV neutron induced 


Graves (1954) 


14-1 MeV neutron induced 


JOHNSTONE (1955) 
14-1 MeV neutron induced 


14-1 MeV neutron induced 


14:2 MeV neutron induced 


14-2 MeV neutron induced | Present paper 
Spontaneous 


CRANE et al. (1956) 


Spontaneous 


Spontaneous 


Spontaneous DIveEN et al. (1956) 


Spontaneous JOHNSTONE (1955) 
Spontaneous Present paper 


Spontaneous CRANE ef al. (1955) 


Spontaneous DIVEN ef al. (1956) 


Spontaneous 


Present paper 


FLeROV and TALYZIN (1958) 
FLEROV and TAMANOv (1958) 


GAUDIN and Leroy (1958) 


BARCLAY ef al. (1951) 


KALASHNIKOVA ef a/. (1955) 


(Contd). 


Standard 


Harwell Ra—Be (Old value) 


Values for non-elastic and 
fission cross-sections 


Values for non-elastic, (n,2n) 
and fission cross sections 
0-03 


r?*U, thermal) 2:47 


Cf i = 3-69 — 0-07 


Harwell Ra-—Be (Old value) 


mCi jf = 3-52 


Ra-—Be source 
re*U, thermal) 
Harwell Ra-Be (Old value) 


eC f 369 - 0-07 


National Bureau of Standards 
Ra-Be 

>A*U, thermal) 2-46 0-03 

Harwell **"Pu spontaneous 


fission source 


* Includes delayed neutron contribution. 


+ But sce also Bow Man and THOMPSON (1959) where the value is given as 3-8 


by the present experimental results. It should be 
noted, however, that better agreement can be achieved 
if § does not vary linearly with incident neutron energy. 
The accuracy of the 2-5 MeV value reported here was 
not sufficient to decide between linear and non-linear 
variation. Further measurements in the energy ranges 
thermal to 8 MeV and 12 to 23 MeV are now planned 
in an attempt to resolve this point. For these measure- 
ments a 30 in. diameter spherical counter will be used 
in a rotatable shielding system. 
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Abstract 


The perturbation of the neutron flux in an infinite medium caused by a cylindrical channel is 


investigated when the unperturbed flux varies linearly in a direction perpendicular to the axis of the channel. 
The channel in fact behaves as a dipole and the dipole strength is calculated as a function of the channel 


radius 


The results have important applications in the theory of transverse streaming. 


1. INTRODUCTION 

WHEN there is a flux gradient across a hole in a reactor, 
the transverse streaming of neutrons across the hole 
causes a loss of reactivity. In this report we consider 
the way in which the presence of the hole perturbs the 
neutron flux in the neighbourhood of the hole. The 
results obtained have been used by one of us in 
another paper (CARTER, 1961) to determine the 
reactivity loss due to transverse streaming. 

We consider a cylindrical hole, radius a, in an 
infinite non-absorbing medium in which the asymptotic 
neutron flux varies linearly in a direction perpendicular 
to the axis of the hole. For convenience we shall take 
the mean free path in the medium as unit of length. In 
Section 2. we obtain an approximate solution, valid 
for a 1, of the transport integral equation. In 
Section 3 we obtain an approximate solution valid for 
a > 1. In Section 4, we solve the Boltzmann integro- 
differential equation by the P, and Ps, spherical 
harmonics method. By interpolating between these 
approximations. we obtain an approximation which 
should be fairly accurate for all a. 


2. SOLUTION OF THE INTEGRAL EQUATION 
FOR A SMALL HOLE 

Following Davison (1951) the integral equation for 
the neutron flux may be reduced to two-dimensional 
form. in the plane perpendicular to the axis of the hole: 

K ” 

[ey SP ary (2.1) 
r>a P 

l 2n eal 
—e dé , ” ” E 

~{ J, dr')K(p") dp”, (2.2) 


ur) = = | 


~“« 


where 


K(x) = [Kio dt, (2.3) 


oz 


* Present address: Emmanuel College, Cambridge. 


and p’ = —r — r’, the geometric distance between r 
and r’, and p” is the optical distance between r and r’, 
i.e. the part of the path length p’ which lies in the 
medium. @ is the angle between p’ and r. 


Fic. 1. 


We now try to solve (2.2) for a « 
approximations. 


Define 


1 by successive 


r+p’ (2.4) 


and put d(r) 2, ¢,(r), (2.5) 


| 
$,(r) = — 


where 


+ [do [eK U0) dp" +f), 


(2.6) 
with f(r) = 0 
] 2” x : 
and f,(r) = on [ wo | {Pralt’) 
— d,_,(0")}K(p") dp", fork > 1. 
(2.6) may be written 


(2.7) 


aa Ki — l,m» =» 
${r) = = | [, —  » d{r") dr” + f(r) 
(2.8) 
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¢,(r) is the flux in a source-free infinite medium and 
is therefore a solution of V*°d,(r)= 0. For our 


problem, we take ¢, to be the asymptotic flux 
(2.9) 


constant — rcos 6. 


(r) 


=F when 4 > sin-a,r 


=rcos9 — \ a — r* sin? 4° 


sintar and p >u. 
(2.10) 


u=2\ @ —r* sin? 6° 


Expanding 4,_,(r’) in a Taylor series about r’. we have 


, 


a’ 


d, (rn) ~ d, (r’) 


i 


“=, a! Op" 


—sin 9. then 


Put sin 7 
; a 


u=\ rr — asin? 7 — acos7 


and (2.7) becomes 


f(r) 


(apo ir Kip dp’. (2. 


For small a. using (2.13) 
dr) ~ f(r) ~ ad, (0) ~ @ (2 


and we can evaluate dir) correct to order a 


calculating only 


fiir) and d,(r). 


From (2.13). 


since dir") = constant — x — p” cos(9 — d) 


2a* cos d 


vr 


flr) = - | "cos? ydy 


ot 


(b) r< a, 


p —p =rcos9—\ a —r*sin* 4 


; é 
S — =~ 4,_,(r") (2.11) 


(2.12) 


2.13) 


~* 


} Kp") dp".r > a. (2.15) 


x >. » 
. . 7 
and f(r) = > | rcos 9 
Ii AZ, ada Jo | 


|" rxy oO" r 
—\ a —/* sin* 6| d6 | ae >, ir 
| Jo \dp”” 


(2.17) 


K(p’) dp”. 


Again, for small a, ¢,(r) ~ a®*. From (2.17). 


Paes a a POX FT 
| \" cos 6 — \ @ — r*sin* B 
0 


Alt) = 


“ 


— ) d6 [K(p") dp” 


cos ¢, forr <a. (2.18) 


It is shown in Appendix | that the asymptotic 


solution of (2.8). where 
fA) = gr) cos 4, is 

3 cos d 

2r 


| r2g.(r) dr. (2.19) 


by... r) 


r® g(r) dr 


| - dr [ K(p) dp. 


a 
Change integration variable from r to u. with 


r dr = (u — acos 7) du. 


| du a Kp) dp = ; 


olf 


and | wdu | Kip) dp = 2/3. 


we have 

| “r8e,(r) dr = 

Therefore to order a’, 

i cosé (2. 


¢,(r) = constant — rcos d — 


3. SOLUTION OF THE INTEGRAL EQUATION 
FOR A LARGE HOLE 


For a> 1, we put 
(3.1) 


(3.2) 
(3.3) 


a—x, 
d(x) cos 6. 


a ax. 


(2.16) 
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Then, the integral equation (2.1) becomes 


d(x) = | | d(x’) Kip D cos 9 d#’ dx’ (3.4) 
2 “0 J0 P 
Divide the range of integration in (3.4) into two parts 
corresponding to: 

(i) neutrons reaching x from x’ without passing 

through the hole, so that p” = p’, 

(ii) neutrons which pass through the hole. 

In evaluating the contribution from (i), put y’ 
a sin 6’. Then the contribution is 


» KAp’) 


l t 
$(x) = — x’) —— dy’ dx’. (3.5) 
27. p 


Using the identity (Appendix 2) 


? - 
E\(x) = - K (x sec 6) sec 6 dO, 
Ww Jo 


“ee 


(3.6) 


with y’ = |x — x’|tan 6, p’ = |x — x'|sec 6, (3.7) 


(3.5) becomes 


d(x) = 4] Ex — xD dQ) dr’, (3.8) 


This is the same integral as occurs in the Milne 


problem. 
The contribution form (ii) occurs when 


5 +. 
hy Jz ae 
a a 


’ = Ig da — 
p = 2asin= 


(3.9) 


(3.10) 


This expression for p” is correct only if 6 > 6», but it is 
of the right order of magnitude even for 0~ 6, and 
in the limit, a—» 2x, no error is introduced by using 
this approximation over the whole range of integration. 
Thus, 


a “pas 


$(x) = — x | |, $x’) d6’ dx’, 


dan = 


2 


{" q(x) dx — [ [ {b E\(\x — x'|) + 4 E(x + x’) — Ex + x’)} glx) gx’) dx dx’ 


F(q) = “= 


and when a— ©, 


l (rx % 
HO =F Io Jo 


“ d(x’) d6’ dx’ 
ff 


oa 2 n/2 
= i| ~ [ K,{(x — x’) sec 4] 
0 lar Jo 


“ (sec 6 2 cos 8) dO} d1x')dy’ (3.11) 


In Appendix 2 we show that the kernel in equation 
(3.11) is 


| K,{(x + x’) sec 6] (sec 6 — 2 cos 6) d6 


= E(x + x’) — 2EAx — x’). (3.12) 
Combining equations (3.8) and (3.11), the integral 


equation for ¢(x), when a —» x. becomes 


Hx) = 4 [ {E\(|x — x’|) 


. 


E\(x — x’) 


— 2Ex + x’)} d(x’) dx’. (3.13) 


This is the equation for a Milne type problem with a 
kernel modified by the contribution from neutrons 
which pass through the hole. Equation (3.13) will 
have an asymptotic solution 


p(x) ~ X + Xp. (3.14) 


Comparing this with the asymptotic solution for d(r), 


9 


B 
$(r) ~ r cos 0 — — cos 8, (3.15) 
r 


we see that 


@a-— ) 
Br 
a+ Xp 


~ | -22. (3.16) 


We have solved equation (3.13) approximately by a 
variational method (LeCaine, 1947) taking a trial 


function 
q(x) = ox) — x = xo(1 — Ae”). (3.17) 


The functional 


7 
| q(x) {E,(x) — E,(x)} dx | 


(3.18) 
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is minimized with respect to A and k. It can then be 
shown (Appendix 3) that 


(3.19) 


No — 


20 ~Fiq) 
We find that F,,\,, = 47-07. 


0-21373. 


for k = 2, giving Xy 
In the Milne problem, we know that the 
trial function (3.17) gives x9 correct to 0-00004, so that 
in our problem. we can be fairly confident that 
Vy = 0-214 is correct to 3 decimals. Thus, in equation 
(3.16). we have 

0-428 


B~ | . 
a 


(3.20) 


4+. P; SPHERICAL HARMONICS 
APPROXIMATION 

In the previous sections we have obtained solutions 
of the problem for a < | anda > 1. For the general 
problem with any value of a, we shall now obtain an 
approximate solution using the P; spherical harmonics 
method. The details of the method are discussed by 
Davison (1958). 

We take the axis of the hole as z-axis and denote 
spatial position. r. by polar co-ordinates (r, 4) in the 
v—y plane. The neutron direction 2 is given by 
angular co-ordinates (5.6), where § is the angle 2 
makes with the z-axis and @ is the angle that the 
projection of 22 on the x v plane makes with x-axis. 
Put ~ 4 d. 

In the P, approximation. the neutron angular 
distribution is written as 


(2n 


J 1) 
——— y',(r.Q). 


nell 


Yor.Q) (4.1) 


In a problem with no :-dependence. the y, 

written 
y'g( Fr. Q) 
yy(r.Q) 


may be 


d,(r) — ¢,(r) 

(22 Nir) — Q.X(r)} 

— 12 .Vd,(r) 

[(3Q.? — Q) O,(r) 

— (Q? — 2?) O(n) 
22.2 0,(r)] 
(ad. TQ YX, 
(312. VT)? — V2} 
(54, 6b.) 
y'g(r.Q) = 3822. V(Sy. — yo) — Fy, 

where ¢,(r), ,(r), the two components of X(r). and the 

three components of ©(r) satisfy certain differential 


equations and subsidiary conditions given by Davison. 
In particular. 4,(r) is a solution of V*d,(r) = O and isin 


y(r.Q) 


Q,X,) 


fact the asymptotic flux satisfying the diffusion equa- 
tion in a non-absorbing medium. 

Allowing for all the symmetry in our problem we 
find that we can write 


¢,(r) = constant (“) cos — B (*) cos 6 | (4.3) 
p (4.3 


o(r) = CK,(,r) cos 6 

Di Ko(ver) — KAver cos 2 6} 
DK,{v,r) sin 2 6 

2EK,(vgr) cos 6 

E{\ K,(4r) cos 6 — 

E{ Ky(vgr) sin 6 


X Ar) 
X (vr) 
O,(r) 
©,(r) 


K,(v4r) cos 3 6} 
K,(v,r) sin 3 6} 


where 


v2 = 35/9, v2 = 7/3, 942 = 7, 


and the four coefficients B, C, D and E are to be 
determined from the boundary conditionsat the surface 
of the hole. The rigorous boundary condition is that 
the “t'(a,Q) is the same at the two points where a 
neutron path Q enters and leaves the hole i.e. 


gla, 9, &. om) = ‘F(a, 6, §, «) 


-Y(a.a 6—2w: En ©) 0. (4.7) 


In a finite order spherical harmonic approximation, 
it is not possible to satisfy this condition for all 
directions of Q. and, following Davison’s recom- 
mendations. we apply the following four integral 
Marshak boundary conditions. 


| "dt | do pla. 9: 


» a" 
£m) sin* = cos @ 


di| dev la, 9; &,@) sin® § sine» 
0 J -22 


> (4.8) 


de» yla, 9; §. ~) sin’ Ecos? & = 0 


- | 
do» fla, 6; §, «) | 
x sin Ecos? w sinew =0 | 


On applying these boundary conditions we obtain 
four rather complicated simultaneous linear equations 
for B. C. D and E. These equations were solved 
numerically for several values of a. The results are 
given in Table I. 

B is plotted against a in Fig. 2, together with the 
value B = 2a/(2a — 1) obtained from P, approxima- 
tion. It is clear that the spherical harmonic approxi- 
mation is converging well for large a but not for small 


a. In Fig. 1. we also plot | — , against a. 
a 


21 


Influence of a cylindrical channel on a neutron flux 117 


‘05773 
"14318 
‘2690 
‘4443 
— 6937 
2-0565 
~ 4-887 
14-601 
~89-41 


*7640 
7835 
‘8230 
“8539 
‘8780 
8967 


We suggest that this is probably quite a good estimate 
to B for all values of a. It has the correct behaviour 
for small a, and for large a, corresponds to replacing 
the 0-428 in equation (3.20) by }. 


5. CONCLUSIONS 


When a cylindrical hole of radius a is made in an 
infinite medium in which the unperturbed flux is 
dt) = constant + r cos ¢, the asymptotic flux out- 
side the hole is given approximately by 


¢,,(F) = constant + rcos dé — — 


x [1 oa | oo 


The extra term added into the unperturbed flux is the 
flux arising from a dipole neutron source at the centre 


| 
|. The 


of the hole and of strength a® [ -—— 
2(1 + a) 


hole is in fact behaving as a polarized medium, the 
polarization being proportional to the gradient of the 
unperturbed flux. 
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APPENDIX 1 
We wish to find the asymptotic solution of 


c , Kir — v'|) 
He) = 5 | fae ir r] d* 


Taking two-dimensional Fourier transforms, we obtain a 


solution 
Rerme qe ao 
4 
oe lw 


f(r) = 


r’ + f(r). (A.1) 


(A.2) 


Consider case when “8 cos ¢ (A.3) 


o 2a 
then fe) [ rg(r) dr | efor 008(¢—-2) cos odd 
0 ( 


) 


cos 2 2(w) (A) 


where 


o 2 
2(w) [ rg(r) dr { ef" 84% cospdd 
0 


0 


2ni | re(r)J (wr) dr. 
0 


a 2(' +e) 


fe] 


Fic. 2.—Value of the dipole term, B, in the asymptotic flux as a function of the hole radius a, 
The centre curve of {1 —1/2(1 +)] is a suggested interpolation between the various approximate 
calculations 
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Therefore 


— 
gw) @ dew 


p(r) 2) cos OO dD 


c o 
—tan''@* 
Lae] 
icos ¢ [ . 
0 


27 


F()od (wr) deo 


¢ 
l — tan 'w 
a7] 


* 


x 


(Hy '(wr) H,? (or) 


20 


icos ¢ 
4a 


wg) dw 
c (A.7) 
— tan 
o 
Now H,'*(wr) 
function, 


H,""(—wor), so that provided g(w) is an odd 
icos ¢ [ * wg(w)H,"(wr) deo 


4n 
J-2 | 


p(r) (A.8) 


e 
- tan''w 

om 

Evaluate this integral by contour integration along the path 


shown. The contribution from the cuts from —ito +i ~% is of 


order 


H,""(ir) (A.9) 


2 
- K,(r). 
7 


Pas(t) is given by the contribution from the pole at w + in, 
where 
e 
— tan” (ix). (A.10) 
is 
Therefore 


i cos  27i ix 2(ix) 


‘ 
Pas?) = K\(«r) (A.11) 
7 


For c—>l,«* + X1 — c) + 0, Ky(xr) 


er x 


and 2(ix) > — 7K r® g(r) dr, (A.12) 


20 
so that 


3cos ¢ [ 
Paa(t) > — | r® g(r) dr. (A.13) 
ar I, 


* 


APPENDIX 2 


Pe +/2 


2 1é 
To evaluate the integral J, = - K(x sec 0) sec’ ~*" 6 df 
7 


/0 


forn = Oand I. Put y = x tan 4 and use the identity 


(p) * e—\ f=»? 
ke —— . dz. 
P Jo = ‘ 


e—2?+y*—2? dy dz 


(A.15) 


r ad Ke y)’ 


Now convert to polar co-ordinates, y rsin d, z r cos 4, 


and then put r* rue 1). We obtain 


e-*" dd du 


u(cos? & 


u*® sin? d)"* 
Thus 


APPENDIX 3 
Consider the integral equation 


*x 


A(x) K(x,.x') d(x’) dx’, 
0 


(A.18) 


where K(x,."') K(x’,x) is a symmetric kernel, 


| K(x,x') x’ dx’ x Six) 


20 


and 


is bounded at infinity. 


Put f(x) = x + g(x). (A.20) 


Then (A.21) 


q(x) | K(x',x") g(x’) dx’ + S(x). 
0 


The variational method (LeCaine, 1947) applied to the 


integral equation (A.21) with a trial function g(x) gives 


F(x) dx | G(x) K(x,x’) G(x’) dx'dx 
0 


G(x) Sts) dr | 
0 


l 
> ~=s—(A..22) 


| qx) S(x) dx 
0 


F(q) 


the equality sign holding only when q = q. 
Let G(x,,x) be the Green's function of the integral operator 
in equation (A.21), i.e. 
G(x,,x) | K(x,x’) G(x,,x") dx’ + Oe — x). (A.23) 
0 


Then the solution of (A.21) may be written 


q(x) [ S(x,) G(x%,,x) dx,. 
0 


* 
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Since K is symmetric, G is also symmetric by the optical 
reciprocity theorem. Thus, interchanging x, and x and letting 
xX, —> ©, we have 


20 #t 
Xo = Go) -| S(x) x;-> © G(x,,x) dx. (A.25) 
0 


#t 
But x,-+0 G(x,,x) is the solution of (A.18) normalized to 
unit current, i.e. 


wt 
Xy-> © G(x,,x) = 3x + g@)) (A.26) 


x= | [x + g(x)] Sx) dx. (A.27) 
0 


Then, using equation (A.22), we have 


e 3 
X—e> af x S(x) dx 4+ F@)’ 


In the integral equation (3.13) we have 


K(ixx)=4 E,(\x - x’) + Ex + x’) — Ex + x’), (A.29) 


so that (A.19) gives 
S(x) = E(x) — Ex), 
and (A.28) becomes (3.19) of the text. 


(A.30) 
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Abstract 
been determined. 


The critical masses of mixtures of plutonium and Plexiglas, and of plutonium and graphite have 


The experimental data were derived from sub-critical neutron multiplication measurements on cylindrical 


assemblies containing these mixtures. The atomic ratios of moderator-to-fuel ranged from H:Pu 


H:Pu ~ 100 and C:Pu 0to C:Pu ~ 10. 


0 to 


Theoretical values of critical masses were derived for water- and graphite-moderated systems of plutonium 
using 16-group transport and diffusion calculations. The atomic ratios of moderator-to-fuel ranged from 


H:Pu = 0to H:Pu ~ 1000 and C: Pu 


0 to C: Pu ~ 35,000. 


The authors’ experience indicates that the result of this work is an inexpensive and reasonably accurate 
method for making nuclear safety calculations upon these systems. 


1. INTRODUCTION 


SUB-CRITICAL neutron multiplication measurements 
were made on cylindrical assemblies containing pluto- 
nium metal moderated with Plexiglas and graphite. 
These assemblies were constructed of alternate layers 
of moderator and metal disks. Methods of converting 
from finite cylinders to spheres are discussed. Extrapo- 
lations of the heterogeneous experimental data to 
homogeneous critical masses are 

Multigroup diffusion and transport calculations 
using sixteen energy groups were employed to compli- 
ment the experimental data. 

The transport calculations were made using SNG 
and DSN codes for the IBM-704 computer (CARLSON, 
1958; and CARLSON et al., 1959). 

The nuclear cross-section specifications were devel- 
oped by HANSEN and ROACH (1960). 


also. discussed. 


2. EXPERIMENTAL 


2.1 Experimental method 


The experiments were performed in a glove box to 
preclude the spread of contamination. No additional 
neutron source, other than that provided by the 
spontaneous fissioning of the fuel (primarily Pu in 
the fuel) was used. This technique may have led to a 
consistent under-estimation of the critical mass in some 
cases, because these measurements were not taken 
closer than 70-85 per cent of the critical mass as deter- 
mined by the 1/M extrapolations. Neutron source is 
added with the fuel and since this source alone would 
increase the counting rate, it will contribute to the 
measured multiplication, i.e. increase the measured 
multiplication. This effect will be masked, as one 


* U.S. Atomic Energy Commission Contract AT (29-1)-1106. 


approaches critical, by the true multiplication and also 
because additions of fuel are usually made to regions of 
low importance. 

The multiplication measurements were made using 
scaling equipment coupled to 'B-lined counters 
moderated with polystyrene. A Lil(Eu) scintillator 
was also employed for these measurements. 

The counters were located on the concrete floor 
approximately 90cm directly below the assemblies. 

The reciprocal multiplication curves were drawn in 
the following manner: An amount of fuel and modera- 
tor known to be considerably less than the critical 
amount was placed into position to be counted. The 
neutron flux measured by the counters was recorded as 
background for each of the four counters used in these 
measurements. Next a small increment of mass was 
added to this assembly. A 2-minute count was taken 
by each counter. Then a ratio of the background count 
to the count after the first addition provides a relative 
value of reciprocal multiplication 1/M. This ratio is 
plotted on the ordinate and the corresponding total 
mass of the assembly is plotted on the abscissa. This 
process is repeated until the critical state is approached. 
A sample curve of this type is given in Fig. 1. In this 
case the 1/M values for the four counters were averaged 
to provide a single curve. 

Four counters were used rather than a smaller 
number merely to provide an extra measure of safety 
during the build-up of these assemblies. 


2.2 Experimental materials 


2.2.1 Plexiglas-plutonium assemblies 


A. Moderator and reflector density ~1:20 g/cm*® 
(Rohm and Haas Plexiglas Type R). 


120 


Plexiglas- and graphite-moderated plutonium assemblies 


Inverse multiplication 
vs. 
number of fuel disks 


\ 
‘i 


. 


5 6 612)«616 «(O20 24 28 
Number of fuel disks 
Fic. 1. 


B. Fuel dimensions and moderator dimensions 
(see Tables 1, 2 and 3). 
C. Fuel density ~15-8 g/cm?. 


2.2.2 Graphite-plutonium assemblies 


A. Moderator and reflector density 1-76 g/cm* 
(National Carbon Grade CS-312). 

B. Moderator and reflector dimensions: 
35-56 cm diameter and 1-27 cm thick. 

C. Fuel density —15-8 g/cm’. 

D. Fuel dimensions: 


Disks 


1. 34-3 cm dia. x 0-142 cm 
2. 33-7 cm dia. x 0-137 cm 
3. 33-7 cm dia. x 0-142 cm. 


2.3 Results—plutonium-Plexiglas assemblies 


Neutron multiplication measurements were made on 
heterogeneous sub-critical cylindrical assemblies of 
Plexiglas and plutonium metal to ascertain the critical 
masses of several systems. Figure 2 provides a sche- 
matic of these assemblies. The experimental data 
(SCHUSKE, BIDINGER ef a/., 1960; and BIDINGER ef ai., 
1960) thus obtained are exhibited in Tables 1, 2 and 3. 
It is to be noted in Tables 1, 2 and 3 that the H: Pu 
atomic ratios were arrived at from theaverage thickness 
values of both the plutonium fuel and Plexiglas 
moderator disks. A knowledge of the dimensional 
tolerance of the fuel and moderator disks indicate 
that an air void of approximately | per cent in volume 
is expected in each assembly. (No provisions to 
accurately measure the experimental heights were 
made.) 

The equation for the density of fuel in an assembly is 

22-75 
Pru H: Pu + 1-44" 
fuel in the assembly when values of H: Pu ratios are 
calculated from the above data. 


This yields the density of the 


Plexiglas and plutonium metal assemblies 


Plutonium disk 


Plexigios disk —— 


Note: Top and bottom refiectors 10-2 cm thick 
Lateral reflector 7-62 cm thick 


Fic. 2. 


For the benefit of the reader, actual masses used in 
the experiments are included in Tables 1, 2 and 3 so 
that the length of an extrapolation to the critical state 
is evident. No comment on accuracy of these critical 
extrapolations is attempted in this report. 

The homogeneous cylindrical critical masses were 
obtained from the heterogeneous assemblies by plot- 
ting several metal disk thicknesses for a given H: Pu 
ratio as a function of the corresponding critical masses, 
and then extrapolating this relation to zero metal disk 
thickness. The technique is illustrated in Fig. 3. 

The homogeneous cylindrical masses for both the 
bare and reflected cases obtained in this manner are 
given in Figs. 4 and 5. The reader can note the dis- 
continuity of the 31-75 cm diameter cylinder in Figs. 
4 and 5. This discontinuity is due in large part to the 
difference in the “Pu content of these two sets of data. 
(The actual “°Pu contents are not available.) 

The bare cylindrical homogeneous masses were then 
converted to spherical masses by the application of a 
method due to PonD (1956). This method consists of 
letting K = | in the equation k = nfu,u, and solving 
for nf for each homogeneous case. Note u, and u, are 
the non-escape probabilities for fast and thermal 
neutrons. The escape probabilities are calculated 
from: 


1 
~ (1 + BAL + 4-2B2\(1 + 20-1687) 


U; 


A. GoopwiIn Jr. and C. L. ScCHUSKE 


TABLE 1.—EXPERIMENTAL DATA. BARE CYLINDER, 31°75 CM IN DIAMETER 
(Heterogeneous Fuel Dispersion) 


H:Pu 
atomic 
ratio 


Mass of fuel in 
the experiment 
(kg) 


Extrapolated 
critical mass 
(kg) 


56°5 
39-9 
38-4 
38:1 
26°6 
30:1 
27-6 
20:4 


99.9 


12°6 
18-4 
11-9 


1-6 40-42 
5-5 35-17 
5-9 29-40 
61 29-40 

11-4 20-21 

11-6 22-05 

11-7 22-05 

16:8 16-54 

20-3 16-05 

35:6 10-67 

39:8 14-48 

45-7 9-63 

47-6 8-56 10-3 

72:3 12-92 16-4 

90-7 6-65 8-5 

92-9 4-99 5-9 

94-2 5-35 74 


Density of fuel 
in the core 


Fuel 
thickness 
(cm) 


Plexiglas disk 
thickness 
(cm) 
0-292 
0-617 
1:20 
0-617 
1:20 
3-69 
2:46 
1:82 
0-617 
2:46 
4-93 
2:98 
1-49 
4-93 
3-63 
1-82 
302 


0-293 

0-160 
0:293 
0-146 
0-146 
0-439 
0-293 
0-146 


TABLE 2.—EXPERIMENTAL DATA. 


BARE CYLINDERS, 45:72 CM IN DIAMETER 


(Heterogeneous Fuel Dispersion) 


H:Pu 
atomic 
ratio 


Mass of fuel in 
the experiment 
(kg) 


Extrapolated 
critical mass 
(kg) 

18:1 25:95 
18-7 25-95 
19-4 24-88 
45-6 13-84 15:8 
46:4 12:96 15-7 
48-5 12-31 15:1 
87-0 9-72 13-0 
88-6 7:78 9-6 
94-1 6°48 8-0 


32:8 
32:0 
32-0 


Density of fuel 
in the core 
(g/cm) 


Fuel 
thickness 


Plexiglas disk 
thickness 


1:16 
1-13 
1-09 
0-484 
0-475 
0-456 
0-257 
0-253 
0-238 


L?B? 


| 3-1416 \? 
H — 0-72 


R — 0-36 


L? = thermal diffusion length 
R = cylinder radius in centimetres 
H = cylinder height in centimetres. 


The factor f is the thermal utilization and » the neu- 
trons per absorption in the fuel. These values of »f for 
the various experimental cases are then used to cal- 
culate critical sphere masses. These are given in Fig. 6. 


Infinite cylinder and slab parameters can also be de- 
rived by this method. 

Reflected homogeneous spherical masses were 
derived by making use of the shape conversion factors 
arrived at from critical UO,F, reflected cylindrical and 
spherical systems (BECK ef a/., 1949). This method is 
not as reliable as that used for the bare cases. Figure 
7 provides a plot of these data. 

A series of sub-critical measurements made on 
plutonium metal assemblies tamped with Plexiglas 
have been empirically correlated (SCHUSKE. SMITH e7 al., 
1960). A total of seven experimental values were found 
to fit (within the experimental error) an empirical 
equation of the form: 


(, A — 445 cm) (A — 0-635 cm) = 27-74 cm? 
A = area of the base 
h = critical height. 
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TABLE 3.—EXPERIMENTAL DATA. REFLECTED CYLINDERS, 31°75 CM IN DIAMETER 
(Heterogeneous Fuel Dispersion) 


H:Pu Mass of fuel in Extrapolated Density of fuel Fuel Plexiglas disk 
atomic the experiment critical mass in the core thickness thickness 
ratio (kg) (cm) (cm) 


0-5 17°21 : : 0-889 0-617 
1-0 18-18 : . 0-869 1:20 
2-4 16°55 ' 5: 0-161 0-292 
49 14-48 ; : 0-161 0-617 
91 10:34 : 0-161 1:20 
161 8-30 ' ] 1:20 

18-5 8:56 1-23 
19-6 7-49 : 0-617 

308 5-93 7 . . 2:46 

420 f ; 5 2-40 

43-3 65 ‘ 4 ’ 1-82 

46-2 Ps ; . 0-909 

82:2 +3 ‘ : 3-63 

87:3 we : ; 1-82 

92:2 3 ; 301 


The constants in the equation are: 4/Ay = 4-45 cm, 
Sind at oaneenen the length of a side of an infinite cylinder of square 
(H: Py ~ 94-1) = = cross section; A, = 0-635 cm, the infinite slab thick- 
45:72 cm diameter cylinder ness; and C = 27:74 cm*, an empirical constant. This 
type of equation was previously found to fit data for a 
variety of cases ranging from aqueous solution systems 
of uranyl fluoride (ScHUskE and Morritt, 1949) to 
uranium metal tamped with water (Gwin and MEE, 
1959). The data are tabulated in Table 4 and the 
correlation is illustrated in Fig. 8. 


kg 


moss , 


r) 
Y 
— 
= 
VU 


0:0254 
Fuel thickness, 


2.4 Results—plutonium-graphite assemblies 
Fic. 3. 


Figure 9 is a schematic of the sub-critical assemblies. 


Bore 31:75cmand 45:72cm diameter cylinders 
(homogenous fuel distribution) 


kg 


045-72 cm diometer cylinder (RF P— 190) 
e@ 3): 75cm dometer cylinder (RFP —' 78) 
o 3°75 cm diameter cylinder (RFP—!90) 
a 31°75. cm diometer cylinder 
(Calculoted from RFP—'23) 
H:PusO 
45-72 cm diometer cylinder 
(calculated from RFP —123) 
H:Pur:O 


5 TS Ste oe OT 


2 4 ‘ ® 10 


Critical moss, 


H:Pu atomic ratio 


Fic. 4. 
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RFP-(78 
RFP -190 


“9 


mass, 


Reflected 31-75cm diameter 
cylinders 
(homogenous fuel distribution) 


Critical 


H: Pu atomic ratio 


Fic. 5. 


-———_----— 


Critical mass of bore spheres as a function 
of moderation 
(Homogeneous fuel distribution) 


kg 


\ From bore 3):75cm diometer cylinders 


» Bore metol sphere, Jorvis ef o/ 1960 
Average of 31-75cm diameter ond 


45-72cm diometer cylinder 
conversions 


~ 
rm) 
o 
E 
3° 
° 
= 
= 
4 
> 
a 


30 40 50 60 #70 #480 
H:Pu atomic ratio 
Fic. 6. 


Reflected critical sphere masses vs meterction | 
(Homogenous fuel distribution) 


a HC Poston 
Calculated from refiected 
BM 75cm dometer cyhnders 
Calculated from retiected 
51-75 cm dometer cy! 


Sphere masses, 


H:Pu atomic ratio 
Fic. 7. 
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TABLE 4.—EXPERIMENTAL DATA. 


PLUTONIUM METAL REFLECTED WITH PLEXIGLAS 


Sq. root of 
cross-sectional 
area \/A 
(cm) 


Array 
dimensions 


Exp. 
height / 


Emp.* 
height A 
(cm) 


6-35 x 6-985t 
Circle diameter 
~9-88 


6985 x 12-7t 


Square 


Approx. square 
Circle diameter 


~31-85 1-71 


50-8 


Square 1-25 


st. | 
Array Est ! 


ex 
density P 


error 
(g/cm?) (%) 


4 = ; 
SCHUSKE, SMITH 
et al., (1960) 
KLOVERSTROM, 

(1960) 
SCHUSKE, SMITH 
et al., (1960) 
SCHUSKE, SMITH 
et al., (1960) 
SCHUSKE, SMITH 
et al., (1960) 

SCHUSKE 
et al., (1959) 
Recent work 


Radial 
tamper 
(cm) 


Lateral 
tamper 
(cm) 


Source of 
data 


10°16 


10-01 


10°16 


10-16 


10-16 


10°16 
10-16 


7-62 
5-08 


* Empirical heights calculated from (\/ A — 4-45 cm) (A 
+ Same experimental point. 


Figure 10 contains the extrapolated critical mass as a 
function of the C:Pu atomic ratio (GoopWIN and 
SCHUSKE, 1958). The C:Pu atomic ratios were cal- 
culated on the basis that the core is the smallest 
cylinder which encloses all of the fuel. The SNG cal- 
culations in Fig. 10 are explained in Section 3. In 
addition to these experiments, studies were made on 
solid metal slabs 33-65 to 34-29 cm in diameter and 
end-reflected with varying thicknesses of graphite 
(Goopwin and Scuuske, 1959). These assemblies 
contained no lateral reflectors. The results are con- 
tained in Table 5 and Fig. 11. 


3. CALCULATIONS 
3.1 Computer codes and cross sections 


The calculations were multigroup using the S, 
approximation and the diffusion approximation to the 


| 
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Fic. 8.—Critical arrays of plutonium metal reflected by 
Plexiglas (approximately 10:16 cm Plexiglas reflector). 
— Rectangular and square cross sections 

Circular cross sections 
— Empirical equation. 


0-635 cm) = 27:74 cm’. 


transport equation. The S, method is well docu- 
mented and will not be further described here (CaRL- 
SON, 1955, 1959; CARLSON and Bett, 1958; and 
CARLSON ef al., 1959). 

The diffusion calculation used here is a fundamental 
mode solution of the diffusion equation (SAFANOv, 
1952). This method assumes the leakage is a function 
of the buckling and therefore is limited to bare homo- 
geneous reactors. The equations for this method were 
coded for the Bendix G-15D computer. 

The diffusion code yields a critical buckling and an 
average extrapolation length. The critical dimensions 
are then obtained from the following formulae: 

Ba sin Ba 
sin Ba — Bacos Ba 


J,{ Ba) 
J ( Ba) 


cos Ba 


Spheres 


2/3 Bi,, 


Infinite cylinders 


Infinite slabs : 
sin Ba 


Fic. 9.—Graphite and plutonium metal assemblies. 
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TABLE 5.—SOLID METAL SLABS WITH GRAPHITE END REFLECTORS 


. End-reflector 

thickness (cm) 
Plutonium disk 
diameter (cm) 

. Air void in the 
core % 

. Mass plutonium in 
the experimental 
core (kg) 

Experimental 
extrapolated 
critical mass (kg) 


54:3 


1:27 


46:2 40:7 42 36:1 


“— 


Critical mass vs. C:Pu ratio | 
35-56 cm diameter cylinders 


Lateral reflector - 0-953 cm 


0 1:27cm 
End reflectors de 2:54cm 


3-81 cm 


—— SNG coiculations 


3-Bi cm 
end refiecton 


E 


C/Pu ratio 
Fic. 10. 


cm 


Critical mass of metal slab 
vs 
graphite end refiector thickness 


34.39 cm diameter disk 
Average weigh! / disk * 2110g 
© 33:65 cm diometer disk 
Average weigh! / disk *1940g 

Groptite 35.56 cm diometer 


Tt T 


- 
. 
~~ 
~ 
~ 
~~ | 


| 
r 
| 
» al, 


7. 


Graphite end reflector thickness, 


~ 
oo 


60 70 
kg 


50 80 
Critical mass, 


Fic. 11. 


In the above formulae: 
B® = critical buckling 
A,, = average transport mean free path 
a= critical radius of sphere and 
cylinder or critical half-thickness 
of slab. 
The cross sections used were a sixteen-group set 
based on specifications given by HANSEN and ROACH 
(1960). A partial tabulation of these is given by 


ROACH (1960). Briefly the cross sections are averaged 
as follows. The first five (high-energy) groups are 
obtained by fission spectrum weighting (HANSEN, 
1958). The next ten groups are obtained essentially by 
flat collision density weighting except for the heavy 
element resonance cross sections. The heavy element 
resonance cross sections are obtained from the reson- 
ance integral and therefore account can be taken of 
resonance self-shielding. The thermal group is a 
Maxwellian average. 

Elements not tabulated by HANSEN and ROACH were 
treated using their recipes. These included at the time 
of writing **Pu and Pu. Since diffusion and the SNG 
code do not allow anisotropic scattering, the transport 
approximation is used, i.e. the total cross section is 
replaced by the transport cross section. HANSEN and 
ROACH have an anisotropic set of hydrogen cross- 
sections for use with DSN. All DSN calculations with 
hydrogen moderator used this set. 

The diffusion calculations made use of these cross- 
sections modified to normalize the calculated critical 
masses to several known experimental values. These 
modified cross sections were also checked using *°U 
mixtures since more experimental data are available 
for uranium. The fit for moderated cases was obtained 
by arbitrarily increasing the scattering cross sections 
by 10 per cent. The transport cross sections of the 
first five groups of **Pu and °U were increased by 
15 per cent to obtain the metal mass. The metal mass 
calculated 15 per cent high for plutonium (°U masses 
were within 2 per cent) but was not reduced further 
since obtaining a better fit to the metal does not 
influence the moderated masses above H/Pu atomic 
ratios of 5. 


3.2 Results of plutonium and hydrogen moderator 
calculations 


The results of the calculations for mixtures of 
plutonium and H,O are given in Fig. 12. The effect 
of Pu reaches a peak when the moderator-to-fuel 
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Fic. 12.—Spherical homogeneous masses. 
Bare—diffusion calculations 
A Bare—DSN calculations 0% **°Pu 

? Reflected—DSN calculations 0% **°Pu 


ratio is approximately 5. This is due to the large 
resonance at 1-O0S5eV. At higher H:Pu ratios the 
resonance escape probability increases and at lower 
H:Pu ratios most neutrons are captured or escape 
before being slowed down to 1-05 eV to be captured. 

The few DSN points plotted indicate the reliability 
of the diffusion method. DSN cross sections were not 
normalized to experimental data. The inverted tri- 
angles are DSN calculations of water reflected systems. 
Experience with *°U indicates that DSN is accurate 
to within 5 per cent on the critical mass with the cross- 
sections given by ROACH. 

The densities taken for the components of the 
mixture are: 

Pu — 19-6 g/cm* 


H,O — 1-0 g/cm’. 


Figure 13 shows a comparison between the experi- 
mental results of Section 2 and the diffusion calcula- 
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Fic. 13.—Multigroup diffusion calculations on homogeneous 
mixtures of plutonium and Plexiglas compared with experiment. 
Bare—diffusion calculations 

© Experimental values (Section 2.3). 


tions. These calculations were of homogeneous mix- 
tures of Plexiglas and plutonium. 
The densities taken for the components of these 
mixtures are: 
Plutonium—15-8 g/cm*® 
Plexiglas (C;H,O,)—1-20 g/cm’. 


3.3 Results of plutonium plus graphite calculations 


The calculations on graphite systems were both 
SNG and diffusion calculations. The results of the 
diffusion calculations are shown in Fig. 14. The effect 
of Pu is also shown. The “Pu in graphite has a 
similar effect to that shown for water. However it 
occurs for a higher moderator-to-fuel ratio for carbon 
than for water, of course expected since the slowing 
down length in carbon is longer than in water. The 
densities taken for the components of the mixture are: 

Pu—15-8 g/cm® 
C—1-65 g/cm’. 


Muitigroup diffusion calculations on 
bore homogeneous mixtures of graphite and plutonium 


(Spherical geometry) 


Pu density 
Fic. 14. 


The results of the SNG calculations are shown in 
Fig. 10. The upper curve is for 1-27 cm end reflectors 
and the lower curve is for 3-81 cm end reflectors. Since 
the SNG code handles only one-dimensional problems, 
the method of converting to finite cylinders is ex- 
plained below. 

The bare reactor calculations were converted to 
finite cylinders by equating bucklings. The bucklings 
were in general obtained from an infinite cylinder and 
infinite slab calculation using the following formulae: 


B = cylinder buckling 
2 — slab buckling 
= cylinder radius 
slab thickness 
= extrapolation length 
= first root of Oth order Bessel function 
of first kind. 
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The validity of this method was checked at C: Pu = 0 
and C: Pu = 10 by calculating the bare sphere radius 
by SNG and comparing them with the above. Table 
6 shows the results of this comparison. 

The above method is therefore seen to be adequate 
for the range of C: Pu ratios considered here. Table 7 
lists the bare buckling and extrapolation lengths 
obtained from the SNG calculations. 

In order to compare these calculations with the 
experimental results of Section 2.3 it is necessary to 
determine the effects of the reflector on the ends of the 
stack. It was determined that the lateral reflector 
could be assumed to have a reflector savings equal to 
the reflector thickness. This lateral reflector is just 
the extension of the graphite disks beyond the pluto- 
nium disks, and is small in any case. 

The end reflector was full-density graphite and 
ranged in thickness to 3-81 cm. In order to correct this 
for reflector savings, several SNG calculations were 
run at C: Pu = 10. The SNG calculations extended 
up toa reflector thickness of 5cm but were extrapolated 
beyond this by a one-group method (GoopwiIn and 
SCHUSKE, 1959). In the previous reference it was 
shown that the reflector savings is independent of 
geometry at this C: Pu ratio. Figure 15 shows this 
reflector savings as a function of reflector thickness. 

Measurements of plutonium metal reflected by 
carbon have been reported (KLOVERSTROM, 1957). 
These data permit a determination of the reflector 
savings versus reflector thickness values. These values 
are also shown on Fig. 15. An SNG calculation using 
slab geometry confirms the independence with geo- 
metry. 

The reflector savings at a C: Pu ratio of 5 was cal- 
culated at a reflector thickness of 1-63 cm by SNG. 


TABLE 6 


Sphere radius using 
buckling from 
slab and cylinder 
(cm) 


Sphere radius 
SNG 
(cm) 


Pu density 
(g/cm*) 


6°24 
20°83 


615 
20-47 


15:8 
2°81 


TABLE 7 


Buckling (B*) 
(cm-*) 


Extrapolation length 
(cm) 


1:87 
2-32 
2-46 
2:59 
2-66 


0-150 
0-0323 
00182 
0-0127 
0 00986 


Reflector savings vs. reflector thickness 
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Reflector savings, 


This curve is shown on Fig. 15 and was extended to 
4cm by a one-group calculation. 

The curves of Fig. 10 were calculated assuming the 
Pu — C core to be 33-66 cm in diameter and reflected 
laterally by 0-95 cm of graphite. The reflector savings 
of this graphite is assumed to be equal to the reflector 
thickness. 

The ends of the core are assumed to be reflected by 
1-27 cm graphite or 3-81 cm graphite. The reflector 
savings for these is then obtained from Fig. 13. 


4. CONCLUSIONS 


The comparison between theory and experiment 
indicate that adequate calculations of plutonium 
mixtures with water and graphite can be made for 
nuclear safety purposes (see Figs. 10 and 13). Greater 
experimental accuracy is desirable in order to assess 
the cross sections and perhaps to obtain better group 
cross sections. The Pu cross sections have not been 
measured over the entire range of energies needed, and 
some interpolation is necessary. Since the effect of 
*49Pu is to increase the critical mass over a range of 
moderations, a thorough analysis of systems con- 
taining gross quantities of “°Pu may in the future 
have economic merit when power reactor fuels are 
processed in large quantities. 


Acknowledgments—The authors would like to thank Dr. G. 
HANSEN and Mr. W. H. Roacu of Los Alamos for the use of 
their cross sections and for many helpful discussions. We would 
also like to thank Mr. B. Cartson of Los Alamos for his 
co-operation in running our S, problems at Los Alamos. 


REFERENCES 


Beck C. K., CALLIHAN A. D., Morritt J. W. and Murray R. L. 
(1949) Critical Mass Studies, Part III. USAEC Report, K-343. 

Bipincer G. H., Scuuske C. L. and Situ D. F. (1960) 
Plutonium-Plexiglas Assemblies, Part Il. USAEC Report, 
RFP-190. 

CARLSON B. G. (1955) Solution of the Transport Equation by S,, 
Approximations. Los Alamos Report, LA-1891. 

CaRLSON B. G. (1958) The S, Method and the SNG Codes. 
Los Alamos Report, LAMS-2201. 


Plexiglas- and graphite-moderated plutonium assemblies 129 


Carson B. G. (1959) Numerical Solution of Transient and 
Steady-State Neutron Transport Problems. Los Alamos Report, 
LA-2260. 

Carson B. G. and Bett G. I. (1958) Proceedings of the Second 
International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, Paper P/2386. United Nations, N.Y. 

CARLSON B. G., Lee C. and Wortton J. (1959) The DSN and 
TDC Neutron Transport Codes. Los Alamos Report, 
LAMS-2346. 

Goopwin A. Jr. and Scuuske C. L. (1958) Plutonium-Graphite 
Assemblies. USAEC Report, RFP-123. 

Goopwin A. Jr. and Scuuske C. L. (1959) Plutonium-Graphite 
Assemblies, Part Il. USAEC Report, RFP-158. 

Gwin R. and Mee W. T. (1959) Critical Assemblies of Uranium 
Metal. USAEC Report Y-1248. 

HANSEN G. E. (1958) Proceedings of the Second International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 
Paper P/592. United Nations, N.Y. 

HANSEN G. E. and Roacn W. H. (1960) Sixteen Group Cross- 
Sections. Los Alamos Internal Report N-2-753 Revision 1. 


Jarvis G. A., LINENBERGER G. A., ORNDOoFF J. D. and PAXTON 
H. C. (1960) Nucl. sci. Engng. 8, 525. 

KLOVERSTROM F. A. (1957) Spherical and Cylindrical Plutonium 
Critical Masses. UCRL-4957. 

PaxTon H. C. (1960) Critical Data for Nuclear Safety Guidance. 
Los Alamos Report LAMS-2415. 

Ponpd J. A. (1956) Critical Geometries for Bare Cylinders. 
USAEC Report, GAT-189. 

ROAcH W. H. (1960) Nucl. sci. Engng. 8, 621. 

SAFANOV G. (1952) Notes on Multigroup Techniques for the 
Investigation of Neutron Diffusion. T1D-2503. 

Scuuske C. L. and Morritt J. W. (1949) An Empirical Study 
of some Critical Mass Data. USAEC Report Y-533. 

Scuuske C. L., Bipincer G. H., Goopwin A. Jr. and SMITH 
D. F. (1959) Interaction of Two Metal Slabs of Plutonium in 
Plexiglas. USAEC Report RFP-174. 

Scuuske C. L., Bipincer G. H., Goopwin A. Jr. and SMITH 
D. F. (1960) Plutonium-Plexiglas Assemblies. USAEC Report, 
RFP-178. 

Scuuske C. L., SmitH D. F. and Bett C. L. (1960) Plexiglas 
Reflected Assemblies of Plutonium. USAEC Report RFP-213. 


Reactor Science and Technology Journal of Nuclear Energy Parts A/B) 1961, Vol. 15. pp. 130 to 139. Pergamon Press Lid. Printed in Northern Ireland 


LONG-TERM REACTIVITY CHANGES IN IRRADIATED THORIUM 
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Abstract—An analysis is made of the GLEEP oscillator measurements on thorium cartridges before and after 
irradiation (1-44 neutrons/kilobarn maximum) in the NRX reactor at the A.E.C.L., Chalk River. A simple 
theoretical model for neutron behaviour is assumed and basic nuclear data are adjusted to enable this model 
to predict the GLEEP experimental results. It is found that if the neutron yield from **U, 13, is lowered by 


approximately | per cent the best agreement between experiment and calculation is obtained, but the dis- 
crepancy obtained using ‘world’ nuclear data is not significant. 


1. Introduction 


THE work described in this paper appears to be the 
first to be published on the reactivity changes in 
thorium due to neutron irradiation. It is a part of a 
joint United Kingdom—Canada programme of experi- 
ments. The experiments provide a direct check on the 
validity of using ‘world’ nuclear data in conjunction 
with simple methods of calculation for the prediction 
of the *Th-*U fuel cycle. 

The reactivity effects of thorium cartridges were 
measured in the GLEEP reactor at Harwell using 
perturbation and oscillator techniques. Measurements 
were carried out before and after irradiation (up to 
1-44 neutrons/kilobarn maximum) in the NRX reactor 
at the A.E.C.L., Chalk River. In the analysis of these 
measurements a model for neutron behaviour has been 
adopted similar to that used in an equivalent set of 
experiments on uranium, reported by Rose, COOPER 
and TATTERSALL (1958). Effective cross-section data 
tabulated by Westcott (1958) for *°U and “5U have 
been used in the analysis, and basic nuclear data for 
*38U) have been adjusted slightly to obtain agreement 
between theory and experiment. 

The work, though similar to that on natural uranium, 
differs from it in detail in that no reactivity balance is 
struck between loss and gain of fissile isotopes and 
therefore the measured changes in absorption due to 
irradiation are much larger in the case of thorium. 


PART I: EXPERIMENTAL WORK 


Cylindrical thorium cartridges, canned in aluminium, 
were prepared by the A.E.C.L. at Chalk River with 
the dimensions listed in Table 1; these dimensions 
being consistent with a thorium density of 11-4 g cm~*. 
The cartridges were fitted with cobalt monitors for the 


* Present address: P. S. Group C.E.R.N., Geneva, Switzerland. 


TABLE 1.—DIMENSIONS OF THE THORIUM CARTRIDGE 


Diameter Mass 
(cm) (g) 


Length 
(cm) 


Thorium cartridge 
Canned thorium cartridge 


15-24 
19-08 


3-45 
3-86 


1635 
1753 


measurement of neutron irradiation dosage; the 
monitors were mounted in 1-92 cm long end-pieces and 
0-25 cm deep fins of the aluminium canning material. 

For irradiation in the NRX reactor, the canned 
cartridges were assembled in the demountable rod 
AGW No. 2, which was irradiated with four different 
cartridge loadings. 


2. Irradiation in NRX 


The cartridges were irradiated in fuel positions in 
the NRX lattice. Irradiations received (maximum 1-44 
neutrons/kilobarn) were deduced by CRraiG (1959a) 
from the subsequent activities of cobalt monitors 
placed at the ends and on the fins of the canning, a 
correction being applied for initial flux depression in 
the cartridges. During irradiation, some of the cart- 
ridges were several times withdrawn and re-installed 
in different positions in the reactor so that it was 
necessary to calculate a ‘mean over the irradiation’ 
flux for each cartridge from its total neutron dosage 
and irradiation time from the NRX daily records. 
Neutron dosages and fluxes are tabulated in Table 2. 

CRalG (1959b) has quoted a value of 0-025 + 0-002 
for r in an empty fuel position in NRX, which corre- 
sponds to a value for f’ of 0-026 + 0-002. Craic’s 
value has been derived by interpreting experimental 
reaction rates on the basis of the Westcott (1958) 
spectrum, which assumes that the neutron density 
distribution in a well-moderated thermal reactor may 
be represented by a Maxwellian component and a 1/E 
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TABLE 2.—CARTRIDGE IRRADIATION DATA AND THE MEASURED CHANGES IN APPARENT 
CROSS SECTION 


Neutron dosage | 


in NRX 
(CRAIG, 1959a) 
($t) 
(n/kilobarn) 


Cartridge 
reference 
number 


NRX neutron flux 


| Change in apparent 
cross section in 
GLEEP 
(Xx) 
(cm*) 


(mean over the 
irradiation) 
(n/cm?/sec) 


0-0137* 
0-0178 


0-384 x 10" 
0-501 
0-793 
0-312 
1-448 
0-564 
1-867 
0-733 
0-884 
1-420 
0-268 
1-855 
1-224 
0-585 
1-869 
0-861 
0-932 
1-148 
1-079 
1-533 
1-432 
1-503 
1-635 
1-720 
1-705 


0-17 4 
0-32 4 
0-41 4 


* Larger error because no cobalt monitor was fitted at the base of the bottom cartridge 


(CraiG, 1959a) in the demountable rod. 
+ Train measurements. 


component. Since no measurements were available of 
the ratio of the initial mean flux through a thorium 
bar in NRX to that in the empty channel, a value of 
0-573 +. 0-006 was adopted, equal to that measured in 
GLEEP (Section 4.1). Assuming no fine structure of 
the epithermal component of the flux this gave a mean 
8’ in thorium of 0-045 + 0-003, equivalent to a mean 
r value of 0-043 + 0-003. This value was used in the 
analysis. 

The moderator physical temperature, 7,, in NRX 
was taken as 43°C (CRAIG, 1959b). The neutron tem- 
perature, 7,, was deduced from the theoretical 


expression (CoveYou, BATE and OsBorn, 1956) 


T, =T, [ + 0-76 AEB" / -| 


which CAMPBELL, FREEMANTLE and Poo.e (1958) have 
shown to be consistent with certain experimental 
measurements in the D,O moderated reactor DIMPLE. 


Using T, = 43°C gave a value for 7, of 55°C; this 
value was used in the analysis. 


3. Measurements in GLEEP 


The GLEEP oscillator technique has been described 
by LitTLer (1956). Briefly, the sample is oscillated 
between the reactor centre and shield thus producing a 
modulation in pile power; the amplitude of the 
fundamental mode of this modulation, when compared 
with a standard boron measurement, is a measure of 
the apparent absorption cross section of the sample. 

The GLEEP ‘train’ was also used for measurements. 
This is a danger coefficient system in which the rate of 
change of pile power caused by the sample remaining 
for a few minutes at the centre of the reactor and out of 
the reactor, is used as a measure of its apparent absorp- 
tion cross section. 

Using these facilities the apparent absorption cross- 
section of each cartridge relative to a standard thorium 
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Fic. 1.—Change in cartridge apparent cross section in 
GLEEP as a function of cartridge irradiation in NRX. 


cartridge was measured in GLEEP, before and after 
irradiation in the NRX reactor. The measurements 
were made over a number of years, initially in the 
train but later in the oscillator because the more highly 
irradiated cartridges required better shielding which 
was available only on the oscillator facility. The 
train and oscillator measurements lay on two smooth 
curves when plotted against irradiation, which were 
consistent within the accuracy of the calibrations. A 
few measurements were carried out in both the trainand 
oscillator facilities which enabled normalization of the 
train measurements to values which would have been 
measured in the oscillator. The changes in apparent 
cross section X cm?, due to irradiation, are plotted as a 
function of cartridge irradiation in Fig. 1 (a negative 
sign conventionally indicating a gain in reactivity in 
GLEEP). The gain in reactivity due to irradiation arises 
predominantly from the formation of fissile “*U. 

The experimental error in X measured in the oscilla- 
tor is approximately +0-01 cm*; this being roughly 
equivalent to 0-002 barns per initial thorium atom 
(‘bita’). The experimental error in the train measure- 
ment of X is approximately +0-05 cm? (or +5 per cent 
whichever is the greater). 


4. Calibration experiments in GLEEP 


In order to interpret the GLEEP oscillator measure- 
ments a number of subsidiary calibration experiments 
were required. These are described below. 

4.1. Initial flux depression. The ratio of the mean 
neutron flux F, in the unirradiated canned cartridge, to 
that in the empty GLEEP oscillator channel Fy, was 
determined by activating copper foils in a sectionalized 
thorium bar and in a corresponding rod of graphite. 
The technique adopted was similar to that described 
by LITTLER (1956). 


Since copper is not a ‘1/v absorber’ in the epithermal 
region it was necessary to correct for the different 
neutron spectra in thorium and graphite. This was 
done assuming: 

(a) 2200m/sec absorption cross section of copper = 

4-0 barns (Rose, Cooper and TATTERSALL, 1958) 

(b) ‘above 1/v’ resonance integral of copper = 1-2 

barns (Rose, Cooper and TATTERSALL, 1958) 

It should be noted that this flux is total neutron 
density multiplied by a standard velocity, as defined by 
Westcott (1958). 

Allowing for the flux rise in graphite relative to air, 
it was found that 

F. 
7 0-573 + 0-006. 


0 


4.2. Flux perturbation. 


GLEEP af. 
F, 


The flux perturbation in 


due to additional thermal absorber 


growing into a cartridge with irradiation, may be 
expressed by the relationship: 


AF, , f AN, +> a 
= function | P 
2. 


as a function of added absorber, 


(4.2.1) 


GLEEP 


c 


c 


To determine 
c 


flux depression experiments were carried out on hot- 
pressed thorium bars, made to the dimensions quoted 
in Table | and containing boron to simulate the effects 
of added absorber due to irradiation, i.e. 


[2 AN,O;4, + 2 AN, ox] 


is simulated by 


[ANoe% 2x7 + AN gop )- 
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TABLE 3.—DETAILS OF THE BORON-LOADED, HOT-PRESSED 
THORIUM BARS 


Nominal boron 
loadings 
(p.p.m. (by weight)) 


Chemical analysis 
results 
(p.p.m. (by weight)) 


+5 to 10% 


* Bar crumbled and was destroyed before analysis. Nominal 


loading assumed with a probable error of + 10 per cent. 


The uniformity of the boron loading was confirmed by 
comparing absorption cross-section measurements of 
the individual sections of a bar. Five bars were made, 
each in four sections to allow the insertions of copper 
foils; details of the bars are given in Table 3. 

Two independent determinations of the flux pertur- 
bation were made using the following techniques: 

(i) Activation technique 

The mean flux in each bar was determined relative to 
that in the unloaded bar, by activation measurements 
with copper foils (as in Section 4.1). These experiments 
provide the flux perturbation in each bar, i.e. the 
difference in flux depression due to added absorber. 
The results obtained are given in Table 4 and Fig. 2. 

(ii) Reactivity technique 

The difference in apparent absorption cross section 
(or reaction rate) between each of the loaded bars and 
a standard bar was measured in the GLEEP oscillator, 
thus providing the change in reaction rate due to the 
added boron. It can be shown that this change 
satisfies the following equation (LITTLER, 1956); 


Fy AF, AF, 


Fa [1 4 Elina + Myon! + SE 


F, “2. 


(4.2.2) 
... AF, 
From the above equation > was deduced for each 


bar, the results being given in Table 4 and Fig. 2. The 
added thermal absorber (Table 4) was calculated for 
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each bar from the boron content and the difference in 
the mass of thorium present from that in the unloaded 
bar. 

The experimental values, within their accuracy, may 
be fitted by a straight line of the form: 


AF, 
F, 


il | Aeros + ANsonm 


2d 


The best straight line through the points is character- 
ized by a = 0-30 + 0-03. This value together with 
equation (4.2.1) enables the flux perturbation in a 
thorium cartridge in GLEEP to be calculated for any 
absorber content. 

4.3. Neutron spectrum and temperature. The epi- 
thermal spectrum parameter r has been measured in 
the empty GLEEP oscillator channel by activation 
measurements of the cadmium ratio of thin gold foils. 
It was found that r = 0-042 + 0-004 (Rose, Cooper 
end TATTERSALL, 1958) which is equivalent to /’ 
0-045 + 0-004. Using the flux depression F,/F, = 
0-573 + 0-006 of Section 4.1 and assuming no epi- 
thermal fine structure gave f’ = 0-079 + 0-008 in the 
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Fic. 2.—Measured flux perturbation in a thorium cartridge 
in GLEEP as a function of added thermal absorber. 


TABLE 4.—THE EXPERIMENTAL FLUX PERTURBATIONS IN GLEEP 
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TABLE 5.—HEAVY ISOTOPE NUCLEAR DATA 


o,(abs) 
(barns) 


6, (fiss) 
(barns) 


Ors. 


(barns) 


| 


A 
(sec™*) 


Ne 


7:56t 
8o** 
581t 
g5** 
694t 


$27t 


582t 


7-6* 
700** 


700** 


0-293 x 10-*tt 
28-7 x 10-*tt 


2-28t 


2-07} 


* The effective resonance integral for these cartridges (Table 1) was calculated from the expression 


(ee 


E 


where A=41+403 
B= 211+ 1-2 


t o, and or.;, for **p, have been taken as zero. 


~t HuGues and ScHwartz (1958). 


Pettus (1959) 


** HALPERIN and STOUGHTON (1958). 
tt Chart of the Nuclides (1956). 


Allowance was made for the 1/v contribution which is included in this expression. 


thorium cartridge or r = 0-073 + 0-007. This value 
was used in the analysis. 

The neutron temperature in the empty oscillator 
channel, as determined by Rose, Cooper and TATTER- 
SALL (1958) from oscillator measurements on ™Cd, 
49Sm, and Gd is 70 + 10°C, ie. 45°C above the 
physical temperature of the surrounding moderator. 
This temperature was assumed to be the mean neutron 
temperature in a thorium cartridge in the oscillator 
channel. 


PART II: INTERPRETATION OF EXPERIMENTS 


5. Assumptions and data 


5.1. Basic assumptions. In the interpretation of the 
experimental results it was assumed that: 


(i) There was no radial variation of spectrum or 
isotopic composition in the rod and the mean 
flux in the rod could be used to determine the 
reaction rate. 


(ii) The epithermal flux had no fine structure. 


(iii) The irradiation flux could be described by a 
constant mean ‘over the irradiation’ flux 
(Section 2). 


(iv) The neutron spectrum was not a function of 
neutron dosage. 


5.2. The thorium chain. Under neutron bombard- 
ment, natural thorium (virtually 100 per cent **Th) 
gives rise to the following chain of reactions: 

B-23m p-27d 


During irradiation therefore, short-lived **Th and **Pa 
produced in a thorium cartridge decay with 8- emission 
to form uranium isotopes. Some of the **Pa under- 
goes radiative capture forming “Pa, which decays 
with a short half-life to **U. Of the uranium isotopes 
formed, **U and ™°U undergo fission, producing 
fission product poisons. The uranium isotopes and 
fission product poisons contribute to the reactivity 
changes measured in GLEEP. The cross sections of the 
heavy isotopes and other nuclear data used in the 
analysis are given in Table 5. 

Cross sections and fission yields of the fission 
product poisons are taken mainly from WALKER 
(1956) and PATTENDEN (1959). 

5.3. Isotopic composition of irradiated thorium. The 
following differential equations were used to describe 
the changes in isotopic composition of a thorium 
cartridge during irradiation in NRX: 


dNoa 
d($t) 
dM3 
a($t) 
dN 
d($t) 
dNey _ 
st 
dNo 
d($t) 
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= at’ 93 No3003 == Nox + NiAual? (5.3.5) 


Th + n ——> ™Th > 333Pq > 3 +n —> HU + n—> BU + n—... 


+n 


i pe 


fission products 


fission 
products 


234Pq 


Long-term reactivity changes in irradiated thorium 


dNos 
abt) 


, 


oe 


— = (5.3.6) 


ena’, (5.3.7) 


o 


The **Th stage is neglected in these equations be- 
cause of its short half-life (23 minutes); the absorption 
cross section of “Pa is taken as zero. 

The equations have been programmed for the 
Ferranti Mercury Computer (Winfrith programme 
number 656). The programme calculates the number 
of atoms of the isotopes of the heavy elements per 
original **Th atom, together with the macroscopic 
fission cross sections of **U and *°U, as functions of 
irradiation. 


6. Analysis 


6.1. The GLEEP equation. The build-up of heavy 
isotopes and fission product poisons in an irradiated 
thorium cartridge causes a change in the apparent 
absorption cross section, as measured in GLEEP, and a 
change in the mean flux through the bar relative to 
that in the GLEEP oscillator channel. These effects may 
be described by the following equation, derived from 
(LiTTLeR, 1956). 


| _ AF, 
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AF. AF, 
¢ ath dot 
F, 2. F, 


(6.1.1) 
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The calculated value of ¢ is 1-005, and LiTTLER has 
quoted a calculated value for W of 0-88 + 0-01 
(Litter, 1956). 
The left-hand side of (6.1.1) represents the measured 
change incartridge apparentcross sectionallowing for: 
(a) the apparent cross section of } AN, atoms of 
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fission poisons in the perturbed GLEEP flux 
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and 
(b) the change in apparent cross section of the 
thorium cartridge itself due to the GLeep flux 


ce 


Of these two effects the second is much more impor- 

tant; for example, at ¢¢ = 1-0 n/kb the value of 

AF, . ; , AF, 

7 4 >. is — 1-16 ita whilst that of ( | — =] > AN,o, 
c c Dp 

is +0-12 bita. This is in contrast to the natural . 

uranium case, since in thorium there is a much larger 

increase in thermal absorption with irradiation, 

causing a larger flux perturbation in GLEEP. 


F, 
In Fig. 3 the value of ¥ — for each cartridge is 


plotted as a function of NRX neutron dosage. 


F 
< in GLEEP was calculated for each 


c 


individual cartridge from the expression of Section 4.2 
using isotopic concentrations calculated for the NRX 
spectrum and flux (Section 2) in which the cartridge 
was irradiated. The formation of **U accounts for 
the majority of the change in thermal absorption due 
to irradiation. 

The build-up of fission product poisons, \N,, were 
also calculated for each cartridge in detail and multi- 
plied by o,, the microscopic cross sections appropriate 
to the spectrum in a thorium cartridge in GLEEP 
(Section 4.3). Allowance was made for the decay of 
47Pm, “Pm, *'Sm and Eu during the period 
between cartridge removal from the NRX reactor 
and measurement in the GLEEP oscillator—the main 
effect is the build-up of “*Sm from “Pm. 

Allowance was made for the decay of **Pa to **U 
during the period between cartridge removal from the 
NRX reactor and measurement in the GLEEP oscil- 
lator; the correction strictly being dependent on the 


The value of 


gt.n/kb 
Fic. 3.—The GLEEP unpoisoned values. 
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NRX flux during the last few months of irradiation. 
This hold-up of **U is relatively more important at 
low irradiation; for example in a flux of 1-0 x 10% 
n/cm?/sec, the hold-up of **U at ¢t = 0-5 n/kb is 
8-5 per cent of its final concentration and at ¢¢ = 1-5 
n/kb the percentage is only 3-8. 

From these calculations the left-hand side of equa- 
tion (6.1.1) was evaluated for each individual cartridge; 
these so called ‘“GLEEP unpoisoned values’ are plotted 


F, 
together with X 7 in Fig. 3. 


The right-hand side of equation (6.1.1) represents 
the change in cartridge apparent cross section expected 
in GLEEP due to > AN, additional atoms of the heavy 


; , r Ar 
isotopes in the perturbed GLEEP flux ( 1+ 5 ) Since 


¢ 
some of the isotopic concentrations are dependent on 


irradiation flux, the unpoisoned values (for various 
cartridges) cannot be expected to fall exactly on a 
smooth curve. Each cartridge was therefore corrected 
to a standard irradiation flux of 1-0 x 10% n/cm?/sec 
using the following correction; 


(1 + :) > AN 4; — (1 + =) 5 ANp,| 


e/Al e/Bi 
x ol os Wen)| 


where: 
suffix A refers to values appropriate to an NRX flux 
of 1-0 x 10'* n/cm?/sec, 
suffix B refers to values appropriate to actual 
irradiation fluxes (Table 2). 
The effect of different irradiation fluxes is small. 
Strictly a correction should also be applied for the 
fact that the cartridges were irradiated at different 
neutron temperatures but no NRX _ moderator 


temperature distributions were available so it has been 
assumed that the irradiation moderator physical 
temperature for each cartridge was 43°C (Section 2). 
This is a reasonable assumption because the seasonal 
variation in the NRX inlet and outlet temperatures is 
approximately +6°C which roughly corresponds to 
the temperature variation along a channel. The 
GLEEP measured change in apparent cross section is 
appreciably insensitive to an NRX temperature 
variation of this order. 

Figure 3 shows the final unpoisoned values corrected 
to an irradiation flux of 1-0 x 10 n/cm?/sec. There is 
still some scatter on the points but it is less than the 
experimental errors (see Section 6.3). 

The right-hand side of equation (6.1.1) was then 
evaluated for the heavy elements, using a flux of 
1-0 x 10% n/cm?/sec and data from Table 5 and 
Sections 2, 4 and 5. 

The instantaneous isotopic concentrations in the 
standard NRX flux are plotted against irradiation in 


Fig. 4 and = is shown as a function of irradiation 
in Fig. 5. 

6.2. Uncertainties. Uncertainties have been assessed 

on the unpoisoned values allowing: 

(a) +0-01 cm*in oscillator measurements of change 
in apparent cross section (Table 2), and +0-05 
cm? (or +5 per cent, whichever is the greater) 
in train measurements. 

(b) +1 per cent in the initial flux depression 
(Section 4.1). 

(c) +10 per cent in « (Section 4.2). 

(d) +1 per cent in cartridge irradiation dosage, 
except for cartridges 64, 84 and 89, which were 
not fitted with end cobalt monitors, where the 
uncertainty is +5 per cent (see Table 2). 
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Fic. 4.—Isotopic build-up in a thorium cartridge in the 
NRX flux of 1-0 x 10" n/cm*/sec. 
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Fic. 5.—Flux perturbation in 


a thorium cartridge in GLEEP 


as a function of irradiation (appropriate to the NRX flux of 


1-0 x 10" 


(ce) +10°C in the GLEEP neutron temperature 
(Section 4.3). 
On the predicted curve the uncertainties considered 
were: 
(a) +10 per cent in « (Section 4.2). 
(b) +1 per cent in W (Section 6.1). 
(c) +10°C in the GLEEP neutron temperature 
(Section 4.3). 
The effect of these uncertainties is shown in Fig. 6. 
Uncertainties in nuclear data have been neglected 
but 723 has been treated as a variable parameter so that 
the prediction could be adjusted to agree with experi- 
ment. 
6.3. Comparison of prediction and experiment. Fig. 6 


n/cm?*/sec). 


compares the GLEEP unpoisoned values with pre- 
dicted curves for two values of 123, including the 
present HuGHeEs and SCHWARTZ (1958) value of 2-28. 
The neutron yield from **U, 723, has been chosen as 
the variable parameter because of the sensitivity of 
this problem to it. The unpoisoned values, while not 
following exactly the shape of the 2200 m/sec n., = 
2:28 (HUGHES and SCHWARTZ, 1958) predicted curve, 
are in agreement within the experimental errors. 
Figure 6, however, shows that agreement between 
these experimental measurements and prediction based 
on this neutron model and basic nuclear data, is better if 
the 2200 m/sec value for 2, is reduced by approxi- 
mately | per cent to 2:26. The uncertainty on this 
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Fic. 6.—The GLEEP unpoisoned values compared 
with predicted curves. 
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correlated value is +0-02, which means that it agrees 
with the HuGHES and SCHWARTZ (1958) value of 
2-28 + 0-02 within the errors. 

It should also be noted that if uncertainties on the 
basic nuclear data (in particular the **Th and **U 
absorption cross sections) are taken into account, the 
uncertainties on the calculated curves (Fig. 6) would 
be increased by approximately 50 per cent while 
those on the points would not be appreciably altered. 
This would not alter the overall goodness of fit. 


7. Conclusions 


This analysis of GLEEP oscillator measurements on 
thorium (irradiated to 1-44 neutrons/kilobarn maxi- 
mum) shows that these measurements of the reactivity 
changes due to the destruction of “*Th and formation 
of the fissile uranium isotopes **U and *°U and 
fission products, may be predicted within the errors 
when using basic nuclear data and a relatively simple 
model for neutron behaviour. 

Although there is overall general agreement between 
the experimental measurements and calculation when 
using basic nuclear data and a simple model for 
neutron behaviour, it would appear from this cor- 
relation that the reactivity changes in the **Th-**U 
system would be more accurately predicted by this 
model if the 2200 m/sec value for m3 were reduced by 
approximately | per cent to 2:26 + 0-02 which agrees 
with the HuGHes and SCHWARTZ (1958) value of 
2-28 + 0-02 within the errors. 


8. Future work 


Chemical and mass spectrometric analyses of some 
of the irradiated fuel used in this experiment are now 
being performed at the A.E.C.L., Chalk River. This 
work will yield the effective cross sections which give 
the correct isotopic concentrations. When it is 
completed it is our intention to repeat the analysis of 
the GLEEP measurements. 
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NOMENCLATURE 
r parameter defining the proportion of neutron density in the 
epithermal neutron group 


p= em 
41 + B) 
B’ ratio of the epithermal to thermal neutron intensity 
# effective cut-off energy of the epithermal neutron density 
distribution 
T, moderator physical temperature 
T,, neutron temperature 
A atomic weight 
§ average logarithmic energy decrement 
X change in the apparent absorption cross section of a 
thorium cartridge with irradiation as measured by the 
GLEEP oscillator 
F, mean flux through a thorium cartridge in the GLEEP 
oscillator ‘in-position’ 
AF, change in F, due to additional thermal absorber 
F, mean flux at the ‘in-position’ of the empty GLEEP 
oscillator channel 
N number of atoms of type denoted by suffix 
@ microscopic absorption cross section of isotope denoted by 
suffix 
oy Microscopic Maxwellian absorption cross section of isotope 
denoted by suffix 
o, microscopic fission cross section of isotope denoted by 
suffix 
A radioactive decay constant of isotope denoted by suffix 
7 neutron yield from fission of the isotope denoted by suffix. 
suffix 02 **Th 
13 Pa 
14 Pa 
23 *U 
24 **U 
25 **U 
i collectively denotes all the above heavy isotopes 
p collectively denotes fission product poisons 
B boron 
0 2200 m/sec value 
x, thermal absorption cross section of a thorium cartridge in 
the GLEEP oscillator ‘in-position’ before irradiation 
¢@ NRX ‘mean over irradiation’ flux 
dt integrated neutron dosage 
W importance of a fission neutron relative to a thermal 
neutron in GLEEP 
e fast fission factor for a thorium cartridge in the GLEEP 
oscillator channel 
o,.,, resonance integral 
S/M surface area to mass ratio for thorium cartridge. 
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IRRADIATION OF URANIUM-METAL AND URANIUM-OXIDE FUEL PINS 
TO HIGH BURN-UP AT HIGH TEMPERATURE 
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Abstract—Fuel pins have been tested in Dounreay Materials Testing Reactor under onerous fast-reactor type 
irradiation conditions and have achieved a high burn-up at higher temperature and rating than heretofore. 
The fuel pins are representative of a power fast reactor but scaled down proportionally to reduce the diameter 
to 0-122 in. o.d., which enables a high power density of 550 W/g to be used, so reducing irradiation time to 17 
days per | per cent burn-up. 

Uranium-metal was irradiated to 4:75 per cent burn-up at 700°C centre-temperature, and uranium-oxide 
to 5-3 per cent burn-up at 1600°C centre-temperature, in 0-011 in. thick cans of Nimonic 80 at 500°C fuel 
surface-temperature approximately. The pins survived with no measurable distortion. The results appear to 
confirm the ‘3thor’s theory of burn-up and his proposals to achieve high burn-up (BLaKE, 1961) by intro- 
ducing about 30 per cent void space in the fuel and containing it in a strong can. Theory suggests that the 
pins are capable of three times this burn-up, and this is partly confirmed by post-irradiation, high-temperature 
tests. 

Achieving high burn-up at high temperature is the key development problem of the fast reactor: 3 per 
cent burn-up under similar temperature conditions, should enable economic electrical power to be generated 
in the U.K. 

After one abortive attempt, a rig was developed to test the fuel pins in D.M.T.R. at high power density 
under controlled temperature conditions. It should now be straightforward to develop this rig further to test 
four or five 1 ft long fuel pins per rig at up to | kW/g rating, with temperatures and specific power indicated 
to within +5 per cent error; can failure would also be indicated. A technique has also been established of 
X-raying the complete rig and returning it to the reactor, so enabling fuel swelling and distortion to be 


measured and plotted during the irradiation. 


1. INTRODUCTION 

ECONOMIC power from fast reactors requires a fuel 
element capable of a high rating, a high centre- 
temperature and a high burn-up, as indicated in 
Table 1. Moreover, fuel element swelling must be 
negligible, with no chance of can failure leading to 
blockage of a coolant passage. The author previously 
examined the problems of achieving high burn-up 
in fast reactors (BLAKE, 1961) and concluded that: 

(i) With metal fuel, fission product gas accumu- 
lation is chiefly responsible for irradiation swelling. 
A method was given of predicting irradiation be- 
haviour of metal fuel, both canned and uncanned, 
which agreed well with test results. It was suggested 
that high burn-up at high temperature and rating is 
most likely to be achieved by: 

(a) providing appreciable void-space within the can 
(25-35 per cent of the can internal volume) to 
accommodate fuel swelling; 

(b) introducing the space in a way that mechani- 
cally weakens the fuel, so that the space is 
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essentially available for fission-product gas 
that prevents overstressing the can by fuel 
thermal-expansion and that ensures a good 
thermal-bond between fuel and can; 

(c) employing a strong can. 


(ii) With oxide-fuel, high fuel-density is not 
necessary and it is again desirable to include sub- 
stantial void-space, some within but most immediately 
adjacent to the fuel and at coolant temperature. Again 
a strong can is essential. 

(iii) With cermet fuel, the best approach would 
appear to be to use 15-20 v/o oxide (PuO, + UO,) 
in a uranium-metal matrix having 25 per cent void, 
again employing a strong can. 

Methods of applying these principles in fuel-pin 
design are illustrated in Fig. 3. Estimates of likely 
maximum and safe operational burn-up, assuming 
about 30 per cent of the can internal volume for void- 
space and a strong can of thickness-to-diameter ratio 
of about 10 per cent, are also added to Table 1. It is 
seen that the burn-up should be raised well above the 
level for economic power production; this should 
enable maximum operational burn-up to be limited 
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Irradiation of uranium-metal and uranium-oxide fuel pins to high burn-up at high temperature 


TABLE 1.—TYPICAL FUEL IRRADIATION CONDITIONS IN A POWER FAST REACTOR 


Uranium-plutonium 


ranium-plutoni xi 
1 Uranium-plutonium oxide 


Power rating Wig 


50-150 


Centre temperature 


650-750 


Burn-up 
—minimum for economic power 
—likely safe maximum with conventional 
fuel elements 


24 
}-1 


Predicted burn-up with voided-fuel, strong 
can principle 
—maximum to failure 
—safe core average 


30-50 
10-15 


20-30 
8-12 


10-20 
5-7 


to well below the failure point to the advantage of 
reactor safety. If these results are achievable there is 
little doubt that electrical power of 0-3-0-4 d/kWh 
should be achievable from a 250 MW power fast 
reactor. 

Unless testing is to be drawn out over many years, 
irradiation to 10 per cent burn-up and over demands 
power densities even greater than fast reactor practice. 
About 500 W/g was thought best to aim for, giving 
1 per cent burn-up in 20 days and about 10 per cent 
burn-up in a year, allowing for the reactor load-factor. 
With metal-fuel, the temperatures required are 700 
+ 100°C centre and 500+ 100°C surface, which 
leads to a small pin diameter of 0-1 in. It is shown 
in Table 2 that, among the fast reactors, 500 W/g 
could be achieved only in Enrico Fermi. In Dounreay 
Fast Reactor it is not possible, even with fuel of 
maximum enrichment at the core centre, but apart 
from this D.F.R. is unlikely to be in full-power 
operation for some years. There was no alternative, 


therefore, but to test in Dounreay Materials Testing 
Reactor, despite the difficulty of accurately establish- 
ing the appropriate operating temperature conditions, 
particularly of dropping some 500°C from fuel- 
surface to heavy-water coolant. Fortunately the 
high rating and small fuel-pin diameter makes radial 
flux-depression acceptabie (mean-flux/surface-flux 
ratio is about 0-66). 

No prior experience was available of thermal- 
reactor test-rigs for fuel testing under fast reactor 
conditions of high rating and high temperature, so it 
was necessary to develop the rig as well as the fuel- 
pin. 

2. DESCRIPTION OF RIG 

The main problem is to design a container for the 
fuel pin, cooled by the reactor heavy water coolant, 
which would: 

(i) freely suspend the fuel pin, with no external 
support that would assist it to restrain the fuel 
pressure; 


TABLE 2.—IRRADIATION CONDITIONS IN VARIOUS REACTORS 
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Reactor thermal power 


D.M.T.R. D.F.R. Enrico Fermi 


Reactor coolant temp. 


Reactor-fuel enrichment 


Fuel power density core average 
core centre 
core centre with 


93% enriched fuel 


g US + U8 


Time to 10% burn-up at full power and 


0-7 load-factor, 93% enr. fuel at core centre days 


* In appropriate rig with average flux in fuel approximately 15 per cent of unperturbed flux. 


43 in. dia. 
t 


SHIELD PLUG 


COLLAR AND FLANGE 


REDUCTION CONE 


Fic. 1.—Dounreay Materials Testing Reactor 
fuel-element replacement structure to support 
fuel capsules and their containers. 


4 SPECIMENS IN 
CONTAINER BODIES 
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“ 


land2 3and4 

1-088 in. 
1-340 in. 
10-500 in. 


RIG 


; Sar 2. 


o.d. 


length L 4in. 
pitch circle dio. 2+in. 


— 


(ii) accurately drop the 470-570°C between the 
fuel-surface and the 30°C reactor-coolant; 

(iii) measure fuel-pin power, as flux and power 
predictions could originally be made only to +50 
per cent; 

(iv) continuously indicate fuel-temperature and 
when fuel-pin failure occurs; 

(v) satisfy D.M.T.R. safety requirements, espe- 
cially since it is required to test the fuel pin to de- 
struction; 

(vi) enable good-contrast X-ray photographs of 
the fuel pin to be taken through the container, even 
after irradiation when the fuel is highly gamma- 
active. 

The only suitable high-strength canning-materials 


available were stainless steel or a Nimonic-alloy of 
Messrs. Henry Wiggin, which are unfortunately 
incompatible with uranium-metal above 740°C when 
a U-Ni or U-Fe eutectic alloy forms having a eutectic 
point at this temperature.* It is important, therefore, 
to observe the design limit of 600°C on the can/fuel 


* This temperature limitation would be acceptable in a power fast 
reactor (provided that the design limited the can/fuel interface to 
below this temperature at the maximum power overload condition 
the reactor is designed to withstand, normally 150 per cent of 
normal), and indeed EBR-II uses uranium-metal in stainless steel. 
With plutonium metals, these materials could be incompatible at a 
temperature as low as 500°C, which would be quite unacceptable. 
To overcome this, various approaches are possible: for example 
to use a high-creep strength refractory metal can, several types of 
which appear to have been successfully developed both in the U.K. 
and U.S. or to employ the plutonium in an inert oxide-phase 
dispersed in the uranium. 
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Fic. 2(a).—Container Mk 1 used in Rigs 1 and 2. 


interface temperature. Nimonic 80 (about 72 Ni, 
19 Cr + additions) was chosen over stainless steel 
because of its known superior tensile and creep 
strength properties, particularly on a reactor overload 
at up to 700°C, though it could not be guaranteed 
that this would remain true under irradiation con- 
ditions. Alloys such as Nimonic 100 (about 54 Ni, 
20 Co, 11 Cr, 5 Mo, 5 Al + additions) were not 
chosen because of their lower ductility which offsets 
their higher strength. 

The rig and container design proposed for achieving 
these requirements is shown in Figs. | and 2. The 
aluminium support-structure, which supports the fuel 
specimens in place of the reactor fuel element and 
restricts the reactor coolant flow, is shown in Fig. 1. 
This was modified from existing equipment used for 
another purpose (ROBERTSON and HENDRY, 1958). 
The author’s design of specimen container is shown 
in Fig. 3. Two types are shown: Mk I used in Rigs | 
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DISTANCE PIECE 
BOTTOM THERMOCOUPLE 
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and 2 and Mk Il in Rig3; Mk III isa modification of 
Mk II with narrower bridge-slots and is used in Rig 4. 

It is seen from Fig. 2(a) that container Mk I is 
constructed of three parts: a top cap, a bottom cap 
and a central bridge-section. This has slots cut in it to 
increase the effective thermal resistance and in a way 
so that thermal stresses, despite a drop of about 500°C, 
are negligible. Although somewhat complicated to 
make, this continuous metal path from the innermost 
to outermost surfaces makes the thermal resistance 
estimate more accurate and reliable, and so reduces 
uncertainty in the estimated fuel and can temperatures. 
The thermal resistance of the containers was estimated 
using a thermal analogue (see Fig. 4) and measured 
experimentally. Using this value, coupled with 
thermocouple measurements of temperature immedi- 
ately above and below the bridge-section, the speci- 
men power and temperatures can be deduced. Change 
in readings of these thermocouples during irradiation 


O-320in. 


0-729 in. 
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Fic. 2(b).—Fast reactor high burn-up 
test-rigs 3 and 4, Container Mk II 
and III. 
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is taken to indicate a movement of fuel, due either 
to fuel melting or can bursting. The material of the 
bridge is chosen to suit the enrichment of the fuel 
being tested, so that the required fuel temperatures 
can be obtained. 

Mk II containers were introduced for Rigs 3 and 4 
for several reasons: manufacture is easier and slots 
can be milled in the bridge so that the fuel pins could, 
if desired, be made much longer; the head of sodium 
above the fuel is substantially increased and the 
internal can sealing arrangements are much improved ; 
during top and bottom cap welds, the fuel temperature 
can be kept much lower; 0-064 in. diameter sheathed 
thermocouples were used in place of 0-040 in., as 
these were found to be too fragile and as breakage 
could leac to the rejection of a rig when virtually 


dia. 


complete; identification grooves were made in the 
top cap to positively identify X-ray photographs. A 
bad feature of the Mk II container is that it is more 
difficult to X-ray, particularly after irradiation when 
the fuel specimen is very active, due to the larger and 
more solid bridge-section. Because of this, further 
changes are intended for future rigs. 


3. EXPLORATORY LABORATORY TESTS 


A number of laboratory tests were conducted to 
predict rig behaviour. Fuel, can and thermocouple 
temperature estimates were assisted by several tests: 

(i) A Teledeltos paper analogue was used to 
predict the thermal resistance of the containers. (See 
Fig. 4.) 

(ii) Actual containers were tested both electrically 
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Fic. 4(a—c).—Temperature distribution and thermal resistance 
estimate of bridge-section of container. 
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Fic. 4(b).— Mk II container. 
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Fic. 4(c).—Mk III container. 
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Fic. 5(a,b).—Test results with a Mk II body with an electrical heater in place of the fuel capsule. 


and thermally to estimate their thermal resistance. 
The most conclusive test was with a small high- 
powered electrical heater (1 kW, 0-175 in. 0.d., 0-74 
in. long) simulating nuclear heat from the fuel pin. 
This checked the relation between the thermocouple 
temperatures, the fuel power and fuel and can 
temperatures. It also checked the temperature drop 
across the sodium bond. (See Fig. 5.) It proved 
that provided the power of the fuel element is known, 
fuel and can operating temperatures can be predicted 
very accurately (to within +2 per cent). 

(iii) The variation of the thermocouple readings 
with position of the fuel in the bridge-section was 


estimated using Teledeltos paper, and using a half- 
section of an actual container body. (See Fig. 6.) 

(iv) The wall heat-transfer coefficient between 
sodium and stainless steel was measured with the 
steel in a machined and an electrically polished 
condition (see Fig. 7), as this was suspected and found 
to be rather low. 

Fuel-pin design and irradiation behaviour was 
assisted by the following tests: 

(i) Optimum fuel and can diametric tolerances 
were estimated, together with the dependence of fuel- 
element centre-temperature on fuel power and on the 
diametric clearance between and fuel can. Essential 
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1G. 7.—Variation of temperature drop across a sodium/stainless-steel interface with 


power-density for electro-polished and as-machined surfaces. 


data in this estimate were determined in special tests. (iii) In conjunction with Chemical Department, 
Final predictions are to be confirmed with additional D.E.R.E., methods of coating the fuel and can were 


tests. (See Appendix 1 and Fig. 11.) 


tried, with the object of raising the permissible fuel/ 


(ii) Tests were made to confirm that compatibility can interface temperature; these were later dis- 
between uranium metal and Nimonic is satisfactory continued. 


up to 700°C, 


(iv) The bursting pressure of the can at operating 
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Fic. 8(a). 


Pressure Bursting 
(Ib/in*) temp. (°C) 
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Bursting Pressure 
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Nominal can bursting pressure 
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estimate ~10 per cent. 
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8(a,b).—Method of determining bursting pressure at operating temperature and end-weld quality. 
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Fic. 10(a—d).— Equipment used for sodium-bonding fuel element to container. 
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Fic. 13(a).—Typical container before irradiation, Fic. 13(b).—After irradiation, 


Fic. 13(a,b).—Radiographs of specimen containers from the first high burn-up fast-reactor fuel-element rig. 


i 
Fic. 14(a).—45 °%, enriched specimen. Fic. 14(b).—6°4% enriched specimen. 


FiG. 14(a,b).—X-ray photographs of Rig 3 after irradiation, bridge of container is partly machined off. Radiographs are taken at 
30° intervals to show up any surface defects. 
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temperature was determined by partially filling a can 
with water, inserting in a furnace and determining the 
temperature at which the can burst from steam 
pressure. The bursting pressure was' determined to 
within +1000 lb/in* from a knowledge of the can 
internal-volume and the amount of water, given high- 
pressure steam tables (KENNEDY, 1960). Defects were 
found in the cans such that the bursting pressure and 
temperature varied from 2500 lb/in?, 325°C to 40,000 
Ib/in®, 645°C, the nominal design figure being 20,000 
Ib/in?, 500°C. (See Fig. 8.) 

(v) Because of these defects, methods of inspecting 
cans were developed to ensure rejection of all cans that 
would fail below the nominal design figure. This is 
described in Appendix 2. In particular, an electrical 
probing method was specially developed because of 
its potential utility for power-reactor fuel cans. (See 
Fig. 9.) 

A number of developments were necessary to 
facilitate construction of the rig and the fuel specimens, 
in particular, the fuel capsule end-weld, the container 
welds and the bridge machining operation of the Mk I 
containers. In addition, a method of sodium-filling 
the inner-can of the container needed development 
to give assurance of negligible gas entrainment 
in the sodium and good wetting and clean-up of 
the walls. This is described in Appendix 3 and 
Fig. 10. 

In view of the success of the X-ray photographs of 
the irradiated specimens in their containers, from 
Rigs | and 2, Radioactive Metallurgy Group under- 
took an X-ray of a complete rig containing four 
specimens, without cutting out the containers, so that 
the rig remained unharmed and could be returned to 
the reactor for further irradiation. This would permit 
a fuel-swelling versus burn-up curve to be determined 
for each specimen; it is also economical in rigs, as it 
allows irradiation to continue until the destruction 
of a fuel pin. Arrangements were made to do this 
with Rig 3 and, for this purpose, a 9 ton radiation 
shielding flask for the complete rig was designed and 
built in conjunction with the Engineering 
Division, D.E.R.E. for transferring the rig to an 
active examination cave, which was specially modified 
to accept it. Unfortunately, excess solder between 
the bridge and the outer can (see Fig. 2b) 
prevented this from being wholly successful in Rig 
3, but the technique is now established and is a 
valuable step forward. 

In addition to the above work, a large number of 
post-irradiation tests were performed, mainly by 
Radioactive Metallurgy Group and Analytical Group, 
D.E.R.E. 
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4. IRRADIATION RESULTS (RIGS 1 TO 4) 

Table 3 and Fig. 12 summarize irradiation results 
and conditions for Rigs | to 4. It will be seen that 
Rig. | failed almost immediately, the rig remaining 
in the reactor for one day only, whilst checks were 
made of the thermocouple readings. Figure 13 shows 
X-ray photographs of specimens before and after 
irradiation. The reason for failure is now apparent: 
can and fuel temperatures were some 200°C higher 
than intended due to a higher temperature drop across 
the sodium bond than was expected and due to 
misinterpretation of the thermocouple temperatures, 
which were expected to be increased due to flux 
enhancement at the ends of the fuel, sufficient to 
offset the factor, f (see Fig. 6), depending on the 
distance of the end of the fuel to the end of the 
bridge-piece. (In Rig 3 a specimen was divided into 
three equal parts for burn-up analysis, and this 
suggests that the effect is not very large.) The high 
fuel/can interface temperature of 780-880°C obviously 
promoted attack by the fuel on the can and the 
formation of a molten uranium-nickel alloy. This is 
confirmed by the, metallographic examination. 

In the period available before D.M.T.R. was 
scheduled for a prolonged shut-down for modifica- 
tions, time was insufficient to make major modifica- 
tions, so Rig 2 was tested with only minor changes of 
lower fuel-enrichment and the improved sodium- 
filling technique described in Appendix 3 and Fig. 10. 
In addition the fuel-can and container inner-can 
surfaces were electropolished in the mistaken belief 
that this would reduce the sodium-bond temperature 
drop: later tests showed that this increased it appreci- 
ably. (See Fig. 7.) Rig 3 survived four days in the 
reactor. During the last day, temperatures of the 
high enrichment specimens began to rise indicating 
gross fuel movement within the inner-can. Post 
irradiation examination again showed that a molten 
uranium-nickel alloy had been formed, indicating an 
interface temperature exceeding 740°C, though the 
time to failure suggested lower temperatures around 
the 740°C level. The two low-enrichment specimens 
survived undamaged, however. Again, these results 
are to be expected in the light of the latest temperature 
estimates. 

Although Rigs | and 2 failed, they were not without 
value: they proved the safety of the specimen con- 
tainers even under gross failure conditions; the 
surviving specimens of Rig 2 proved that the concept 
of these highly-rated rigs was sound; also, failure 
provided the stimulus to probe deeper with laboratory 
tests. In part excuse, the work was done very rapidly 
(Rig 1 was designed, constructed and irradiated in 
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Fic. 11(a).—Estimated centre-fuel temperature as a function 
of fuel power and cold diametric clearance between fuel and 
can for solid uranium metal in a Nimonic 80 can. 
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Fic. 11(b).—Estimated centre-fuel temperature for a C-shaped 
rod of uranium metal in a Nimonic 80 can, as a function of 
fuel power and cold diametric clearance between fuel and can. 


RIG | 
Central position, C4 
i,2 days at full power 


U-meto! Fuel 


45 
30 


enrichment, % 
woidage, (% of fuel) 
fuel length, in. 
dDridge length, in. 
container Mk. 
spec. ident. nos. 


200 300 
SPECIFIC POWER, 


RIG 2 
Centro! position, C4 
3,98 doys oat full power 


4. - J. ie 
200 400 
SPECIFIC POWER, 


U-metoa! 


Fuel U-metal 
enrichment, % 
voidage, (% of fuel} 
fuel length, in 
bridge length, in 
container Mk 


spec. ident nos. 


Fuei 
Can 


Operating power 


\I 
| 


RIG 3 
Periferai position, A3 
46:1 doys af full power 


U-meta! 


Fuel U-metal 
enrichment, % 64 
woidoge, (% of fuel) 3) 
fuel length, in “75 


Bridge length, in 
container Mk 
spec. ident. nos. 


de _ 
100 = 200 
SPECIFIC POWER, 


RIG 4 
Periferal position E3 
89 doys full power 


SPECIFIC POWER, 


U-metoai 
45 
45 


Fuel 
enrichment, % 
voidoge, (% of fuel} 

fuel length) in. 


Bridge length, in 
contoiner Mk 
spec. ident. nos, 


SPECIFIC POWER, 


Fic. 12.—Estimated operating temperature conditions for Rigs 1-4. 
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TaBLe 3.—SUMMARY OF OPERATING CONDITIONS OF RIGS 1-4 


Units 1 
1,2,4 


Rig No. 
Specimen identification 


Container type—Mk 


IA 
Container bridge material i 


2 
8 1,2 1,2,3 
IA 
Ni 


IB 
S.S. 


IIA 
Fe 


IIIA 


S.S. Fe 


Fuel 
enrichment 


Shape 

No. of pellets/specimen 

Can protective coating platinum 

Wt. of fuel 

Void space/can internal 
volume 

Fuel dia. 

Overall fuel length 

Can dia. 0-122 in. in each 
case 


1-96 
23 


0-100 
1-00 


23 


U-metal 
33 


U-metal 
45 


U-metal uO, 

45 6-4 55 
C rods C rods 
3 2 3 


none 


C rods short cyl. 
2 7 


none 


none 
1-90 1:27, 1-20, 1-27, 1-38 | 1-35,1-25 1-14, 1-10 
30 25 30 37 


| 0-1005 + 3 0-100 | 01005 + 3 


0-0991; 
0-728, 0-693, 0-726 0-750 | 0-793, 0-730 


0-93 


Rig position in D.M.T.R. C4 
Relative unperturbed flux 1 


Date first raised to power 
Days at full power, + 
No. of shutdowns (intermed.) 


28 Nov. 1960 
1-2 


ESTIMATED OPERATING CONDI- 
TIONS 
Fuel specific power, s 
Fuel-surface power-density 
Total specimen power 


TEMPERATURES (30°C inlet) 
Container o.d. 
id. 


Can o.d. 
i.d. 


Fuel o.d. 
centre 


BURN-UP ESTIMATES 
From sp. power 6 = 7,/9350 
By chem. analysis 
By mass spec. 


ACTIVE EXAMINATION 
Description of failure Excessive can temp. 
(> 740°C) leading 
to U-Ni eutectic 
formation 


Fuel pin undistorted 
with no measurable 
swelling 
(diametric increase 
less than 1 thou.) 


As Rig 1 
Undamaged 


_ Fuel pin undistorted 
with no measurable 
swelling 
(diametric increase 
less than 1 thou.) 


four months) with only a small staff and at a time 
when the approach to criticality in D.F.R. was 
occupying a good deal of time. 

Rig 3 and 4 irradiations results were much more 
satisfactory. Rig 3 was irradiated for two reactor 
periods and, after failing to obtain sufficiently good 
X-ray pictures with the complete rig, due to excess 
solder between the bridge and outer-can of the 
container confusing the picture, the rig was cut up for 
detailed examination. The chief results are summa- 
rized in Table 3. Every specimen was sound with 
negligible distortion, as shown by the X-ray photo- 


graphs before and after irradiation (see Fig. 14). 
The maximum burn-up achieved of 2-7 per cent is 
much higher than achieved before with uranium- 
metal, particularly at 700°C centre temperature. It 
will be seen that the 45 per cent enriched fuel has 
swollen to fill-up completely all available space in the 
fuel capsule; the swelling into the domed cavities of 
the end-caps is particularly noticeable, whilst the 
fuel-slots also appear to have completely disappeared. 
In the 6-4 per cent enriched specimens, this swelling 
has not progressed so far. Rig 4 results were similar; 
again no fuel-pin distortion was detectable after an 
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even higher burn-up of about 5 per cent, with UO, 
specimens as well as unalloyed uranium metal. 

As a check of the behaviour of a pin on overload, 
a uranium metal specimens of 2:7 per cent and 4:7 
per cent burn-up were placed in a furnace at 680°C 
for | hour. It was not prudent to go much higher due 
to the 740°C limitation on fuel/can compatibility. 
The pins survived this with no more than | thou. 
increase in diameter. At this temperature the can 
strength could have been weakened and the average 
fuel temperature was raised by about 90°C above the 
in-pile condition at the end of irradiation, so the 
fission-gas pressure would be about 10 per cent 
higher. It was unfortunate that incompatibility 
limitation prevented this test being taken to a higher 
temperature when it would have given an indication 
of the maximum burn-up capabilities of the pin. 
With the 5-3 per cent burn-up oxide specimens, since 
there was no incompatibility limitation, the furnace 
temperature was taken progressively to 900°C. Again 
the specimen survived with negligible distortion. 
Many more post-irradiation checks on these speci- 
mens are planned. It is hoped to find out if the large 
internal voidage leads to interconnexion of fission 
gas cavities and if much fission gas will escape on 
drilling a small hole in the can. The same specimen 
will then be raised to 600°C to see if and how fuel 
will extrude. This aspect is very pertinent to fast 
reactor safety. Metallurgical sections of the specimens 
will be made and as many tests as practical of can 
and fuel physical and mechanical properties. 


CONCLUSIONS 


Fuel testing at high power-density in the materials 
testing reactor 


Testing fuel to high burn-up demands much higher 
fuel ratings than has been used to date. The present 
test series has demonstrated that 550 watts/gramme 
at 500°C fuel-element surface temperature can be 
achieved successfully and safely in a Materials Testing 
Reactor, with a radial flux depression which is quite 
acceptable; this accurately represents fast reactor 
conditions. It has also shown up the important 
design requirements of the rig. Based on the experi- 
ence gained and with relatively minor modifications 
to Rigs 3 and 4, it should now be possible to design 
future rigs with the following features: 

(i) Fuel can be tested up to 1000 watts/gramme 
(1 per cent burn-up in 10 days) and with a can surface 
temperature of up to 650°C approximately, in a 
container immersed in the heavy-water reactor coolant 
at 30°C. 


(ii) The rig is simple in concept and easy to manu- 
facture. 

(iii) Specific power and operating temperature of 
the fuel can be measured to about 5 per cent accuracy, 
based on four thermocouple readings. 

(iv) These thermocouples can be continuously 
recorded and should indicate can failure and fuel 
movement. 

(v) The rig is sufficiently transparent to X-rays to 
allow irradiated fuel elements to be X-rayed without 
being removed from the rig, so permitting the fuel 
element to be inspected for swelling and distortion 
at regular intervals during the progress of irradiation. 

(vi) Up to four or five elements can be tested per 
rig, each of up to | ft long. 

(vii) It should be possible to predict operating flux 
and temperatures to within about —10 per cent and 
adjusted to a higher accuracy than this by change of 
position of the rig in the reactor core. 

The author agrees with MONAWECK (1960) that 
radial flux depression is unlikely to make high tem- 
perature irradiation results in a thermal flux appreci- 
ably different from those in a fast reactor, due to the 
ready diffusion of fission products. The effect of 
power rating (rate of burn-up) would appear to be 
more important. With strong fuels. performance at 
high-rating is likely to be slightly improved, due to 
increase in the effective creep stress, but this effect is 
likely to be small in comparison with the large thermal 
stresses at high-ratings, which could significantly 
reduce irradiation performance. With fuel elements 
of the strong-can, voided-fuel type, performance is 
likely to be independent of rating up to the level 
where can thermal stresses are large (when the tem- 
perature drop across the can exceeds 100°C approxi- 
mately, performance depends mostly on the creep- 
stress/temperature relation of the can). 


Fast reactor fuel element development 


The irradiation programme described was intended 
to test the theory (BLAKE, 1961) that high burn-up at 
high ratings and high centre-temperatures is best 
achieved by using a strong can with fuel containing 
void-space for fission product gas. Encouraging 
results have been obtained: no significant swelling 
or distortion has occurred in three specimens, taken 
to 2:7 per cent burn-up at 420°C can surface-tempera- 
ture and over 700°C centre-temperature. The speci- 
mens were unalloyed uranium-metal in Nimonic 80 
cans of wall-to-diameter (t/d)) ratio of 9-3 per cent 
and with 31 per cent internal void space, mainly in the 
form of a radial slot in the fuel. After irradiation the 
fuel had swollen, as expected, to fill up this and all 
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TABLE 4.—RESULTS OF EBR-II FUEL ELEMENT IRRADIATIONS (MONAWECK and Sowa (1960)) 


Density 


Fuel ; a. 


Burn-up Wig 


Centre temp. Remarks 


5% Fi cast 12% 0-92a/o 


7-5°% Fi cast 4% 1:36a/o 


620°C Surface roughness. No increase in clad 


dia. 

427°C 1/16” dia. melt through in clad due to 
sodium bond defect. Dia. increase 
only at defect. 


other available space within the can. In a less highly 
rated specimen taken to | per cent burn-up at about 
540°C centre temperature, fuel swelling within the 
can was incomplete, not all the available space being 
filled up. The theory predicts that the fuel pins could 
have withstood up to about 15 per cent burn-up before 
the can fractured or was appreciably distorted. 
Further tests on uranium metal at 640°C centre- 
temperature and of uranium-oxide at about 1600°C 
centre-temperature, continued to about 5 per cent 
burn-up, have also proved equally successful. 

The reasons suggested why this form of fuel element 
is likely to be successful are that the can forms an 
efficient pressure container (strong fuel or a stainless- 
steel cermet does not), which operates at the lowest 
temperature of the fuel element; this overcomes the 


strong dependence of burn-up on fuel temperature, 
and enables the fuel centre-temperature to be raised, 
which leads to a more rugged fuel-element construc- 
tion and better neutron economy, reflected in lower 


fuel investment and a better breeding-ratio; the 
void-space in the can reduces fission-gas pressure 
appreciably and subjects it to control; defects in fuel 
and effects of phase-changes can be tolerated and 
leads to more consistent fuel-element performance; 
proper introduction of the voidage and control of can 
and fuel dimensional tolerances enables an inter- 
mediate thermal bond to be omitted, which simplifies 
manufacture and increases fuel-element reliability. 
Avoidance of a sodium intermediate bond appears to 
be a step in the right direction in view of troubles this 
has caused in the Dounreay Fast Reactor and appar- 
ently in EBR-II fuel-pins also (see below). Tests of 
the above uranium-metal fuel-pins (to 2-7 per cent 
and 4-7 per cent), with a ,’y in. dia. hole drilled in the 
can wall to simulate a bad defect, and held in a furnace 
to about 600°C has shown no tendency for fuel to 
extrude and block a coolant passage, so the problem 
of can defects may not be as difficult as first feared, 
and double-canning may not be necessary. 

A further very significant advantage of the strong- 
can voided-fuel concept is that the amount of **U 


which can be incorporated in a fuel element is accept- 
ably high, particularly in comparison with fuels such 
as the 30 v/o or 50 v/o stainless-steel cermet. This has 
a very important effect on the size of the delayed 
neutron fraction, particularly in plutonium fuels, 
where the value could drop as low as 0-25 per cent 
with the stainless-steel cermet; at this low value it 
becomes a design and safety problem of importance. 
The core breeding ratio also falls with the low **U 
content fuels, causing larger reactivity changes with 
burn-up. Maximum burn-up, expressed in proportion 
of uranium and plutonium atoms fissioned, is a poor 
way of comparing different fuels which is better 
compared by their maximum fissions or energy 
released per unit volume; on this basis | per cent 
burn-up in a strong-can 28 per cent void, uranium- 
metal fuel-element is equivalent to 5-6 per cent burn- 
up with a 30v/o cermet, and to 3-4 per cent with 
50 v/o cermet. Another important factor in the fast 
reactor is the reliability with which high burn-up can 
be achieved: a 50 v/o cermet of uniform properties 
will be difficult to manufacture; moreover, its per- 
formance on reactor overloads will also be poor. 
Estimates based on the theory of BLAKE (1961) 
suggest that it is most unlikely that a 50 v/o stainless- 
steel cermet will achieve much better than 1-2 per 
cent reliably at a worthwhile centre-temperature; 
0-3-0-7 per cent burn-up of 10 w/o molybdenum- 
uranium alloy fuel would compare with this. 

One of the most severe irradiation tests previously 
reported on uranium metal are the EBR-II fuel 
element irradiations (MONAWECK and Sowa, 1960) 
in the thermal test reactors CP-5, MTR and ETR. 
Uranium-2 per cent zirconium and uranium-5 per 
cent and 7:5 per cent fission alloy fuels were used, in 
the form of rods 0-144 in. dia., 14-22 in. long con- 
tained in a stainless-steel tube 0-174 in. 0.d. 0-005 in. 
wall. Details are given below of the fuel element 
irradiated to highest burn-up and the one at highest 
temperature. Altogether 23 pins were irradiated 
(0-4 to 1-36 a/o burn-up, at 217°C to 620°C) of which 
six showed defects due to imperfect sodium bonding; 
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in one the can swelled to 0-302 in. at the defect. The 
main conclusions drawn in the report are: all fuel 
showed surface wrinkling, the 7:5 per cent Fi less than 
the others; the only increase in clad diameter occurred 
at sodium-bond defects where the fuel overheated; 
all irradiated fuel was embrittled, making it difficult 
to handle; radial flux-depression makes irradiation 
in a thermal flux slightly more onerous than in a fast 
flux; the dominant factor controlling fuel expansion 
is fuel temperature; fuel expands mostly in a radial 
direction. 
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APPENDIX 1 
Fuel/can thermal bond 


The fast reactor employs a high fuel-surface heat-flux of the 
order of 1000 to 2000 watts/in*. Thus a good thermal bond is 
essential for low fuel temperature. There are two main bonding 
methods: 

A. Using a large gap containing a continuous intermediate 
metal bond between fuel and can, such as liquid metal, a metallic 
paste or a low creep strength metal; or 

B. Using a small gap with close control of fuel and can 
diametric tolerances and surface finish, in the belief that the fuel 
will expand to close the gap and establish a good bond. 

The choice of the best method is even more important in the 
present tests since the fuel heat-flux is up to 5000 watts/in’. 
Introducing void-space in the fuel rules out the use of a sodium- 
bond, but a soft metallic coating on the fuel is possible. How- 
ever, calculations indicate that method B is satisfactory 
provided : 

(i) A smooth surface finish is employed both for fuel and can 
internal surface, preferably of 30 micro-in. r.m.s. or better. 

(ii) There is control of the diametric clearance between fuel 
and can, appropriate to the operating power and the rod size. 
With 0-2 in. fuel diameter for example, operating at 2000 W/in* 


L. R. BLAKE 


and 400°C can i.d. temperature, the cold clearance should be 
about | + 0:3 thou. If the clearance is made large, say 3 thou. 
this could lead to uranium melting; if it is made an interference 
fit, this could lead to excessive can strain of 0-6 per cent and 
Stresses exceeding the yield point. 

(iii) All burrs, protrusions or steps on fuel or can are removed 
and also that the interface is free of any foreign matter. 

Relief from excessive can stress due to fuel expansion and 
relief in the tolerance restrictions of the diametric clearance can 
be achieved by the simple artifice of making a radial slot in the 
fuel. The surface finish and cleanliness requirements remain 
high, however. 

In general, manufacture to these tolerances and surface finish 
requirements is well within current engineering practice. Hence 
method B is simpler than method A and should also be safer 
since it lends itself to final pin-inspection by X-raying; more- 
over, in method A complete sodium-bonding can neither be 
assured initially or guaranteed thereafter, as sodium can be 
ejected by differential thermal-expansion mechanism or by 
displacement by fission gas, which could lead to large gaps 
locally and high local temperatures. 

An attempt will now be made to give the basis for the above 
conclusions. Consider first the idealized case of a fuel-rod, 
solid or slotted, located centrally in a can. Let:— 


(in.) 
(in.) 
(W/°C in.) 
(in./in.) 


dy,d = solid fuel-rod dia. at 0°C, during operation 
5b, + dy = can inside dia. at 0°C 
K,, K, = fuel, gas thermal conductivity 
a’, a = can, fuel coeff. of linear expn. 
T = temp. of can inside dia. (°C) 
AT, = temp. drop from fuel centre to surface CC) 
AT, = temperature drop across can/fuel interface at (°C) 
pressure p(Ib/in*) 
AT, = rise in temperature of fuel in order that it can (°C) 
just make contact with can 
H = power rating of fuel rod per unit length (W/in.) 
h = can/fuel interface heat transfer coefficient at pressure 
p. for given conditions of fuel surface 


The temperature-drop from centre to fuel surface 


AT, = k,H/4nK, (1) 


where k, is a constant dependent on the geometry of the fuel- 
slot, being unity for a solid circular rod. 

The temperature-drop across the interface resistance assuming 
p \b/in. contact pressure is 


It is fortunate that A remains reasonably constant in value for 
interface pressures up to 1000 Ib/in* and increases only by a 
factor of 2 for pressures up to 1000 Ib/in*. For the present it 
will be assumed that A is independent of pressure up to 1000 
Ib/in* interface pressure (and say a can strain ¢ of 0-025 per cent 
with Nimonic cans of t/d = 0-1), and that h — oo at pressures 
Pp > 10* Ib/in* or « > 0-2 per cent. 

Assume that a fuel rod with a temperature drop of AT, from 
centre to surface will have a thermal expansion the same as a rod 
with a uniform temperature rise of BAT,. Then at the operating 
power when the temperature of the can interval surface is T, and 
the fuel temperature-drop is A7,, the fuel must rise by an additional 
temperature AT, for the fuel surface to contact the can 
uniformly, such that 


(d, + OX1 + aT) = dl + a(T + BAT, + AT,)). 
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Thus 


aAT, = oa + a’'T) — (a — a’)T — aBAT,. (3) 
0 


As a fuel pin is raised in power, three main operating regimes 
are evident. Initially the fuel centre-temperature will be 


T, = T + AT, + AT, 


where AT, is the temperature-drop across the gas gap between 
fuel and can and is given by 


assuming conduction across the gas, the controlling heat transfer 
mechanism and that radiation is negligible. As the power is 
raised, the gas temperature rises (and hence its thermal conduc- 
tivity) and the fuel temperature rises (closing the gas gap). In 
Fig. 14(a), curves such as AB characterizes this regime. The 
initial slope AE to the curves AB has the expression: 


do H 


T, — T = =->—————_ 
d, 27 (K,)temp r’ 


+ AT;. (4) 


Beyond the point such as B, over the region BC, the centre 
fuel temperature is given by 


A = T = AT, r AT, (5) 


where AT, is given by equation (3). 

At position C the temperature rise AT, becomes less than 
AT,, which is not permissible, hence the temperature continues 
to rise along CF, the heat-transfer coefficient increasing as H 
increases, due to increasing interfaces temperature and pressure. 


Solid fuel rod 


Figure 11(a) shows an estimate taking these factors into 
account, as accurately as the available data permits, for the case 
of a solid uranium fuel-rod of 0-2 in. dia. at 0°C, in a can of 
500°C internal surface temperature, filled with helium at one 
atmosphere for various values of cold diametric-clearance, 4,9. 
For simplicity of calculation the following average values are 
employed : 


a = 20. 10~* (in./in.) 

a’ = 13-5. 10~* (in./in.) 

K,=09 (W/°C in.) 
K, = 0-005 (W/°C in.) 

h= SO (W/°C in*\(30 pin., 600°C, He) 
T = 500°C. 
Thus we have 
AT,/H = 1/47 .0-9 = 0-0883 


AT,/H = 1/7 .0-2 . 50 = 0-0319 


5, 1-00675 


AT, ae. 
Ts d, 20.10-* 


— 0-325 . 500 — BAT, 


= 503(6,/d,%) — 162 — BAT, 
(with 6,/d, here in °%{) and 


(slde%) _ (aldo %) 


AT./H = 035-0005 
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After the fuel has expanded thermally to make contact with 
the can, further expansion leads to increased interface pressure 
and can strain. Assuming the fuel to be incompressible, the can 
strain under these conditions is 


Pre djl + «(BAT, + T)] — (dy + 6.1 + 2’T) 
a Fr (d, + dof1 + aT’) 


é 
T(x — x’) + «BAT, — —(1 + «’T) 
d, 


al + do/dKl T aT) 


—aAT, pt 
(1 + 6,/d.l + «@’T) 


—aAT,. (6) 


Thus the can strain can be immediately deduced from Fig. 14(a) 
as indicated. If, say, it is desired to restrict the can strain to less 
than 0-2 per cent, then the power H must be restricted to a value 


The value of # to employ is given by analysing the thermal 
stresses and strains. For a long rod with uniform heat genera- 
tion the well-known expression for the tangential and longi- 
tudinal surfaces stresses is 


AT, &E 
o,=¢6,=— 
2 (i — w) 
where AT is the temperature rise from surface to centre, E is 
Youngs Modulus, « is Poissons ratio. The surface strain 


&, = (o, — wo, /E, 
hence substituting, 
& = aAT,/2. 


The surface expands by half the amount it would have done had 
the temperature rise been uniform at AT, that is, 8 = 0-5. In 
other words, the bar expands appropriate to its average tempera- 
ture. 


C-Shaped fuel rod 


Equations (1) to (5) above apply also to the C-shaped bar, 
provided that K, and f# are appropriately increased and also 
provided that the lower interface pressure is allowed for. Under 
these conditions assume K, = 1:2, 8 = 1-2 and A = 30, when 
we have: 


AT,/H = 0-106, (i’) 


(2) 
(3") 


(4) 


The results of this calculation are given in Fig. 11(b). The 
equations plot the curve such as AB’C’D’ which has been 
smoothed off, for reasons as before, to the curve ABCD. It 
will be seen that increased C-rod expansion increases the effect 
of the AT; term in equation (3”), reducing 47,, at the expense of 
increasing the contact drop AT, and the drop across the fuel 
AT,. Also can-strain due to fuel expansion is reduced, so that 
interference fits are permissible. For a fuel-pin of 0-2 in. 


AT,/H = 0-0531, 
AT, = 5036,/d,%) — 162 — 1-27, 


and AT,/H = @o/d,%). 
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diameter, designed for operation at 2000 W/in.* at 500°C can 
inside-temperature, the fuel diametric clearance permissible can 
range from —0-5 to +1 thou. Normally a slight interference fit 
would be called for. 

Figure 11(b) shows that the initial slope of the curve (A’B’) is 
controlled by equation (4). Generally, helium at several atmos- 
pheres would appear desirable to keep the slope to the minimum. 
The shape of the portion BC of the curve is controlled by the 
shape and depth of the slot. It would appear desirable that it 
should reach the centre-line, but higher interface pressures are 
possible with a shorter slot than this. The interface drop AT, is 
controlled by: the fuel and can surface finish, which should be 
as smooth as possible and free of contamination; the gas which 
should be hydrogen or helium for maximum thermal conduc- 
tivity and at a few atmospheres pressure; the interface pressure 
which is controlled by depth of slot and fuel/can clearance. As 
burn-up proceeds the interface pressure builds-up and beyond 
1000 Ib/in* the interface temperature drop falls to about a tenth 
of its original value. Attention paid to all these features could lead 
to appreciably smaller centre temperature than that indicated in 
Fig. 11(b). 

Tests made with an electrically-heated, stainless-steel rod in a 
Stainless-steel tube at up to 3 kW/in. power rating generally 
confirm the accuracy of the analysis given here, except that 
partial contact between fuel and can gives rise to somewhat 
lower centre-temperature with the larger gaps. The value of 8 of 
1-2 was obtained from tests using a # in. o.d., 5/32 in. id. tube 
having a 1/32 in. radial slot. Results of Rigs 3 and 4 also 
appear to confirm that the approach is sound and that no inter- 
mediate thermal bond between fuel and can is necessary. 


APPENDIX 2 
Inspection of fuel can for defects 


It is highly desirable to develop a range of can inspection 
methods of the highest standard, both for the present series of 
irradiation tests and for can inspection methods generally for a 
power-reactor fuel-element. The main methods suitable are: 


(1) Visual inspection. 

(2) Ultrasonic testing. 

(3) Eddy-current testing. 

(4) Electrical inspection using a twin probe (see Fig. 9). 

(5) Pressure testing to nominal value at operating tempera- 
ture. 

(6) Metallurgical testing of samples. 


Fuel-can production for a power reactor would employ all 
these methods each developed to the highest possible level, to 
ensure that defect-free cans were used for the fuel elements. In 
the present irradiation series, equipment was unavailable for 
method (2); method (5) could not be applied in the time avail- 
able; commercial equipment for method (3) was tried but found 
too insensitive. Reliance had to be placed therefore on methods 
(1), (4) and (6). 

Method (4) is a special development of a method used by the 
author for detecting defects in tungsten wire. but modified to 
utilize experience gained in the ‘sodium resistivity meter’ 
(BLAKE, 1960) and equipment immediately to hand. It is hoped 
that the method s'iould lend itself well to production testing and 
in any case should supplement eddy-current testing due to 
greater sensitivity to radial cracks (in eddy-current testing the 
electrical current is radial, in method (4) it is longitudinal). It 
also probes individually all the tube surface, virtually examining 
separately each elemental cube of side equal to the wall thick- 
ness, 
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The method is described in Fig. 9(a). An alternating current 
is passed down the tube via brushes at the ends. A specially 
constructed twin-probe of constant probe-separation about 
equal to the wall thickness is placed in contact with the tube and 
the voltage across it measured. This voltage is compared with a 
reference voltage derived from a current-transformer, the 
difference-voltage being amplified and fed to a recorder. 
Although intended for a different application, the design details 
given in BLAKE (1960) are applicable here also. 

Examples of recorder traces are shown in Figs. 9(b) and (c). 
Two types of probe-traverse are used; helical—in which the 
tube rotates and the probe moves axially (like the cutting action 
in a lathe); and linear—in which the tube is stationary during a 
traverse of the probe but is rotated a few degrees before another 
traverse is begun. Figure 9(b) and (c) show examples of the linear 
traverse on tubes and on a rod with simulated defects so that the 
sensitivity of the method is demonstrated. Generally, the linear 
method, with recorder traces lined up adjacent to each other to 
form a kind of contour map, presents the data on the defects in 
a way most easy to interpret; however, this method is most 
tedious to apply in practice unless special equipment is devel- 
oped. It will be seen that the holes, grooves and pits are readily 
detected, whilst wall thickness variation can be measured very 
accurately. So far the method is being used to select the best 
tubes from a given production batch. 


APPENDIX 3 
Sodium bonding of fuel can to inner container 


Figure 10 shows the equipment used in the sodium filling. 
Figure 10(a) shows the fuel pin, already attached toits hold-down 
rod, which is to be inserted into the inner-can and bonded to it 
by sodium, free of gas inclusion or impurity. The main problem 
of sodium filling is to eliminate gas-inclusion in the sodium bond, 
which is encouraged by the high surface-tension of sodium, and 
to obtain high-purity sodium and a good clean-up of both the 
fuel pin, outer-surface and of the inner-can, inner-surface. 
Following this operation, the inner-can has to be sealed to a high 
standard with a known amount of argon cover-gas above the 
sodium so that, at reactor operating conditions, sodium 
pressure is 5 to 10 atmospheres. 

For this work a glove box, (Fig. 10(b)), was specially built to 
high vacuum standard (< $ micron pressure), which incorporated 
a special filling-pot (Fig. 10(c)), welded to the glove-box floor. 
The filling procedure is as follows: 

(1) The glove box is evacuated and then filled with 99-995 per 
cent purity argon at atmospheric pressure. 

(2) Sodium is introduced into the glove box through a special 
pot in the glove-box roof. The sodium is kept at 120°C for 
several days being introduced to the box via a S.S. fitter. With 
the sodium molten in the filling-pot (Fig. 10(c)) the thermal 
insulating sleeve (Fig. 10(d)(1)) is inserted and the sodium 
heated to establish about 500°C in the lower portion of the pot 
and 120 to 140°C at the sodium surface. These conditions are 
maintained while oxide forms on the surface, from contamina- 
tion on the filling-pot walls, from the insulating sleeve and from 
oxygen within the sodium itself. This oxide is skimmed-off 
leaving a mirror-bright sodium-surface. If sodium contamina- 
tion from the atmosphere is suspected, the sodium is frozen and 
the box re-evacuated and fresh argon introduced. Conditions 
are established with the sodium-surface mirror-bright under 
normal operating temperature conditions of the filling-pot. 

(3) The insulating-sleeve is removed, screwed on to the inner- 
can (Fig. 10(a)), and re-inserted in the sodium in the position 
shown in (Fig. 10(c)); for about thirty minutes various puddling 
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tools (Figs. 10(d), (2-4)) are inserted deep into and oscillated in 
the inner-can to ensure that all the argon gas is removed and that 
the pot is filled with clean sodium at 500°C. Sodium-filling in 
this way with the sodium at 500°C ensures that the walls are 
wetted with sodium, it encourages oxygen clean-up of the walls, 
and by keeping the surface-tension of the sodium low, it reduces 
the chance of gas remaining in the sodium. Maintaining a 
temperature gradient in the sodium filling-pot (500°C at the 
bottom, 130°C at the top) encourages coid-trap type clean-up so 
that the oxygen level tends to be appropriate to the 130°C 
saturation-level, and it makes for acceptable operating tempera- 
tures within the glove-box. 

(4) With the sodium-surface bright, the fuel-pin hold-down is 
inserted in tool 5, (Fig. 10(d)), and slowly introduced into the 
sodium, oscillating it up and down all the while, until in its final 
lowered position when tool 5 is removed. 


(5) Tool 6 is inserted into sleeve 1 which is then removed from 
the sodium, together with the inner-can, and placed in a special 
copper-block which is held at 180°C (see Fig. 10{c)). The insu- 
lating-sleeve is unscrewed and returned to the filling-pot. The 
sodium filling the inner-can is now visible and should be clean 
and bright. When its temperature has fallen to 180°C, tool 7, 
which has previously been cleaned in the sodium of the 
filling-pot, is used to displace a known amount of sodium. The 
sealing-cone and screw-plug, kept at 180°C previously in the 
copper-block, are then used to seal the inner-can. 

(6) Usually 4 to 6 inner-cans are completed in this way, when 
they can be removed from the glove-box. They are then cleaned- 
up, the screw-plug turned-off to leave a lip for seal welding. If 
the cone and the soft-copper seal are not completely effective, 
this is usually evident by sodium vapour preventing the seal 
welding; this provides a check of the seal. 
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Abstract 
measured. 


The absolute fission cross section of 


The counting rate of a 47-fission chamber was comp 
measurements in a neutron beam emergent from the thermal column of BRI 
with a slow chopper previously calibrated with respect 
'B chamber was con 


(graphite). The efficiency of the 


*?Au by activation measurements with a (/) 
determined by comparison with x-standards of the 
spectrometric method 

Our determination yields 


(SS 


Some information is also obtained about the nearby 


INTRODUCTION 


ALTHOUGH the slow neutron properties of “°U were 
extensively studied for their interest in the theory of 
the fission process and the study of reactors, large 
deviations still exist in the experimentally measured 
values and in the interpretation of results (SAFFORD 
and HAVENS JrR., 1959). 

An important parameter is the fission cross section 
of ™U at the reference neutron speed of 2200 m/sec 
It is used for the normalization of relative fission 
the determination 
parameters an error on o, produces an error in I 
and in I’... when I’, is deduced from (I, l’,). One 
also needs a correctly normalized cross-section curve 
in the low-energy region, for detecting the negative 
energy levels necessary to explain the large cross- 
section in the thermal energy range. A normalized 
o,-curve is also needed to determine correctly the I’, 
distribution and the number of degrees of freedom 
of the generalized y*-distribution. These questions are 
treated in detail by Havens Jr. and MELKONIAN 
(1958). 

Existing values of the absolute fission cross section 
at 2200 m/sec are based on two kinds of measurements: 

(a) Indirect measurements combining a value of the 
absorption cross section o,, with an independently 
measured value of (1 -- «) = a,/a, fission. 

(b) Direct measurements of the fission rate of a 
35) layer of known composition and weight in a 
known neutron flux. 


cross sections: in of resonance 


1 


ared with that of a 


) coincidence technique 


January 1961) 


the reference neutron velocity of 2200 m/sec was 


B ionization chamber by alternate 
The energy selection was done 
for « Fe, Be, Bi, Al, € 


pared to the well-known absorption cross section of 


to the sharp breaks of o 


The thickness of the “*U layer was 


> Isotopic Composition, and controlled by a mass- 


6) barns 


\egative energy levels 


BNL-325 (HUGHES and 
580 + 7 b based on a, 
1-188 + 0-008. BOLLINGER 
(1957) suggested that this value should be changed to 
595 12b. SAPFORD and MELKONIAN (1959) deter- 
mined (1 x) at 53A and deduced as value at 
2200 m/sec: (1 x) 1-171 0-009. This 
580 + 7b. A subsequent careful redeter- 
mination of the total cross section of ™°U by SAFFOoRD 
et al. (1959) (a 695-0 1-8b at 0-0253 eV) and the 
value of (1 x) yield o,° = 591 5 barns. 

Recent values obtained by the direct method are: 
BOLLINGER et al. (1957): SAPLAKOGLU (1958): 


The value quoted in 
SCHWARTZ, 1957) is o,° 


689 7 b and (1 x) 


value 
yielded a,” 


above 


605 6 barns 


568 7 barns 


RAFFLE (1959): 


a? 590 
638 


12 barns (changed from 
20 barns (RAFFLE, 1954)). 


The situation is not clear. There is however a 
tendency towards a value higher than the now so-called 
‘world weighted average value’ of 582 + 4 b. 

The aim of this research was to make a careful 
redetermination of a, at 0-0253 eV by a direct method 
and to get at the same time supplementary information 


on the behaviour of o,V E in the energy range from 
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0-01 eV to 0-1 eV, as below 0-02 eV discrepancies still 


exist in the o,V E-curves (SAFFORD and Havens, 1959). 

The most important difficulties generally encoun- 
tered in a direct method are: the absolute determina- 
tion of the neutron flux, corrections for the energy 
spectrum of the neutrons when no energy selection is 
used, the determination of the efficiencies of the fission 
counter and the flux detector, and the determination of 
the quantity, composition and homogeneity of the 
fission foil. 

For our measurements the energy selection was 
done with the BRI slow chopper after a careful 
energy-calibration with the sharp breaks in the total 
cross section for «Fe, Be, Bi, C (graphite) and Al 
(DERUYTTER and CEULEMANS, 1960). As a fission 
counter a 47-ionization chamber was studied and the 
efficiency evaluated (DERUYTTER, 1960). The neutron 
flux is determined with a 27-'°B ionization chamber, 
previously calibrated by comparing it to the absolute 
activation of a gold foil; this avoids among other 
things using the absorption cross section of !°B which 
is not as well known as a, ('%Au). The number of 
285) atoms is determined by comparing the fission 
layer with U-standards of the same isotopic composi- 
tion, on the same backing material, the same diameter 
and about the same thickness in a low geometry 
counter. The method is controlled by a mass-spectro- 
metric determination and the measurement of the 
“-activity in a 27-geometry. 


1. GENERAL DESCRIPTION OF THE 
EXPERIMENTAL METHOD 

We compare a thin *°U layer with a thin '’B layer 
in identical ionization chambers and neutron flux. 
The B and *°U chamber are brought alternatively 
during a preset time at exactly the same place in the 
neutron beam of the slow chopper. We correct for 
background by taking the same measurements with 
Cd filters, and electrical disturbances are checked by 
an identical empty chamber. The energy selection is 
done by the BRI slow chopper with a two-meter flight 
path and a 25 channels time-analyser, and the beam 
is extracted from a thermal column. 

We compare the counting-rates C, and C, of the 
*8U and the 'B chambers in the velocity channel 
(v, — Av, v, + Av). The assumption is made that 
vo, and voy, the products of the neutron velocity and 
the corresponding cross section, vary much more 
slowly than p(v) the neutron density, in the channel 
considered. This comparison yields for o,': 

kC, vo 


a 
oF elgS Cn " 


oa, is the fission cross section of °U at the neutron 
velocity v,; e, is the efficiency of the 47 fission cham- 
ber; N,S is the total number of *U-atoms in the 
layer; vy is the reference velocity of 2200 m/sec; 


k = e,N,So,° (2) 


and ¢,, is the efficiency of the B chamber, N,S the 
total number of 'B atoms in the layer and o,° the 
cross section for the '°B (n, «) *Li reaction at 2200 
m/sec neutron velocity. 

To determine k we calibrate the '°B chamber against 
the absorption cross section of '*’Au following the 
method proposed by RAFFLE (1959) by activation 
measurements. The counting rate of the °B chamber 
in the Maxwellian spectrum of the thermal column 
is given by C,™ in equation (3) after correction for 
the epi-Cd neutrons: 

“Cd 
Cy = egNpSoy°t,| p de (3) 
#0 
with ov = o,°v, for the whole velocity range of the 
integration (SCHMITT ef al., 1960). 

Gold foils of the same dimensions are mounted in an 
identical ionization chamber, filled at the same pres- 
sure with the same gas, and irradiated in the same 
beam, which is monitored by means of a low-pressure 
BF; counter. The induced radioactivity is determined 
absolutely by means of a f~y coincidence circuit first 
with two plastifluor scintillators and also with an 
anthracene /-detector and a Nal(TI) y-detector. 

It can be shown that A,, is given by: 

A, A, 
e~*) Ni —e~“s) 
“Cd 


4B o.,°o| p de. (4) 


v0 

Here A,, is the saturated activity due to that part of 
the neutron spectrum below the Cd cut-off energy, 
A, is the activity due to the irradiation of a gold foil 
with N, atoms during a time ¢, without Cd cover, and 
Ag is the induced activity in a foil of N, atoms during a 
time f, with a Cd cover. Alpha and f are correction 
factors for the self-absorption in the gold foils and 
for the non 1/v behaviour of the gold absorption cross 
section due to the 491 eV resonance respectively; 
o,,° is the 1/v part of the absorption cross section at 
2200 m/sec; A is the radioactive decay-constant. 

From (2), (3) and (4) we conclude: 
Fay” ap 

A 
The previous method and the error on k are discussed 
in Section 3. 

From the discussion in Section 2, it will be noticed 


A 


° Ni 


k C.”. (5) 


x 
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that e, was specially studied and a 47 geometry was 
used to discriminate more easily for the alpha pile-up 
pulses. The number of *°U atoms in the fissionable 
layer N,,S, is discussed in Section 4. The calibration 
of the velocity scale of the slow chopper is studied in 
detail in Section 5. Other interesting points (accuracy 
of positioning the chambers and the foils in the beam 
and energy spectrum of the beam of the thermal 
column) are discussed in Section 6. In Section 7 the 
results are summarized. 


2. THE FISSION CHAMBER AND 
EFFICIENCY e, 

This point was studied in a previous paper. A 

technique has been developed to prepare fission foils 
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of uniform thickness on thin plastic films (VY NS-3) 
coated with Al, to be used as a cathode inside a 4z- 
chamber. The evaluated efficiencies of the counter for 
typical thicknesses are: 


| mg/cm: e, 


0-1 mg/cm?:  ¢, 

For the chamber used in the fission measurements, 
it is attractive to use a 0-1 mg/cm* UO, film with its 
high efficiency. But as we could use only one fission 
film, in order to reduce the error in the flight path 
and the velocity determination, such a thin film would 
give a too low counting rate. Therefore we selected a 


10 


Pulse height, 


Fic. 1. 


fission counting rate; é 


Vv 


Differential curve for the fission chamber. 


corrected fission counting rate. 


a-particle background. The solid line is the theoretical self- 
absorption curve used to extrapolate to zero bias. 
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fission film with (0-661 + 0-003) mg/cm? *°U (dis- 
cussed in Section 4) and an intermediate value for the 
efficiency. 

The differential pulse-height spectrum was registered 
with a 100-channel Marshall analyser before and during 
the measurements with the slow chopper (Fig. 1). For 
the final measurements a discriminator bias was 
chosen somewhat higher than the maximum <«-pulse 
height and corresponding to the lowest point of the 
counting rate valley. The choice of this bias influences 
the efficiency but not its precision if the whole pulse 
height distribution is followed continuously. The 
value found was: 


e, = (0-888 + 0-005). 


3. CALIBRATION OF THE 
'°B LONIZATION CHAMBER 
(a) The 'B ionization chamber is identical to the 
fission chamber except for the anode—cathode distance 
(1-2cm). The 'B layer was prepared by vacuum 
evaporation of metallic boron from tungsten boats. 


This metallic powder* contains 98-0 per cent boron, of 
which 96-0 per cent is '°B (isotopical analysis) and 
0-07 per cent Fe (spectrographic analysis). 

With a '°B layer of approximately 5 ug/cm? (two 
layers of about 2-5 wg/cm® on both sides of a thin 
aluminium disk) we obtained a good resolution (Fig. 
2) and a sufficient counting rate and stability with the 
discriminator bias set between the « and the Li-peaks. 

The pulses from the chamber are very small and a 
preamplifier with low noise and a large gain was 
constructed based on a circuit designed by Chase 
(Brookhaven) and reported in SAFFORD and MEL- 
KONIAN (1959). The signal/shot noise-ratio increases 
with lower capacities of the chambers. The ™B 
chamber had a capacity of 10 ~uF and the fission 
chamber of 12 4uF. When we consider the pulse- 
height distribution of the '°B chamber (Fig. 2) we see 
that the effect of the noise is negligible. 

(b) The calibration of the B chamber is done 
+ Supplied by Oak Ridge National Laboratory, Oak Ridge, 
Tennessee, U.S.A. 
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‘The differential pulse-height spectrum of the '°B ionization chamber. 
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relatively to the absorption cross section of '’Au, 
because '**Au has a sufficiently large cross section, 
close to I/rv up to 0-02 eV, and '*Au has a simple 
decay-scheme well suited for a #-y coincidence 
measurement. The agreement on the absorption 
cross section as measured by various laboratories is 
excellent. 

Referring to equation (4), it can be shown (RAFFLE, 
1959) that « and / are given by: 

Ca 

Ny, | polv)o,0,dv 
—* (6) 


> cd 
‘3 | pv)o,vdv 


and 
Ca 
| pv){C E/E,y*? — |) dv 


*Cd 


| plv)dv 
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cut-off velocity. For values far below the resonance 
energy E, the Breit-Wigner resonance formula is 
written as: 
Ty 'X 
O,v 
(1 


EJE,)?" 


In these formulas p,(v) is the neutron velocity spectrum 
incident on the foils. This spectrum was determined 
with the slow chopper, correcting for the rotor trans- 
mission probability, the absorption cross section of the 
air flight path and the losses by dead time of the elec- 
tronic circuitry. We found a Maxwellian spectrum 
with a probable 2336 m/sec 
(Fig. 3). For a pure Maxwellian spectrum (7) reduces 


to 


most velocity Uv, 


J0 In our case, E, = 0-0285eV and E 4-91 eV. So 
7 
where the integrations are carried out up to the Cd fp = 1-0174. 
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The Maxwellian spectrum of the thermal column of BRI, measured with the slow chopper as a function of 


the flight-time. The open circles are the experimental points; the solid line is the best fit by least squares. 
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When we put o, = a, in (6) and assume the previous 
pov) One gets x = 0-983 and af = 1-000. 

Referring to (5), the error on k is composed of the 
independent errors on the factors present. We assume 
an error of 5 per cent in the correction terms in « and 
6B due to the inhomogeneity of the gold foils and 
deviations from the adopted Maxwellian spectrum. 
This results in a 0-1 per cent error for the product «/. 
The error on C,,™, the counting rate of the !°B-ioniza- 
tion chamber in the beam of the thermal column, 
corrected for background and epi-Cd neutrons, can be 
reduced to 0-1 per cent by taking a sufficiently long 
measuring time. 

The 1/v part of the absorption cross section of ’Au 
quoted in the literature is: 


97-8 + 0-5 barns 
(GOULD et al., 1957; CARTER et al., 1953) 


= 97-4 + 0-9 barns 
(EGELSTAFF, 1954). 


0 
o Au 


We have adopted 97-7 + 0-5 barns. 

The determination of the saturated activity A, of 
the Au foil was carried out with a #-y plastifluor 
coincidence circuit, using a | mm thick f-detector and 
a S5cm thick y-detector shielded with a 2 mm thick 
Al plate. 

The elementary equation used for the disintegration 
rate is: 


(8) 


N, and N,, being the counting rates of the f and the 
y-channel and WN, the coincidence-counting rate 
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corrected for background, accidental coincidence rate 
and dead time when needed. 

Corrections were made for efficiency changes over 
the foil surfaces. The discriminator in the S-channel is 
set at a level sufficient to eliminate the conversion 
electrons, and we take into account the complexity of 
the decay scheme. A correction for the y-sensitivity 
of the f-counter and the y-y coincidences is made. 
Bremsstrahlung of these weak f-rays may be neglected. 
The effect of the recently (STEFFEN, 1960) determined 
p-y directional correlation anisotropy was negligible 
in Our counter geometry. 

An additional measurement* was made with a 
coincidence apparatus using an anthracene /-detector 
and a Nal y-detector, and the results coincide within 
the experimental errors. Gold foils irradiated at BRI 
and measured with our equipments were also con- 
trolled independently by A. Detroyer of the UMHK 
Laboratory in Brussels. The results agreed very well. 
The value finally adopted for (8) is: 

N,N 


(1-035 + 0-003)Ny. 


Table | lists various values obtained for A, taking 
4 = 1-784 « 10-4 min~' (Lockett and Tuomas, 1953; 
STROMINGER ef a/., 1958) with an error of 0-1 per cent. 
This shows that A, is determined with an accuracy 
of 0-6 per cent. 

From the measured value of C,,“ one obtains for 
k the values given in Table 2. 

The four values agree within the quoted errors and 


* This measurement was done by H. Depuypt, C.E.N. Mol, 
Belgium. 


TABLE | 


Irradiation 
time 
(min) 


Activity 
after 
irradiation 


Ax 


100 
902 
906 
897 (under Cd) 
908 
918 


Saturated activity per 
atom, corrected for 
epi-Cd neutrons 


f 21 
Nqy in units 10 


08649 ~ 0-0005 
08716 
0-8710 
0-8655 
0-8933 
0-8915 


(3-890 
(3-876 
(3-896 


0-066) 10 
0-021) 10 
0-021) 10 


(3-431 
(3-582 


+ 0-020) 10 
0-019) 10 


Saturation activity per 
atom and per second 


0-021)10-'* 
+ 0-021)10-"* 
0-020)10~** 
+ 0-019)10°"* 


(3-876 
(3:896 
(3-431 
(3-582 


C,™ /sec k in units 10°* 


2-729 
2:715 
2-691 
2698 


(108-24 
(108-24 
(94-48 
(98-92 


0-16)10 
+ 0-18)10 
+ 0-29)10 
0-23)10 


+ 0-020 
+ 0-020 
+ 0-022 
+ 0-021 
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yield a mean value of: k = (2-708 + 0-009) 10°*. 
This standard deviation of 0-3 per cent shows that the 
reproducibility of results is good. As the error on a 
single k determination is about 0-8 per cent, we thought 
it was acceptable to quote 0-6 per cent as a final error 
on k. 


4. DETERMINATION OF THE NUMBER OF 
*°U ATOMS IN THE FOIL 

The most important difficulties encountered in the 
determination by «-counting of the number of *U- 
atoms in a thin layer are: 

1. The determination of theefficiency of thedetector, 
influenced by the self-absorption in the layer and the 
backscattering of the base-plate when using a 27 
geometry. With a low geometry counter the above 
difficulties are avoided but the main difficulty remains 
namely the exact knowledge of the geometry factor. 


2. The knowledge of the disintegration constants of 


the isotopes present in the layer. 

We use a low geometry counter to compare the 
unknown foil with standards made from the same 
solution. In this way we do not need an exact know- 
ledge of the geometry factor of the chamber, and 
as foil and standards have the same isotopic composi- 
tion and so the same specific activity (disintegrations 
min/mg) the disintegration constants of the isotopes 
are not needed. 

As alpha detector, we use a ZnS(Ag) scintillator 
coupled to a photomultiplier. The plateau of the 
counter has a slope of 1-4 = 10-* per volt between 
1320 and 1480 volt PM-H.V. 

The standards prepared on mechanically 
polished aluminium disks by a TEG-painting tech- 
nique (JArrey, 1954; Hurrorp and Scott, 1949; 
Dopson ef al., 1952). The solution used for the prep- 
aration was calibrated by conversion of the uranyl- 
nitrate into U,O, from 10 cm* of the solution and 
careful weighing. 


are 


Calculated 
value* 


(A) (A) 


Measured 


Crystal Planes (Ak/) value 


(110) 

(100) 

(101) 

(101) 

(graphite) (002) 
Al (222) 
(220) 

(111) 

Bi (110) 


4-048 
3-921 
3-446 
4-040 
6-693 
2:337 
2-851 
4-654 
6°535 


4-046 
3-951 
3-459 
4-054 
6°696 
2°333 
2-858 
4-667 
6°548 


* Wyckorr, 1951; Pearson, 1958; 
Henry et ail., 1953. 


Henry and Lonspate, 1952 


The foil and the standards are of about the same 
thickness and were intercompared for several short 
periods to eliminate possible positioning errors. 
No influence of self-absorption was detected. 

From this comparison we calculate the total amount 
of uranium in the layer: (2-075 + 0-011) mg, and by 
considering the isotopic composition of the foil, we 
get for the °U total content: 

(1-833 + 0-010) mg *°U. 

The isotopic composition of this film? in percentage 

of weight is: 
2U: (88-35 
4: (1-202 
26U: (3-756 
38: (6°69 


0-02) 
0-005) 
0-007) 
0-02) 


Our method was checked by a mass-spectrometric 
dilution technique, and the agreement was good. A 
second check was made with a 27 
determined in the foil (1-86 
ment with the previous result. 


z-counter; we 
0-07) mg *°U in agree- 


5. THE ENERGY CALIBRATION 
OF THE SLOW CHOPPER 

The neutron energy selected goes from about 0-01 eV 
to0-l eV. The selection is done by the BRI slow chop- 
per, mounted at the thermal column. The calibration 
of the time basis was done by using the sharp discon- 
tinuous changes in thecoherent scattering cross sections 
of polycrystals as « Fe, Al, graphite, Be, Bi. 

Transmission measurements of these elements were 
carried out with the slow chopper. The data are only 
accepted after a thorough statistical analysis. We 
corrected for the shift of the mean detection point of 
the '°B(n, «)’Li reaction in the 12 EB 70 BF, detectors 
with respect to the central wire. We determined with 
0-1 mm accuracy the distance from the rotor axis to 
the central wire. After these corrections the experi- 
mental position of the ‘cut-off’ was determined and 
compared to the values calculated from crystallo- 
graphic data. The comparison is made in Table 3. 

The mean deviation is about 0-2 per cent. To 
calculate this value we did not take the results for Be, 
because the (002) planes with 4, = 3-577A influence 
the results. So, we believe the flight time is known to 
0-2 per cent. 


6. POSITIONING OF THE 
IN THE BEAM 


CHAMBERS 


The intensity distribution of the neutrons in the 
beam was measured and it was concluded that an 


+ The enriched uranium was supplied by the A.E.C. (U.S.A.) 
The mass-spectrometric measurements were made by Dr. G. H. 
Desus, B.C.M.N. Mol, Belgium. 
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TABLE 4 


Channel 
number 


Flight time 
(usec/m) 


Experimental result 
(barn) 


Best straight line 


EV) fit (barn) 


» (m/sec) 
4,762 
4,348 
4,000 
3,704 
3,448 
3,226 


210 
230 
250 
270 
290 
310 


0-11855 5 

0-09884 253-1 251-5 
0-08365 277°5 281°3 
0-07173 308-6 - 311-2 
0-06215 341-5 341-0 
0-05441 375-6 370-9 
330 3,030 0-04798 406:2 400-7 
350 2,857 0-04267 426°7 430°5 
370 0-03820 463-7 460-4 
390 A 0:03437 483-5 490-2 
410 0-03110 527-6 520-0 
430 0-02829 545-0 549-9 


246°: 


221-7 


450 
470 
490 
510 
530 
550 
570 
590 
610 
630 
650 
670 
690 


0-02581 
0-02367 
0-02178 
0-02010 
0-01862 
0-01728 
0-01608 
0-01502 
0-01404 
0:01347 
0-01237 
0-01165 
0-01098 


579-9 
622:9 
629-2 
659-7 
704-2 
7423 
778:4 
7848 
792-2 
855-8 
888-9 
898-4 
903-4 


579-7 
609-6 
639-4 
669-3 
699-1 
728-9 
758-8 
788-6 
818-5 
848-3 
878:1 
908-0 
937-8 


error of | mm in the horizontal or vertical positioning 
of the foils causes only a relative change of 5 x 10-4 
in the total number of neutrons per second hitting the 
foil. Such an accuracy is easily achieved by proper 
design of the sample changer. 


7. RESULTS AND DISCUSSION 

Scattering corrections for the aluminium of the 
chambers are estimated and can be neglected as in the 
expression of o,' (1) only the ratio of C,/C,, is present. 
So the correction may be written as a difference of the 
corrections on C, and Cx, which are small and nearly 
identical. 

The correction for backscattering by the plastic 
support of the °U layer was difficult to calculate, but 
a maximum of 10~* was estimated and consequently 
neglected. Corrections for ternary fission and fission 
into two fragments and a long range «-particle are 
also negligible. At these low energies we are far below 
the fission barrier for “SU, “*U and **U present in 
the foil, and their thermal contribution is most prob- 
ably negligible. 

The final fission measurements were done with a 
rotor speed of 6,000 rev/min (giving a 54 usec maxi- 
mum burst time) and 40 wsec wide time channels. 

We calculated o,' for the 25 channels going from 
200 wsec/m (0-1307 eV) to 700 wsec/m (0-0107 eV) 


using (1) with the values of the factors resulting from 
the previous discussions, and the experimental values 
of C, and Cy. 

The so-calculated values of o, are plotted in Fig. 4 
and listed in Table 4. The result for o, at 454-5 usec/m 
or 2200 m/sec, taking only into account the result ob- 
tained in the channel around 450 usec/m and extrapo- 
lating to 2200 m/sec by a I/v law, is (586 + 9) barns. 

The results do not follow a 1/v law (Fig. 5), but it is 
possible to fit a straight line through the experimental 
points by least squares (Fig. 4). 

This weighted best fit is: 
bt) barns with a 91-67 

b = 1-492 


tin usec/m 


Vo (a 


Yo is the fission cross section; the individual points 
are weighted according to |/o* (where o is the error 
on the experimental results). We calculate an average 
standard deviation for the individual experimental 
results with respect to the best fit values: 


> Pio — Yi 


Pi 


p; are the weights of the individual measurements; 
Vo is the best straight line fit and y,; the experimental 
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Fic. 4.—The fission cross section of °U as a function of the neu- 
tron flight-time. The solid line is the best straight line fit through 
the data. 


values. S, is about 6 barns. From this, one deduces 
as standard error on y, at 2200 m/sec a value of 1-2 
barn. 

It seems however safer to adopt as error on the 
final result, the average error of individual measure- 
ments, as the straight line fit is somewhat arbitrary. 
But as our results do not contradict this fit, we adopt 
the result of this fit at 2200 m/sec as representative 
and quote finally: 


a,” = 587 — 6 barns. 


This value is in good agreement with the last result 
of SAFFORD et al. (1959) (590-8 = 5-4) barn obtained 
by an indirect measurement. It shows that the ‘world 
average’ value is probably too low as suggested by 
BOLLINGER (1957). 

In Fig. 5 o,v (barns m/sec) is plotted as a function of 
the time of flight, together with 2 theoretical fits that 
have been proposed. The statistical accuracy is not 


high, but without doubt a Reich-Moore (Reicu and 
Moore, 1958) formula with the parameters calculated 
by SHORE and SaILor (1958) (i.e. two negative reso- 
nances at —0-02 eV and —1-45 eV) and normalized to 
our value of a,’ fits the results better than the fit pro- 
posed by Vocr (1958 and 1960) who introduced only 


one negative level at —0-95 eV. 
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Fic. 5.—(o,v) plotted as a function of the neutron flight-time. 
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T . ; 
are the experimental points; the full line 


is the Voar fit and the dotted one is the fit of SHore and SAILOR with a ReicH-Moore formula, both normalized to 
our value at 2200 m/sec. 
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Abstract 


Experiments to determine the oxidation rate, particle size distribution of oxide and release of 


iodine-131 from one kilogram, trace irradiated uranium slugs oxidizing at temperatures up to 1000°C in 
air and carbon dioxide are described. The release of iodine as a result of rapid melting of uranium is also 


investigated. It is concluded that extensive release of elemental iodine as vapour is always accompanied by 
extensive oxidation and that for temperatures below the melting point the release of elemental iodine as 


vapour is greater for oxidation in air than in carbon dioxide 


It is stressed that for the geometrical arrange- 


ment and gas velocities used the greater part of the iodine inventory of the uranium remains contained in or 


adsorbed on particles of uranium oxide. 


1. INTRODUCTION 


Much work has been carried out in the last ten years 
on the behaviour of reactor fuel materials when ex- 


posed to coolant gases at temperatures in excess of 


normal reactor operating temperatures. The purpose 
of the work has been to forecast the behaviour of fuel 
elements under reactor fault conditions and, in par- 
ticular, ANTILL ef al. (1958) HILLIARD (1958) and 
SCHNIZLEIN ef al. (1959) have determined oxidation 
rates of portions of fuel elements, HOPKINSON (1957) 
has investigated the particle size distribution of uran- 
ium oxide, and CREEK, MARTIN and PARKER (1959) and 
HILLIARD (1959) have studied the emission of fission 
products from molten fragments of fuel elements. 
Most of the work referred to was performed on quite 
small specimens of material of volume perhaps a few 
cubic centimetres and in low gas flows, in some 
instances amounting to still gas conditions. It is 
apparent that the physical dimensions of the specimen, 
particularly its surface-to-mass ratio and the gas flow 
past it, could have a marked effect on both the oxida- 
tion rate and the particle size of the oxide. The experi- 
ments described in this paper were, therefore, per- 
formed on a specimen of similar surface-to-mass ratio 
to fuel elements used in conventional gas-cooled 
natural uranium reactors and in gas velocities of up to 
several metres per second. 

The dimensions of the cylindrical specimens used 
were I-I15inches diameter and 3 inches long. The 
weight of uranium was one kilogram. In addition 
to determining the effects of sudden melting of irradi- 
ated uranium, it was decided also to study the effects on 
the uranium specimen of being maintained for pro- 
longed periods at temperatures above normal opera- 
ting temperatures, but below the melting point. 


2. EXPERIMENTAL METHOD 

2.1 General description of rig 

The experimental rig which is illustrated in Figs. | 
and 2 consisted of a closed circuit of Pyrex tubing 
incorporating a fan and various sampling devices, 
together with an orifice plate for measuring the gas 
flow rates. The rig could be filled with carbon dioxide 
from a generator, air from compressed air mains or 
mixtures of the two. No purification or drying of the 
gas was carried out. In order to prevent leakage from 
atmosphere, the rig was run sufficiently above atmos- 
pheric pressure to ensure a slight positive pressure at 
the fan intake and fresh gas was continually pumped 
into the rig and out through a water lute during runs. 


Fic. 1.—Experimental rig. 
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Fic. 2. 


Fic. 7(a,b).—Uranium cylinder oxidized for 34 hours at 800°C 
in carbon dioxide, with microphotograph of ‘spine’. 
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The uranium slug was supported in a four-inch 
diameter section of the rig at A (Fig. 1) and could be 
heated by a radiofrequency heating coil placed round 
the outside of the Pyrex tube, or in some experiments 
by an internal electrical resistance heater. 


2.2 Sampling arrangements 

Solid debris from the oxidizing uranium either fell 
into the waste pot B against the gas flow, or was carried 
around the rig. In a closed circuit rig it is important 
that material being sampled is not allowed to pass the 
sampling position more than once. A cyclone was 
therefore installed at C to remove gas-borne solid 
material and this was followed by a high efficiency filter 
and a charcoal pack to remove iodine. The gas stream 
was sampled continuously for iodine at E and F by 
passing a fraction of the gas through a filter to remove 
oxide and then through two bubblers in series each of 
which contained sodium hydroxide solution with 
potassium iodide carrier. These samples were usually 
changed hourly during a run and the iodine was 
subsequently precipitated as silver iodide and beta- 
counted as a thick source in an arrangement of known 
geometry. The purpose of the second iodine sampler 
at F was to check the efficiency of the charcoal pack. 
Although the thickness of charcoal was eventually 


reduced to one centimetre, the efficiency of removal of 


iodine between circuits was consistently greater than 
95 per cent. At the end of an experiment oxide samples 
were taken from both waste pot and cyclone, and 
particle size analyses were performed by a sieving and 
sedimentation method. 


2.3 Temperature measurement 

When a metallic specimen is heated by high fre- 
quency eddy currents, the heated zone is confined to a 
shallow surface layer. The central part of the specimen 
is heated by conduction from the surface and for a 
given rate of heat generation and coolant flow, a steady 
state is reached in which there is only a small tempera- 
ture gradient within the specimen itself. In these 
experiments, temperature measurements were first 
made by means of a platinum, platinum-rhodium 
thermocouple bearing on the top of the specimen. 
A preliminary check showed that heat generation by 
eddy currents in the thermocouple itself was negligible. 
As oxidation proceeded, disks of oxide were formed on 
top of the uranium and it became progressively more 
difficult to obtain good thermal contact between the 
thermocouple and the oxidizing metal surface. The 
arrangement was then changed and the thermocouples 
were sunk into holes drilled in the uranium as shown 
in Fig. 3. The fit of the thermocouple support in 
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Fic. 3.—Sections of uranium specimens used 


the hole was good so that very little oxidation 
5s 


occurred in the hole itself. Figure 3 shows the positions 


of thermocouple holes for specimens heated by radio- 


frequency and internal electrical resistance heater 
respectively. In the latter case the thermocouple was 
much nearer the oxidizing surface and the question 
arose as to how closely the temperatures indicated by 
the thermocouples approached the uranium surface 
temperature. One check point was provided by the 
rapid rise in oxidation rate which occurs in carbon 
dioxide between 750°C and 800°C, which is ascribed in 
Section 3.1 and by ANTILL (1958) to the beta-gamma 
phase transition temperature of 771°C. The mean 
temperatures recorded by the thermocouples for this 
point were 764 C (standard deviation 11°C) and 772°C 
(standard deviation 13°C) for the specimens heated by 
radiofrequency and internal resistance heaters respec- 
tively. It is considered that these figures give a reliable 
measure of the accuracy of determination of uranium 
surface temperatures. 


3. OXIDATION RESULTS 


3.1 Measurement of rate of oxidation 


Most experimental work on the oxidation of 
uranium has been performed in apparatus which 
enabled the specimen and its oxidation products to be 
weighed continuously, and it was thus convenient to 
express the results in terms of weight increase per unit 
area per hour. Oxidation rates calculated on this basis 
are Open to misinterpretation, since they are usually 
expressed in terms of the initial surface area of the 
specimen, whereas in reality the metallic surface area 
available for oxidation generally decreases continu- 
ously during an experiment. In the results reported 
here, oxidation rates are expressed as milligrams of 
uranium Oxidized per square centimetre per hour and 
were determined as follows. It was found that most 
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of the oxide formed during an experiment of several 
hours duration was carried away by the gas stream or 
fell under gravity against the gas flow to the waste pot. 
At the end of the experiment any oxide adhering to the 
surface of the uranium was scraped off and the slug 
pickled for about twenty minutes in five per cent 
nitric acid. The slug was then weighed and the weight 
of uranium which had oxidized obtained by subtrac- 
tion from the original weight of the specimen. It was 
assumed that the slug had oxidized with a uniform 
penetration rate and that its final shape was cylindrical. 
A mean penetration rate was then calculated and from 
this the oxidation rate was obtained by multiplying 
by the density of uranium. Such a method is approxi- 
mate for, in some conditions, as will be seen, the final 
shape of the specimen is far from cylindrical. Where 
conditions were similar, however, the agreement 
between these results and those obtained by WANKLYN 
(1958), by the more conventional method of measur- 
ing the gain in weight of a small specimen, is good. 

The results are given as an Arrhenius plot for 
various Reynolds numbers in Figs. 4 and 5 for oxida- 
tion in air and carbon dioxide respectively. In air the 
oxidation rate rises from 250 mg/cm? hr at 400°C to 
nearly 2000 mg/cm? hr at 650°C. In the region 660 
750°C there is an apparent fall to about 1200 mg/cm? 
hr but by 800°C the oxidation rate has risen to 3000 
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Fic. 4.—Oxidation of uranium in air. 
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Fic. 5.—Oxidation of uranium in carbon dioxide. 


mg/cm®* hr and falls thereafter to about 1200 mg/cm? 
hr at 1000°C. 


Some experiments were performed to determine the 
variation of oxidation rate of uranium with increasing 
oxygen content of the gas circulating in the rig. The 
results are given in Fig. 6 where oxidation rate is 
plotted against oxygen content by volume of the circu- 
lating gas. The experiments were performed with air/ 
argon and oxygen/argon mixtures and the oxygen 
content of the gas for each run determined by volu- 
metric analysis of samples taken from the rig. The 
uranium temperature for these experiments was 600°C. 
It is seen from Fig. 6 that the oxidation rate rose 
rapidly from 130 mg/cm? hr when the oxygen content 
was 0-5 per cent by volume to 900 mg/cm? hr at an 
oxygen content of 7:5 per cent. Thereafter the curve 
flattens and an increase of oxygen content from 20 to 
30 per cent increases the oxidation rate only from 1400 
to 1500 mg/cm? hr. Although these results were 
obtained using air/argon and oxygen/argon mixtures, 
it is considered that they would apply also to air/carbon 
dioxide mixtures at a uranium temperature of 600°C 
since at this temperature the oxidation rate of uranium 
in carbon dioxide alone is less than 100 mg/cm? hr. 

The whole pattern of oxidation in carbon dioxide 
is quite different from that in air. At temperatures 
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Fic. 6.—Variation of oxidation rate at 600°C with oxygen 


content of gas stream. 


below 750°C the oxidation rate is less than 100 mg/cm? 
hr which corresponds to a penetration rate of only 
55 microns per hour. Above 750°C the increase of 
oxidation rate to about 4000 mg/cm? hr is very rapid 
and the rate then increases rather slowly to about 
5000 mg/cm? hr at 1000°C. 

It is seen from Fig. 5 that the rapid increase in 
oxidation rate occurs at a temperature very close to the 
beta-gamma transition temperature of 771°C. This 
effect has also been reported by ANTILL. 

An interesting phenomenon which occurs when a 
uranium specimen is oxidized at about 800°C in 
carbon dioxide is illustrated in Fig. 7. Under these 
conditions the specimen does not maintain the approxi- 
mately cylindrical shape which is usual, but ‘spines’ 
grow out from the body of the uranium giving it an 
appearance reminiscent of a Christmas tree. The 
spines grow out even beyond the original dimensions 
of the uranium and are seen from the microphotograph 
in Fig. 7 to consist of a uranium metal core surrounded 
by a coat of oxide. Spine formation was not observed 
to occur outside the temperature range 770-810°C and 
it appears reasonable to assume that this phenomenon 
also is associated with the beta-gamma transition. 

The type of oxide formed by oxidation in air was 
entirely U,O,. The oxide formed in carbon dioxide 
was in the range UO,., to UO,,,. 


3.2 Particle size distribution of oxide 
The results of particle size determinations by sieving 
and a photoelectric sedimentometer are shown in 


Figs. 8 and 9 for carbon dioxide and air respectively. 
The results show mass medians of from 42 to 350 
microns, depending on conditions, for oxide particles 
formed in carbon dioxide, and from 10 to greater than 
500 microns for oxide formed in air. It is apparent 
from the curves that there is a general shift towards a 
larger particle size distribution as the uranium 
temperature increases. The results for oxidation in 
air at a uranium temperature of 1000°C cannot be 
compared directly with the other results for the follow- 
ing reason. Very few oxide particles were emitted 
from the uranium while it remained at 1000°C, but a 
thick layer of oxide built up on the specimen. When 
the uranium was allowed to cool to about 750°C this 
oxide coating began to disrupt violently, presumably 
due to thermal stresses and particles of oxide were 
projected from the specimen with considerable emis- 
sion of sparks. Oxidation of uranium at 1000°C in 
carbon dioxide proceeded quite normally and oxide 
particles were emitted continually while the uranium 
remained at temperature. 

The analysis of the particle size of gas-borne oxide 
showed a fairly general reduction in mass median with 
increasing gas velocity and this is indicative of some 
breaking-up of oxide particles by increasing turbulence. 
In general, however, the variation in particle size with 
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Fic. 8.—Size distribution of oxide from uranium oxidizing in 
carbon dioxide. 
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gas velocity is not very great over the range of velocities 


considered. 


4. RELEASE OF IODINE-131 


4.1 General 

The uranium specimens were irradiated for ten 
minutes in the BEPO reactor and allowed to decay for 
about ten days. These periods resulted in a beta 
activity in the one-kilogram specimen of about 
twenty millicuries of which about 1-5 millicuries were 
due to iodine-131. The total activity of the specimen 
was estimated by analysis of uranium wires which had 
been irradiated in small diameter holes in the specimen 
and the iodine-131, strontium-89 and barium-140 con- 
tent of the specimen estimated by radiochemical 
analyses of these wires. After an experiment similar 
analyses were performed on the oxide to indicate 
whether any significant proportion of the isotope 
concerned was escaping undetected. 

The analytical procedures for determination of 
strontium and barium were relatively straightforward, 
involving two fuming nitric acid separations, a ferric 
hydroxide scavenge and precipitation of barium as 
chromate and strontium as carbonate. Some difficulty 
was experienced with determination of iodine but 
eventually a development of a method given by 
CorYELL and SUGARMAN (1951) was used successfully. 


It was found necessary to ensure that the fission 
product and carrier iodine were in the same valency 
state by passing them through successive oxidation and 
reduction stages. The iodine was eventually precipi- 
tated and counted as palladous iodide. 

The results of these determinations are summarized 
in Table | which shows as a mean for each set of con- 
ditions the percentage of the isotope originally present 
which was accounted for after the experiment. The 
standard deviation is given in parentheses. 

It is apparent that the activity balances are within 
the experimental error with the single exception of the 
iodine-131 balance for uranium oxidizing in air at 
1000°C, and as has been mentioned in Section 3.2, the 
oxidation pattern for these conditions was peculiar. 


4.2 Release of iodine-13\ as elemental iodine in the 
vapour phase 

The results obtained for the release of iodine-131 
from a uranium specimen oxidizing in air and carbon 
dioxide respectively are given in Tables 2 and 3. The 
method of sampling described in Section 2.2 was such 
that only elemental iodine in the vapour phase was 
sampled. 

The releases are given in microcuries and are also 
expressed as the mean percentage released per hour of 
the total iodine-131 content of the slug at the com- 
mencement of heating. In addition, since it became 
apparent that the release of iodine was in some way 
connected with the process of oxidation and the type of 
oxide formed, the releases have been calculated as a 
percentage of the iodine-131 content of the oxidized 
uranium. 

It is apparent from Table 2 that when oxidation took 
place in air in the region of 600°C, between 0-2 and 0-8 
per cent of the iodine-131 content of the uranium was 
released per hour as elemental iodine in the vapour 


TABLE 1.—ACTIVITY BALANCES FOR IODINE-1 31, 
STRONTIUM-89 AND BARIUM-140 


Mean percentage of original 
activity accounted for 
Conditions (with standard deviation) 


131] 89Sr M°Ba 
600 C 
800°C 
1000°C 


97-2 (2:2) 
98-6 (4-9) 
86°5 (4-6) 


99-1 (4-4) 
100-2 (2:3) 
96-3 (4-7) 


101-5 (2-9) 
101-0 (2:7) 
97-1 (3-2) 


*600°C 
800°C 
1000°C 


100-0 (0) 
97-9 (2-7) 
105-4 (4-7) 


100-0 (0) 
98-2 (1-2) 
94-7 (4-9) 


100-1 (0-1) 
98-0 (0-7) 
95-9 (5-0) 


* Very little oxidation occurred in CO, at 600°C and these 
figures are virtually the initial values for the uranium slug. 
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TABLE 2.—RELEASE OF ™"!] AS ELEMENTAL IODINE FROM A URANIUM SLUG OXIDIZING IN AIR 


Release of "I as elemental iodine 


Release as a 
percentage of 
817 content 
of oxidized 
uranium 


Mean release 
per hour as 
percentage of 
initial *"] 
content of slug 


Duration of 
experiment 
(hr) 


Gas 
velocity 
(cm/sec) 


Uranium 
temp. 
(C) 


Percentage 
of uranium 
oxidized 


Reynolds 


Serial 
number 


Release 
(uc) 


24:8 0-2 
22-8 5. 0-2 
19-7 0-8 
56:7 0-65 
55-4 03 
49-8 21 
66:1 ; 5-5 
25-0 : 49 
$7:8 48 
§2:4 7-4 
35-5 3. 0-2 
32-4 5: 03 
373 1-6 
31-0 1-8 


B23 4600 
B25 4600 
1/3 4600 
BIS 10,000 
B12 10,000 
2C . 3000 
4600 

10,000 

10,000 

10,000 

4600 

4600 

10,000 

10,000 


TABLE 3.—-RELEASE OF **"I AS ELEMENTAL IODINE FROM URANIUM SLUG OXIDIZING IN CO, 


Release of *"I as elemental iodine 


Duration of 
experiment 
(hr) 


Gas 
velocity 
(cm/sec) 


Uranium 
temp. 
(°C) 


Release as 
percentage of 
ST content 
of oxidized 
uranium 


Mean release 
per hour as 
percentage of 
initial **"I 
content of slug 


Percentage 
of uranium 
oxidized 


Reynolds 


Serial 
number 


Release 
(uc) 


B17 
20C 
22C 
B20 
B19 
BI8 
7C 

9C 

23C 


10-* 
10- 
10-* 
10-* 
10-* 
10 
10-* 
10-? 
10-* 

; 10-* 
15SC ° . “4 > 8 x 10-* 
10C 
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10 
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phase and the total release corresponded to a maxi- 
mum of eight per cent of the iodine-131 in the oxidized 


the specimen, corresponding to 20 per cent of that of 
the oxidized uranium. 


uranium. At 800°C these values had increased to five 
per cent per hour and 25 per cent respectively. At 
1000°C the results vary rather more widely but the 
upper limit is a release in the vapour phase of about 
two per cent per hour of the total iodine-131 content of 


> 


The results for uranium heated in carbon dioxide are 
quite different. In no case below 1000°C did the 
release of elemental iodine as vapour approach 0-1 per 
cent per hour of the iodine-131 content of the slug and 
in only one instance did the release exceed one per cent 
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TABLE 4. 


RELEASE OF IODINE-131 AS VAPOUR FROM URANIUM ON MELTING 


Percentage 
of uranium 
which oxidized 


Serial 


*29C (1) Air 12-2 
31C Air 
32C Air 
30C co, 

*29C (2) Argon 


21-0 163 
14-0 
11-5 141 
0-13 212 


lodine-131 
content of slug 
(yc) 


380 


19-2 


Duration of 
heating 
(sec) 


Release of 
iodine-131 


Percentage of 
iodine-131 
(uc) released 
31-4 -25 98 
8-3 
3-0 
17-2 
0-37 


* Half slug. 


of the iodine-131 in the oxidized uranium. At 1000°C 
the releases were rather higher but were still very much 
below the corresponding releases from slugs oxidized 
in air, although the oxidation rate was rather greater 
than in air. 

A few experiments were performed in which uran- 
ium slugs were rapidly heated above the melting point 
and the release of iodine-131 determined. It was not 


possible to measure accurately the temperature 


reached by the uranium, the specimen being heated in 
the r.f. field until the molten uranium broke through 
the oxide skin and fell out of the field or until the con- 
tainment of the rig was threatened by the slug slumping 
and touching the glass rig wall. In no experiment did 
the heating period exceed 100 seconds. The results are 
given in Table 4 and show that up to I5 per cent of the 


iodine-131 may be released as elemental iodine in the 
vapour phase when a uranium slug is melted rapidly in 
this manner. This rate of release of 15 per cent in less 
than 100 seconds is vastly greater than the maximum 
recorded in Table 2 which was 7:4 per cent per hour at 
a temperature of 810°C. It is notable that in the single 
experiment in CO, the release of iodine-131 was com- 
parable with the release in air and that where the slug 
was melted in argon, where relatively little oxidation 
occurred, the release of iodine was very small. It is 
remarkable that in Table 4 the percentage of iodine 
released, whether in air, carbon dioxide or argon, in 
most cases corresponds fairly closely with the percen- 
tage of uranium which oxidized. This should not be 
taken to mean that the released iodine all came from 
the uranium which had oxidized. In fact the iodine- 
131 content of the oxide was as high and sometimes 
higher than that of the parent metal, and it is probable 
that additional iodine had adsorbed on the surface of 
the oxide particles. The oxidation rates in these 
experiments were extremely high, approximately 
80,000 mg/cm? hr, except in the experiment in argon. 


4.3 Desorption of iodine-131 from oxide 


It was considered possible that some proportion of 
the iodine atoms, after being displaced from the 


uranium lattice during the process of oxidation, might 
adsorb on the surface of the oxide particles rather than 
be emitted as elemental iodine to the gas stream. 
A series of experiments was therefore performed in 
which samples of the oxide from both air and carbon 
dioxide runs were placed on a sintered disk and milli- 
gram quantities of iodine-127 passed through. In 
this manner it was found possible to desorb between 40 
and 70 per cent of the iodine-131 content of the oxide. 

Other samples of oxide were calcined in air at 600°C 
and it was found that similar fractions of the iodine-131 
content were released. These results indicate that a 
considerable proportion of the iodine-131 content of 
the oxide is adsorbed on the surface of the oxide. 
Further work on this subject is necessary. 

5. DISCUSSION OF RESULTS 

5.1 Oxidation results 

Oxidation rates for uranium in carbon dioxide and 
in air have been reported by several authors, notably 
ANTILL ef al. (1958), WANKLYN (1958), HILLIARD 
(1958) and SCHNIZLEIN et al. (1959). Their results were 
obtained in the main on small specimens of uranium 
suspended from delicate thermobalances in low gas 
flows. In the present work the specimens were rela- 
tively massive, the gas flows high and the oxide was in 
most cases removed from the uranium surface very 
soon after formation. Nevertheless, there is a con- 
siderable measure of agreement between the various 
sets of results. For oxidation in air, WANKLYN quotes 
results equivalent to 700 and 1820 mg/cm*hr and 
HILLIARD 950 and 1000 mg/cm? hr at temperatures of 
600°C and 800°C. In the present work, the ranges of 
values are 700-1200 mg/cm* hr at 600°C and 2000- 
3000 mg/cm? hr at 800°C. In carbon dioxide, the rapid 
increase in oxidation rate between 700°C and 780°C 
reported by ANTILL is confirmed by the present results 
and is seen from Fig. 5 to occur at a temperature very 
close to the beta-gamma phase transition temperature 
of 771°C. 

The marked reduction in oxidation rate in carbon 
dioxide found by ANTILL in the temperature range 
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800°C-1000°C has not been confirmed, and the range 
of values 3000-8000 mg/cm? hr at 1000°C is very much 
greater than ANTILL’s figure of 1250 mg/cm? hr. It is 
considered that the differences in the oxidation rates 
are probably due to different experimental conditions. 
In previous work there was little or no temperature 
difference between the specimen and the oxidizing gas. 
In the present work the specimen was heated directly, 
the gas temperature rarely rising above 100°C, and 
there was thus a considerable temperature gradient 
across any oxide film formed on the surface of the 
metal. The existence of this temperature gradient 
would undoubtedly promote the cracking off by 


thermal stresses of the oxide skin and the exposure of 


fresh uranium surfaces to the oxidizing gas. It is 
reported by Scorr (1958), for example, that cracking 
and subsequent fracture inevitably occur when sintered 
uranium oxide pellets are subjected to temperature 
gradients of the order of 500°C/cm. 


5.2 Particle size distribution of oxide 


Published data on the particle size distribution of 


oxide from uranium oxidizing in air or carbon dioxide 


are few. HELLYER (1948) reported a mass median of 


300 microns for the oxide from a horizontal uranium 
rod, one inch in diameter, oxidizing at 250°C in air. 


The air velocity was 4000 cm/sec. From a number of 


experiments he concluded that at temperatures up to 
300°C, 99 per cent by weight of the oxide particles 
would be greater than ten microns in diameter. 
HOPKINSON’S (1957) results at furnace temperatures up 
to 1350°C led to mass medians of the order of 150 
microns for oxide particles resulting from the oxida- 
tion of thin (0-15 cm) plates of uranium in a slow- 
moving airstream. These compare with the range (in 
air) of from 10 to more than 500 microns found in the 
present work. HOPKINSON’s experiments were per- 
formed in a small furnace; the air temperature was 
probably close to the uranium temperature and the 
oxide was not removed from the uranium surface as it 
was formed, but was recovered after the apparatus had 
been allowed to cool. For these reasons it is considered 
that the present results are more representative of the 
particle size distribution of oxide which might be 
formed in reactor accidents. Whether or not they are 
representative of the oxide size distribution which 
might be released to atmosphere in the event of such an 
accident depends on the geometry and gas velocities in 
the reactor, whether the channels are vertical or hori- 
zontal and the degree of filtration which it is possible 
to provide. In the velocity range used however the 
dependence of particle size on gas velocity is not great 
and it is noteworthy that there is fairly good agreement 


between the present results and the particle size of 
uranium oxide, probably formed at rather lower 
temperatures, sampled from time to time in the Wind- 
scale stacks (Moore, 1958). 


5.3 Release of elemental iodine as vapour 


The release of iodine-131 from uranium oxidizing in 
air has been investigated by HILLIARD (1959) and from 
molten reactor fuels by CREEK, MARTIN and PARKER 
(1959). 

Using small (11-5 g) cylinders of uranium, HILLIARD 
found that iodine was emitted only until the oxidation 
of the uranium was complete and that below the 
melting point of uranium, release of iodine was less 
than 25 per cent of the iodine content of the uranium. 

It is probable that the smaller releases of elemental 
iodine in the vapour state found in the present work 
were due to deposition of iodine on the rapidly cooled 
oxide, and this is confirmed by the desorption experi- 
ments in section 4.3. When conditions were similar, 
the results of both HILLIARD and Creek ef a/. for the 
release of iodine from molten uranium and alloys agree 
well with the results reported here. 

The reason for the very different releases of iodine 
from uranium oxidizing in air and in carbon dioxide is 
difficult to understand and no satisfactory explanation 
has been produced. 


6. CONCLUSIONS 


The experiments have demonstrated marked differ- 
ences in the behaviour of uranium oxidizing in air and 
in carbon dioxide. At temperatures below 771°C the 
oxidation rate is very much lower in carbon dioxide 
than in air, but at this temperature there is a rapid 
increase in the oxidation rate in carbon dioxide and 
then oxidation rate in carbon 
dioxide is rather higher than in air. Oxide particles 
formed in carbon dioxide had mass medians of 40 and 
300 microns for formation temperatures of 600°C and 
1000°C respectively; in air the comparable figures 
were 10 microns and more than 500 microns. 

There were differences also in the quantities of 
gaseous iodine released from irradiated uranium oxidiz- 
ing in the two gases, the release in carbon dioxide 
being very much less than that in air. It has been 
demonstrated that substantial releases of elemental 
iodine from heated uranium were always accompanied 
by substantial oxidation and that the oxide particles 
retained the greater part of the fission product iodine. 
These results have some bearing on the consequences 
of nuclear reactor accidents, and indicate that the 


from onwards the 


184 W. J. MeGaw, R. C. CHapwick, A. C. WELLS and J. E. BripGes 


quantities of iodine emerging from a reactor after an 
accident will depend to a great extent on whether the 
oxide formed in the accident cools quickly after forma- 
tion. Where this is the case, it was found that more 
than 60 per cent of the iodine involved was adsorbed 
on or contained in oxide particles. The detailed 
geometry of the reactor and the prevailing gas flows 
will determine how far these particles are carried within 
the reactor. Whether or not they are released to 


atmosphere will depend on the presence of an efficient 
particle filter in addition to any iodine removal system 
which may be provided. 
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Abstract—The stored-energy status of the Oak Ridge Graphite Reactor, which went into operation in 
November, 1943, has been analysed following a low temperature anneal in which fission heat and a reverse 
air flow system were employed. From more than 100 post-annealing core samples, calorimetric studies 
revealed that the success of the annealing operation closely conforms to the maximum temperature profiles 
reached during the anneal. 

Between 3-5-4-5 MWh of stored energy in a 15 ft diameter region was released during the pile opera- 
tion, and the stored energy in that area was reduced to a level where a spontaneous release is now not possible. 
This was achieved with a maximum fuel element temperature of 275°C and a maximum graphite temperature 
of 236°C emphasizing the significance of the low temperature method. 

The peripheral regions of the fuel zone, including the outer three rows, did not reach sufficiently high 
temperatures for annealing primarily because of sharply dropping thermal gradients at the edges of the 


moderator stack. The future stored-energy status of the reactor is discussed. 


INTRODUCTION 

A CONTROLLED stored-energy release was conducted in 
September, 1960, in the world’s oldest operating 
reactor, the Oak Ridge Graphite Reactor. As a 
preliminary to this operation, graphite sample cores 
were removed from the moderator stack for stored- 
energy measurements. The purpose of these measure- 
ments was threefold: (1) to check on previously 
determined stored-energy growth rates, (2) to conduct 
low temperature annealing experiments as an aid in 
the upcoming annealing operation, and (3) to provide 
a direct analysis of the success of the annealing oper- 
ation by means of a later comparison with post- 
annealing measurements in these same areas. 

The thermal characteristics of the reactor (STANFORD, 
1961) made it apparent that the reactor could be 
imagined to consist of two regions: (1) a core region 
approximately 15 ft in diameter that could be easily 
annealed by the previously proposed method (STAN- 
FORD, 1960) and (2) peripheral region encompassing 
the outer three fuel channel rows, in which it was 
recognized that significantly high annealing tempera- 
tures might not be easily reached. A typical channel in 
each of these regions was carefully scanned before and 
after the annealing operation and will, as shown later, 
depict the annealing behaviour of the entire reactor 
fairly accurately. More than 100 cores were taken 
from the moderator stack, post-anneal, to completely 


* Oak Ridge National Laboratory is operated by Union Carbide 
Corporation for the United States Atomic Energy Commission. 


analyse the stored-energy status in the reactor as a 
whole. 


METHOD OF STORED-ENERGY MEASUREMENT 

All of the stored-energy measurements described in 
this report were made by the radiation-calorimetry 
method (WECHSLER, 1959). A higher oil-bath tempera- 
ture (240°C) was employed than before, however, 
since this was a more suitable temperature for pro- 
ducing a quasi-adiabatic rise and, therefore, was more 
informative. The maximum temperature reached 
during the measurements ranged between 238°C and 
300°C so that in no case did the quasi-adiabatic rise 
exceed the oil-bath temperature by more than 60°C. 
The integrated stored-energy release was obtained from 
calculations on the IBM 704 computer for each of the 
measurements. 


PRE-ANNEALING DATA 


Cores that contained the largest amounts of stored 
energy were subsectioned and annealed at low tempera- 
tures slowly and subsequently measured for stored 
energy. The results confirmed previous observations 
that a low temperature soak (140°-165°C) greatly 
reduces the temperature rise in a subsequent spontan- 
eous release of stored energy. In Fig. | the tempera- 
ture-time curves for a typical experiment of this kind 
are shown. The annealed samples were heated at 
0-5°C/minute to the stated annealing temperatures and 
were then measured for stored energy in the usual 
manner. It should be pointed out that after the 161°C 
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Time-temperature curve during stored-energy 


release. 


anneal only 22-4 cal/g remained up to 250°C and, 
therefore, a spontaneous release in this graphite would 
no longer be possible. 

From the time-temperature data shown in Fig. 1, 


similar curves can be calculated showing the rate of 


energy release for the same three cases (Fig. 2). This 
analysis shows that at a heating rate of 45°C/minute 
the energy release rate, at peak, is 0-55 watts/g and 
persists for approximately 30 seconds. Stated in other 
terms, if the entire mass of damaged graphite in the 
reactor were heated at 45°C/minute ina quasi-adiabatic 
environment, a peak power release of approximately 
50 MW could be sustained for about 30 seconds. This 
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Fic. 3.—Stored-energy distribution before and after pile 


annealing in channel 2167. 


point is entirely academic, however, since these environ- 
mental conditions are not possible in this massive 
graphite structure. The energy-release curves for the 
low-temperature annealed samples only further empha- 
size the significance of a slow, low temperature anneal 
in reducing the dangers of a spontaneous release of 
stored energy. 

A typical profile of the stored-energy distribution 
before annealing for the core region channel, 2167, is 
shown in Fig. 3, together with a graphite temperature 
traverse. In this case the peak damage position and 
peak reversed-temperature position coincide and there- 
fore present an ideal annealing configuration. A 
similar profile for the peripheral channel, 3068, is 
shown in Fig. 4 where it is evident that the damage- 
temperature profiles are not ideally suited for an 
annealing operation and, inaddition, the peak tempera- 
tures are too low for adequate annealing. It should 
be emphasized that the graphite temperature profiles 
in these two channels were for conditions of reactor 
power on: air coolant flowing, and maximum fuel 
element temperatures, while the graphite temperatures 
were steady-state. 
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Stored-energy distribution before and after pile 
annealing in channel 3068. 
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POST-ANNEALING DATA 

Following the annealing operation the stored-energy 
distributions in the two above-mentioned channels 
were again determined and are shown in Figs. 3 and 4. 
The reversed air-flow temperature profiles were taken 
during the annealing operation, but after the energy 
release, when steady-state conditions prevailed. As 
indicated in the pre-annealing discussion the operation 
was very successful in channel 2167, and in channel 


3068 it was apparent that only a minor degree of 


annealing had occurred. 

From 36 other channels in the stack (Fig. 5) stored 
energy distributions along the channels were deter- 
mined and are shown graphically in Figs. 6 and 7 for 


Graphite channels scanned for post-annealing stored energy. 


the two halves of the reactor. The stored energies 
shown are for the total energy released during the 
quasi-adiabatic run and are therefore not necessarily 
related to the identical temperature span. Several facts 
are evident in this scan: (1) annealing was successful 
in the 15 ft core region of the graphite moderator 
(Fig. 8), (2) annealing was unsuccessful in the periph- 
eral region of the moderator, (3) stored energy in 
the west half of the moderator is nil except for small 
stringers that extend a few feet west of centre in the 
peripheral region only, (4) the peak damage position in 
the south peripheral area is slightly east of that for the 
north peripheral region and is obviously due to the 
normal colder temperature distribution in the north half 
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FiG. 6.—Post-annealing stored-energy distribution in south 
half of graphite moderator measured at temperatures up to 
300°C. 
of the reactor, and (5) the stored-energy distribution in 
the north peripheral region is also somewhat broader 
for the same reason. The unusual curves for channels 
2965 and 3068 are due to the proximity of control rod 
positions. The spatial distribution of stored energy 
capable of spontaneous release is shown in Fig. 9. 
This region presently contains approximately 3-5 MWh 
of releasable energy up to 250°C. Analysis of the 
annealed core region indicates that 3-5-4-5 MWh were 
released during the annealing operation. 

DISCUSSION 

X-ray lattice parameter analysis (WITTELS, 1957) 
had previously revealed that the stored-energy accumu- 
lation had extended into the outermost row of fuel 
channels on the north edge of the reactor (3258). It is 
therefore apparent that the other three lateral graphite 
edges of the fuel region also have suffered similar 
damage since the fast flux and temperatures in all four 
of these peripheral areas are comparable. 

The discovery of stored-energy accumulations in the 
corners of the graphite moderator is not so well under- 
stood, however, and suggests that the fast flux distri- 
bution in the Oak Ridge Graphite Reactor might be 
somewhat different from the well-known thermal flux 
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Fic. 7.—Post-annealing stored-energy distribution in north 
half of graphite moderator measured at temperatures up to 
300°C. 


(RAMSEY, 1955) distribution (cosine) at the corners of 
the reactor. This is the case at the core-reflector inter- 
face but is of too low intensity to affect the fast flux by 
more than 15 per cent. It therefore seems more 
probable that the stored-energy growth rate at tempera- 
tures below 30°C may be as much as three times as 
high as the damage rates at 30°C-100°C (Davipson, 
1958; Woops, 1955). It further suggests that con- 
trolled radiation damage experiments with graphite at 
temperatures between 4°K and 300°K may provide 
interesting results. 

The overall effect of the annealing operation was a 
complete success from the standpoint of a low tempera- 
ture procedure confined to narrow operational limits. 
For example, the maximum permissible fuel element 
temperature (285°C) was closely adhered to, and in 
fact only reached a maximum of 275°C. Of even 
greater significance were the heat transfer properties of 
the reactor during that period when stored energy was 
being released. Continuous recording from more than 
300 thermocouple positions revealed that at no time 
during the stored-energy release, with reactor power 
on, was energy transferred from graphite to uranium; 
and, therefore, the reactor was under rigid control 
during the most critical annealing phase. Further, the 
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rate of spontaneous release of stored energy was 
reduced to the extent that the maximum graphite 
temperature with reactor power on was only 203°C, 
and with the reactor scrammed at high temperature, 
and air flow blocked, this maximum recorded graphite 
temperature only reached 236°C. 

The reduction of intensity of a spontaneous release 
coupled with the subsequent use of fission heat as a 
power source for higher annealing temperatures is in 
sharp contrast to other annealing methods (Dickson, 
1958; Corrrett, 1958; Rimmer, 1959) where the 
kinetics of the stored-energy release itself are utilized as 
a major source of power. The final two stages of the 
annealing operation itself offer conclusive evidence of 
the continuing safe operation of the reactor with air 
flow in either direction. In the next-to-last stage, with 
fuel elements near maximum temperature, the reactor 
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Outline of peripheral unannealed region on reactor loading face. 


ran for more than twenty hours with a thermally 
steady-state condition. This means that a large mass 
of graphite and fuel elements was maintained at 
temperatures over 100°C higher than was maintained 
at any time during the reactor’s previous seventeen 
years’ history. During the final annealing operation 
with the reactor scrammed from a maximum tempera- 
ture condition, and the air flow blocked, there was 
simulated what might be considered, academically, a 
maximum credible accident environment. As a result 
of this operation, as well as of the previous annealing 
steps, not a single fuel element was ruptured, and the 
maximum temperatures previously described were not 
exceeded. 


FUTURE STORED-ENERGY STATUS 
The evidence for the presently safe stored-energy 
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status in the Oak Ridge Graphite Reactor has already 
been discussed. As for the future stored-energy status, 
it will be assumed that the reactor is to be operated 
continuously and indefinitely. It is evident that the 
15 ft core region offers no great difficulties because 
it is within a region of easily attainable annealing 
temperature (Fig. 3) now that the reactor has a 
permanently installed reverse air-flow system. The 
unannealed peripheral regions (Figs. 4, 8 and 9) will 


continue to accumulate stored energy at the rate of 


approximately 2 cal/g/yr up to 250°C. That this does 
not constitute a great hazard can be concluded for 
several reasons. The already cited evidence for the 
initiation of annealing (Fig. 4) in a peripheral channel 
indicates that a longer bake-out period following a 
scram condition, say 16-20 hours, might produce 
sufficiently high annealing temperatures in the periph- 
eral area. This probability can be further increased 
by reducing the thermal losses to air flowing in the 
reflector channels by restricting the air flow in these 
channels. Also, the shifting of higher temperatures to 
the peripheral region could also be accomplished by 
orificing designated fuel channels. If these efforts do 
not succeed in annealing the outermost fuel channels, 
no great hazard presents itself in any event, since 
release temperatures would therefore be virtually 
impossible to achieve under any conditions. It might 
be noted at this point that concern of a ‘thermal wave’ 
occurring through an accidental stored-energy release 
during normal reactor operations is unrealistic if an 
adequate air coolant flow is available. During the 
annealing operation it was strongly apparent that with 
coolant air flowing at 60 per cent of normal capacity 
and stored energy being released, the thermal resist- 
ance at the boundaries of individual graphite blocks 
was So great as to prevent any large-scale heat transfer 
from graphite block to graphite block. Instead, the 
heat transfer due to the stored-energy release was 
mainly to the coolant air stream and along the 
unbroken graphite stringers themselves and therefore 
is narrowly confined in space. In addition, the effec- 
tively dispersed nature of the peripheral area is an 
isolating feature in itself. 

This discussion has assumed that the present maxi- 
mum fuel element temperatures (285°C) would not be 
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exceeded. If the reactor were reloaded with fuel 
elements capable of safe operation at 350°C, then there 
seems to be very little doubt that sufficiently high 
annealing temperatures could be attained rather easily. 
As a routine operating measure it is believed that the 
reactor should be placed in a bake-out condition from 
the reverse flow operation, perhaps annually, to attenu- 
ate the accumulation of stored energy throughout the 
reactor and thereby reduce the higher temperature 
stored-energy growth as well. This should be a 
routine experience now that the stored-energy content 
has been largely eliminated in the central regions of 
the reactor core. 
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Abstract 


The singular integral method suggested by Case (1960) for solving neutron diffusion problems in 


an isotropic scattering medium is generalized for a linearly anisotropic medium. The formulation of the 
anisotropic problem is the same as that of the isotropic scattering problem except for small correction terms. 
These correction terms are proportional to the absorption probability. In the case of a non-absorbing 
medium, it is shown that the anisotropic scatterings affect only the asymptotic flux distribution and not the 


transient flux distribution.t 


INTRODUCTION 


NEUTRON transport theory for a medium with aniso- 
tropic scattering has been studied by various authors, 
Davison and Sykes (1957), Davison (1946), Tar 
(1948) and TAKAHASHI (1960)}, using methods such as 
the Wiener-Hopf method, the Pn method etc. How- 
ever, the resulting expressions are too complicated to 
derive physical meaning from them and are limited to 
special cases. Recently, a general method for solving 
neutron transport problems in one dimension for a 
homogeneous medium with isotropic scattering has 
been suggested by Case (1960). This method uses the 
singular integral equation studied by MUSKHELISHVILI 
(1953) and is systematically applicable to various 
problems such as the Milne problem or Green func- 
tions. 

Our present purpose is to generalize this method for 
an anisotropic scattering medium. For the sake of 
simplicity, we shall limit ourselves to the case when the 
scattering law is linear in the cosine of the angle 
between the directions of the primary and the secon- 
dary particle. Where the Wiener-Hopf method treats 
the factorization of simultaneous equations, the 
singular integral method reduces to the solution of the 
Hilbert problem for a single variable. Thus, the 
resulting expression is simpler in form and has more 
physical meaning than those found by other methods 
such as the Wiener-Hopf method etc. It is easily 
shown that the anisotropic scattering effect in a non- 
absorbing material appears only in the asymptotic 
distribution, and that the transient term in the case of 


* Work performed under the auspices of the U.S. Atomic Energy 
Commission. 

+ Parallel work on the Wiener-Hopf method has been carried out 
by TAKAHASHI (1960). 

¢ Neutron transport theory for an anisotropic scattering medium 
has also been studied by AveRBACH, by use of Chandrasekar’s 
methods (private communication). 


an anisotropic scattering medium is exactly the same 
as that of isotropic scattering. 


FORMALISM 
Let us consider neutron transport in a medium with 
linear anisotropic scattering. The neutron transport 
equation in the one-dimensional system is expressed 
by equation (1): 


Ov Ox 1) 
ie A,lu 
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y( X, u) 
Gf ac, 
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y(X, uw) du 4 = ad y(X, w) udu, (1) 


where distance X is measured by a unit of a mean free 
path; C, is the ratio of scattering cross section to total 
cross section; C, is the ratio of linear term of aniso- 
tropic scattering cross section to the total cross section. 
We define 5, as C,/C, throughout this paper. 
Assuming the solution of p(X, «) as follows 


e7*!"b(u) (2) 


and substituting it to equation (1), we get an equation 
for 6,(u) 
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In order to get a non-trivial solution for the homo- 
geneous equation (3), the eigenvalue v is determined as 
follows; solving equation (3) gives 
Co 
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Integrating equation (4) by uw from —I to +1, 
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and multiplying equation (4) by mw and integrating it 
over the same interval as equation (5), 
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From equations (5) and (6), » has to satisfy the 
following relation 
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There are two roots of the equation which will be 
denoted by +1. Following Case’s (1960) discussion, 


if J(u) can be a distribution, the other solution of 


equation (4) is obtained as follows from equation (3), 
i y : 
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where the symbol P indicates that principal values are 
to be understood when integrating an expression 
involving ¢,(u). In a similar way, the number A(j) is 
determined by the condition 
* 1 + 3C,1 — Cy)? 
Av)} Xu — v) du ——e 
J-1 3b,(1 — Cy)* 
C “t du 
— »P le : 
2 J-1¥— ps 
When » is not real and is not in between —1! and +1, 
the condition reduces to equation (7). The two roots 
-t, occurs. If we normalize ¢,(u) as follows 


(9) 


*] 


b{u) du (10) 


e 


the corresponding functions are expressed by 


Cc, y 
go.(H) => {I 


Yo = Ho 


3b,urgl — C,)). C1) 


When » is real and lies between —1 and +1, A(r) is 
determined by 
l 3C\ 


1 + 3b\(1 


Cy)” 


— (12) 
Cy)" 


Av) Cy tanh”! », 


and the function corresponding to this value of » is 
Cc v : ; 
d,f fs) k P | —-— A(v) O(u v) 
2 y— J 


{1 + 36, wl — C,)}. (13) 


Next, we consider the orthogonality and completeness 
of these functions. The orthogonality of these func- 
tions for an anisotropic scattering medium is expressed 
from equation (1) as follows 


“1! 
b(wd(uyudu=-0, vr’, (14) 


From the explicit forms of ¢,() in equations (11) and 
(13), the orthogonality integrals for » = v’ are 
*I 


| dy .* du 
J~1 


C. 
2 


~ ‘ v : 
65, (1 Cy)” | 3 
y 


96,71 C,)* v4 


iV" 


3¥9k 
Cy 


where 
3C,(1 
| 3b,(1 


Coo 
Coo" 


From the formula of Poincare-Bertrand, we get for the 
function ¢,() 
“1 
ud,(u)du 


v—1 


Next, let us consider the completeness of these func- 
tions over a partial range, (theorem II in Case’s (1960) 
paper is a special case of theorem III in which the 
completeness in partial range is proved. We will not 
describe this special case in this paper). Let « and # 
be two real numbers such that —1 = « < $< 1, then 
(a) if « 1 and p 1, the functions ¢,(u) 
(x =. » = f) are complete for functions y(mu) defined 
in the interval « = uw = #, (b) is x lor fp J, 
the set ¢,(a — v = #) is complete when supplemented 
by dy_ (dy,). Where y() has to satisfy a Hélder con- 
dition. If y is an arbitrary function defined in the 
interval —1 = « = w= # = 1, it may be shown that 


y(t) A(v)b,(u) dv (a S wu & B), (17) 
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is a solution of the integral equation 


¢ Co 
ye) Au)A(u) > 
“? yA(y) | y . C 
P | — do | | A(u)A(u)ur = 
y— w L 2 

“Fy? A(v) - 
P —— dvu | 3, ( l C,) . 


Ja ¥— fh 


(18) 


If A(v) has properties similar to those of y(m), the 
function defined 


se pa le ok (! 
Qari 2 (vy —Z) 


ati J % 


N(Z) 3b, ur(1 


C,)| dv, 
(19) 


has the properties 


(1) it is analytic in the complex plane with a cut 
from « to p; 

(2) MZ)— W/ZasZ--> @w: 

(3) NM(Z) is bounded by C,/|x — Z|’ and C,/|8 — Z| 


with y | as Z -» « and f, respectively. 


Further, 


5 9 1 


3b, (1 
Mt) 


Cy) dv, 
(20) 


oe ; 
< [fu + 3d,0 Cy“) AG). (21) 


Substituting equations (20) and (21) to (18), we get 


Co , [ * ) 
> MY (4) AC 


inC, | 
aman ps 1 Oss), 
ae 


Then 


0 
= U y(t) 


G(u) N. (nu) 


N_(#) 


where 
Au) + (irr/2)Cgu 


G(u) 
m (i7/2)Cyu —X 


Mu) 


Similarly to Case’s discussion, we get 


| l 
NZ) = =>: — 
X(Z) 277i 
[ C eye )X~(’) du’ 
a 2 [A(u’) — (i7/2)Cyu'u'’ — Z) 


where F(Z) vanishes in the cases of (a) X(Z) 
stant (now zero) and (b) X(Z)—» Z~" (n integral and 
positive) when Z is infinity, and F(Z) is equal to 
P,,, ,(Z) in the case of (c) X(Z) —» Z™ (m integral and 
positive) which is an arbitrary polynomial of degree 
And in case (b), a unique solution exists only 


» COn- 


m l. 
if 


. : 


| 4 u(y) X~(p) 
uu 


(imr/2)Cou 


, l. 


Au) 


(26) 
We construct the function X(Z) defined as follows 


X(Z) = (a — ZB — ZX (Z), (27) 
where 

inde “InG(u’) 5 
eXp 5 — me 


2771 Ja fl 


X,(Z) (28) 
It is necessary that X(Z) does not vanish as rapidly as 
x—Zorfp—ZasZ->« or f respectively. That is, 
the functions (a) and k(P) defined in equation (27) 
must satisfy the conditions 


(x) 


| I(x) (29) 


where 
Cy)" 


Ce 


Tig 
<e|. 


WM) 


| 

— In G(u) arg 
>; ‘ c 
2i L 


Cy tanh"! u (30) 


The function #() varies the same interval as in the 
isotropic case between when ym varies 
between —I and +1. The classification of functions 
X(Z) described in Table 1 of Case’s paper is applicable 
to the anisotropic case. 


7 and TT, 


NON-ABSORBING MEDIUM 


We have considered the generalization of singular 
integral method to anisotropic medium case. We 
have found that the mathematical formulation is quite 
similar to the formulation for the isotropic case, so it 
is quite easy to study the effect of anisotropic scattering 
by comparison of these formulations. This method is 
systematically applicable to various problems such as 
the half-range completeness relation in albedo problem, 
Milne problem in semi-infinite medium and time- 
dependent problem, etc. Although we can apply the 
above described formulation to these problems in the 
anisotropic scattering medium, the formulation ob- 
tained is the same as the formulation considered by 
Case except for the expressions A(u) and Ou) in 
equations (12) and (30). In order to avoid duplication, 
we do not describe them here. 
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In all expressions obtained, the terms which express 
the anisotropic effects are proportional to (1 — Cy) 
that is the absorption probability. Then, when we 
consider the non-absorbing medium, C, = 1, all 
formulations for an anisotropic medium are exactly 
the same as that of an isotropic medium except that 
the ratio of v) in the anisotropic medium to that in the 
isotropic medium is in the following relation 


YOanisotropic ) 


re 4 (31) 
MOisotr pic) le 1 ( I by) 


Thus, the transient term of neutron transport in the 
non-absorbing anisotropic scattering medium which 
does not involve the v, in their expressions is the same 
as the transient part for the isotropic scattering case. 
On the other hand, the asymptotic part is changed such 
that its distance scale of anisotropic case is expanded 
by 1/(1 — b,) times that of the isotropic case. The 
extrapolation length in a Milne problem also becomes 
a 1/(1 — b,) times of the one of isotropic case, which 
was shown previously by the author (TAKAHASHI, 


1960). The linear anisotropic scattering case has been 
considered in this paper. From the analysis we expect 
that the problem with higher anisotropic scattering can 
also be easily solved by use of the singular integral 
method. 
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Abstract 


A calculation is described for predicting control rod worths and radial flux distributions for arrays 


of cylindrical control rods in reflected cores. The effect on the control rod worths and fluxes of the voids 
(defined in this article as fuel-free zones containing moderator) that are present in the core as the result of 
the absence of some of the control rods is also considered. Two-group diffusion theory is used. The com- 
putation, which is programmed for ‘MeRcuRY’ has been used for O.M.R. core calculations and some results 


are presented. 


1. INTRODUCTION 
THE ORGANIC moderated reactor core, which employs a 
mixture of the polyphenyls as a moderator and maybe 
coolant, is, by virtue of the hydrogen content of the 
polyphenyls a very compact design. A satisfactory 
lattice design from the point of view of reactivity, 
temperature coefficients and conversion ratio consists 


of a closely-packed triangular lattice of bundles of 


cylindrical fuel rods. Such a design means that it is not 
possible to insert a control rod within the lattice unless 
it replaces the fuel bundle. This, coupled with the high 
cost of control rods, motors and related gear, suggests 
that a control rod layout employing few large rods 
rather than many small ones is desirable. A control 
rod displaces a volume of moderator, and when 
removed causes a local fuel-free moderating zone, 
which will be referred to in the following text as a void. 

The worth of a control rod array suggested by the 
above type of core cannot be assessed satisfactorily by 
the most conventional methods. The thermal utiliza- 
tion or cell method is not valid since there are too few 
rods to approximate an infinite lattice and perturbation 
theory is inaccurate due to the very considerable 
shadowing and anti-shadowing effects of the control 
rods and voids. Moreover when it is required to know 


the core flux distribution associated with an array of 


inserted control rods for evaluation of fuel cycles, core 
temperatures etc., the cell method further requires the 
use of a two-group, one- or two-dimensional diffusion 
code in which each control rod or void is represented 
by modifying the nuclear data of the surrounding cell. 
When many cases are to be computed use of the two- 
group numerical diffusion codes is expensive on com- 
puter time, particularly as the geometry of a cylindrical 
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core containing cylindrical rods and voids is not easy 
to represent. 

The above considerations suggest then that a hetero- 
geneous method is required during the earlier stages 
of core design when lattice parameters, control rod 
layout, fuel cycling schemes and corresponding control 
rod programming schemes are not fixed and many 
cases have to be computed. 


2. THEORY 


The general two-group solution of the diffusion 
equation in the core is 


f(r, 0) = X, 
b(r, 0) = S,X, + SAX, (1) 


where X, and X, are solutions of the separated wave 
equations. Representing each of X, and XY, by the sum 
of a regular solution and a solution having singularities 
at all the control rod and void centres (NORDHEIM and 
SCALETTAR, 1946) the values of X, and X, at a point 
having polar co-ordinates (r, #) may be assumed to be 
¥ \ Vv, 
X, = > A,J, (urye™ + Sa; > Yo(up,,) 
l 


— 
j 1 


V My 
>>, > Ko(rp,;) (2) 


x i lj 


x i 


X, = > B, I, (vr) e™ 


Defining the ‘type’ of a control rod or void by the 
image it sees of all the other rods and voids in the core 
then M, is the number of rods or voids of type i. If Np 
is the number of types of control rod and AN, the 
number of types of void then N = Ny, + N,. Also in 
the above equations p,, is the distance of the point 
(r,0) from the j’th rod (or void) of type i. The values of 
fu, vy in the above equations are determined by the 
material composition of the core, corresponding to the 
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required reactivity investment of the chosen array of 
control rods. 

It may be shown that, provided either the control 
rods or voids are not near the core-reflector interface 
or, if some are, then there are several of one type, the 
non-zero order coefficients of powers of e” either 
vanish or are small. Thus, only the zero-order co- 
efficients, Ay, By will be considered in the expressions 
for X,, X49. 

The constants a,, b, which are so far arbitrary are 
determined by the flux and current continuity condi- 
tions at all core boundaries including the as yet 
undetermined boundaries at the control rod surfaces. 
By suitable approximations described later the bound- 
ary conditions at reflector, control rods and voids may 
be made linear equations in a,, b,. The determinant of 
the coefficients when equated to zero gives an equation 
for the critical control rod radius which may conven- 
iently be solved. The values of a,, 5, may then be 
determined, giving analytic expressions for the fluxes. 


3. FORMULATION OIF 
BOUNDARY 


THE 
EQUATIONS 
(1) Core-reflector interface 

By using the addition theorems for the Bessel 
functions and taking A g(vp,,;) small we may, near the 
reflector, write 

\ 
X, ~ J (ur) Your) > MaJy (ud,) 


X, ~~ I(vr) (3) 


where d, is the distance of the rods (or voids) of type i 
from the core centre. 
The four core-reflector boundary conditions of flux 
and current continuity give an equation in the a,’s 
< u AJ 
>) Ma,J,(ud,) + — = 0 (4) 
i=1 , AY 
where AJ is the usual (4 » 4) determinant obtained 
from the core and reflector geometric and nuclear data 
which would be equated to zero if the reactor was just 
critical with no control rods or voids present. AY isa 
similar (4 = 4) determinant with J,(uR), J,(uR) 
replaced by Y (wR), Y\(uR). The value of A in 
equation (1) may also be found directly from the core 
reflector boundary conditions. 


(2) Core-void interfaces 
The flux components in the core near a void of type 
i may be approximated by 
X, = 4 Yolup,) + P 
X, = b,Kol(vp,) 


i 


where p, is the distance from the centre of void i and 
v vi, 
P, = J(ud,) Sa. 
2% 
l 


— 


Yo(“p,,,)- (6) 
l 


A j 


The double summation is taken over all the rods and 
voids in the core except the void under consideration, 
and p,,; is the distance of the centre of void i from rod 
(or void) j of type k. 

Writing the fluxes in the void as 


dp, Ell «,,p,)) 


dy I I (Ko, p,) IK, pP ) 


in the usual two-group notation, where the suffix v 
refers to constants within the void, and using the flux 
and current continuity conditions between equations 
(5) and (8) NV, equations in the a,’s of the form 


a,©) rf, Per | (8) 


may be shown to result, where © is a function of the 
core and void properties. The values of 4, are also 
found as multiples of a,. 


(3) Core-control-rod interfaces 

Regarding the control rod as grey to epithermal and 
black to thermal neutrons, and using a somewhat 
similar approach to the one used at the core-void inter- 
faces, N», equations in the a,’s of the form 


a‘V(a) + P,=0, i=N er (9) 


may be shown to result, where ‘Y" (a) is a function of 
the as yet undetermined critical control rod radius. 
Again, the values of b, are found as multiples of a,. 


4. SOLUTION Ol 

An (N » N) critical determinant for the critical 
control rod radius is obtained by homogenizing the 
V + | linear equations in a, labelled (4), (8) and (9). 
The critical equation may easily be shown to be 


THE ABOVE EQUATIONS 


det [Pyy] = 0 (10) 


where, if the element of [Py y] in row i, column k is p,, 
Vv, 


> Yo(up,,) 
a1 


(Dp 3 


(11) 


AY 
MJ of ud, )J,(ud,) U 
where 
P= ©, 
® = (a), 
The matrix |P,,| can be factorized, i.e. 
Pw» 


U 
N_N Rs 


0 RR Flay aX p> 


[Pyy] [Pry | 
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Rodial 


flux, arbitrary units 
orbitrary 


Thermal 
Fost fiuax, 


where [Uy y ] is upper triangular. The orders of the 
above sub-matrices are denoted by their suffices. 
Since the matrix of the above identity is singular it 
must follow that 


det [Py vy, Vially y,| = 9 (12) 


units 


orb trory 


TABLE | REACTIVITY WORTH OF GROUPS OF CONTROL 
RODS AMONG THE 19 


flux, 


Effective worth of additional 


> 20° rm 
Positions Reactivity groups of rods (< 100) 


Fost 


containing worth 
control rods 100) 


units 


orbitrory 


Fost flux, 


Some radial flux distributions obtained from 
calculation below. 


since it is seen to be the only solution of (10) which 
involves the critical control rod radius. 

Equation (12) is the condition for the function 

‘Y(a) to be an eigenvalue of the matrix [Py _y,]. 
It may be shown that the eigenvalue of [Py y,| 
required is the largest positive one, which may not 
however be the largest in modulus of all the eigen- 
values. It may be shown that the iterative scheme 


t= [Py vy, + Ply,y,]ét — 1, (13) 


where / is an arbitrarily chosen positive scalar, 
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converges such that if @ is the largest eigenvalue of the 
matrix |Py 


bly »~,| then 
(14) 


If 6 is chosen sufficiently large then 


‘V'(a) o p. (15) 


This determines the critical control rod radius. 
Also, using the value of ‘Y’(a) obtained from (15) the 
coefficients a, and thus A, (i 1....N) may be deter- 


mined from the vector equation 
[Tyy] 4 (16) 

where 

s J (ud) 


My 
lin > Yol Mp ix;) 
l 


j 


~p Oy». 


5. PARTICULAR CASE OF AN O.M.R. 


As an example of the above, some results of the 
programme applied to an organic moderated and 
reflected core are given. Figure |, which represents a 
control rod position array of one fuel channel in seven, 
shows nineteen possible control rod positions. Each 
position, which can contain a control rod radius 3-6 cm 
or a void of radius 4-0 cm is numbered according to its 
type. Table | gives the reactivity worths of some 
combinations of control rods among the nineteen, 
assuming no epithermal rod absorption. The posi- 
tions not occupied by control rods are taken to be 
voids. The rod worth shown in column two of the 
table is defined as 

k.. critical, rods and voids in core 


kK. critical, nineteen voids in core 


Each of the other four columns shows the ‘effective’ 


reactivity worth of a group of rods when added to 
those already in the core (as shown in column one). 
The groups are 


when in the core 


numbered according to their types 

The wide variations of the ‘effective’ 
worths indicate the interaction effects of rods and 
voids. 

Figure 2 is an example of radial flux distributions 
obtained from the calculation. For the example the 
core reactivity was chosen to make the reactor just 
critical with the array of rods inserted indicated in 
Fig. | by crosses. The three fluxes of Fig. 2 are 
plotted along the dotted lines of Fig. |. The computer 
time required for the table and flux plots was about 
15 minutes. 

6. DISCUSSION 


The above method can be used for any cylindrical 
thermal system in which two-group diffusion theory is 
applicable, although so far has been applied only to an 
O.M.R. 
rods, rods of other shapes such as cruciform may be 
represented by the absorption method of 
Hurwitz and Ror (1955) and the control rod replaced 
by an equivalent cylinder. Control rods of different 


Although intended for cylindrical control 


area 


materials are represented within the limitations of two- 
group diffusion theory by the inclusion of effective 
epithermal absorption and removal cross sections. 
The approximations made by the linearization in a,, 6 
of the boundary conditions have been investigated 
numerically for several practical cases to determine the 
magnitude of the resultant errors in predicted rod 
worth and it has been found that they are small. 
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Abstract—The neutron capture cross sections of 
the energy range 0°30 to 1-7 MeV. 


U have been measured for monoenergetic neutrons in 


l. INTRODUCTION 


One OF the products of neutron capture in reactor 
fuels is “*U. In the prediction of reactor behaviour it 
is of interest to know the capture cross sections of this 
species as a function of neutron energy. This paper 
describes an activation method for the determination 


of these values. The results show that an anomalous 


rise in the *®U cross section occurs in the vicinity of 


| MeV, similar to that found in *8U and “°Th 
(HANNA and Rose, 1959). This anomaly in the latter 
two species has been explained by LANE and LYNN 
(1957), and their explanation presumably accounts also 
for the shape of the present curve. 


2. METHOD 

The cross section for the reaction “*U (n, y)*°7U has 
been determined as a function of neutron energy in the 
range 0-30 to 1-7 MeV by measuring the absolute *7U 
activity produced in a known amount of “*U irradiated 
in a known flux of monoenergetic neutrons. The 
neutron sources used here were lithium targets bom- 
barded by protons from the Van de Graaff accelerator 
of Argonne National Laboratory. Neutron flux was 
measured with a fission chamber which counts fissions 
in a thin sample of enriched uranium. After irradi- 
ation the targets were analysed for the gamma-ray 
spectrum of *7U by counting with a Nal (thallium 
activated) crystal and a 256-channel pulse-height 
analyser. The *’U disintegration rate corresponding 
to the gamma spectrum was determined by relating 
this spectrum to that of a known activity of *7U 
counted under conditions identical to those under 
which the irradiated targets were counted. The abso- 
lute disintegration rate of °7U was determined by 47 
beta counting. 

The upper limit of neutron energy at which the cross 
section could be measured was set by the increasing 
fission rate of “*U, and a simultaneous drop in the 
capture cross section. The neutron intensity available 
from the lithium-proton reaction determined the low 
energy limit. 


3. EXPERIMENTAL 

Targets 

Material for this work was supplied by Oak Ridge 
National Laboratory in the form of U,O, with the 
following isotopic composition (weight per cent): ™*U, 
95-16; ™U, 0-06; ™©U, 4:24; 5U, 0-55. The U,0, 
was reduced to UO, and fabricated into target disks 
| cm in diameter, about 0-04 cm thick, and weighing 
about 0-25 g. Enough material was available to make 
three targets. 


Irradiations and flux monitoring 


The flux monitor was a fission chamber which 


recorded the fission rate in a thin uranium sample, 


enriched in *°U. The fission chamber was a gas-flow 
parallel plate ionization chamber, cylindrical in shape, 
and having thin brass walls. The counting gas was, by 
volume, 90 per cent argon and 10 per cent methane, 
flowing at a pressure slightly above atmospheric. The 
monitors were | cm diameter deposits of about 250 
micrograms of metallic enriched uranium evaporated 
upon 0-005 in. thick platinum disks. These deposits 
were thin enough so that there was no appreciable 
self-absorption of fission fragments. Their mass was 
determined by aipha counting in known geometry. 
Composition of the monitor uranium in atom per cent 
was as follows: ™°U, 93-27; ™*U, 1-03; ™®U, 0-483; 
mr, Si. 

The target and the monitor were placed in the fission 
chamber, lying flat against each other, with their | cm 
diameters aligned exactly so that they subtended the 
same polar angle with respect to the neutron source. 
With the monitor facing into the counting volume of 
the chamber, one count was recorded per fission. 
Pulses from the chamber were amplified and fed into a 
single-channel analyser. Total fissions were recorded 
by taking an integral count upwards in energy from a 
point in the valley between the pulse height of the alpha 
particles and those of the fission fragments. 

Irradiation times were 4 to 6 hr in duration, with 
proton beam currents 20 to 30 wA, and lithium target 
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Gamma-ray spectrum of *° 
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Peak upon which calibration is based 


is centred at 101 keV(Np K X-rays). Peaks in the unirradiated 
target are due essentially to X-rays and nuclear gamma rays 


following the alpha decay **t 


and **U (STROMINGER et a/., 


1958). 


thicknesses 40 to 50 keV, deposited upon the inside of a 
tantalum cup. The “*U targets were | to 1-5 cm from 
the neutron source. The targets were irradiated at O 
with respect to the proton beam, except in one irradia- 
tion, that at the lowest energy, where the angle was 60. 
There was no appreciable neutron attenuation in the 
monitor and its platinum backing. Corrections for 
attenuation in the target itself were less than | per cent. 


In computing the effective fission cross section of 


the monitoring foil, account was taken of all the 
uranium isotopes present, and of the lower energy 
neutron group resulting from the excited state of 7Be in 
the reaction *Li(p,n)’Be. Fission cross sections for 
the species in the monitor were taken from HUGHES and 
SCHWARTZ (1958). Corrections for the lower energy 
neutrons were also made in calculating the final **l 
cross sections. Values for the ratio of intensity of the 
lower energy group to the main neutron group for 


various angles of neutron emission are those of 


BEVINGTON ef al. (1961). 


Gamma-ray spectral analysis 

The gamma spectra of the “*U targets were analysed 
before and after irradiation, the counting having been 
done in a reproducible position at approximately 45 
per cent geometry on a 4 in. diameter by 4 in. high Nal 
(thallium activated) crystal. The spectra were analysed 
with a 256 channel pulse-height analyser equipped 
with a live-time recorder. The digital readout of the 
spectrum before irradiation was subtracted from 
the readout after irradiation to give the net result of the 


activation. Figure | shows a typical spectrum before 
and after irradiation, and the net activation. The 
known gamma-ray peaks of *?U (RASMUSSEN ef al., 
1957) are evident in the spectrum, and the decay 
could be followed over several half-lives. The gamma- 
ray peak upon which the calibration was based is 
located at 101 keV, and consists of K X-rays of 
neptunium. 

It remained therefore to relate the counting rate of 
the 101 keV gamma peak to the disintegration rate 
of °7U. To accomplish this, *’7U having a known dis- 
integration rate was introduced into a weighed amount 
of natural uranium in nitric acid solution. The solution 
was evaporated, and the uranium converted to dioxide 
and made into several disks of the same size and shape 
as the target disks. These disks were counted on the 
gamma analyser under conditions identical to those of 
the targets, thereby completing the required cali- 
bration, that is, the ratio of counts in the gamma-ray 
peak to the *’U disintegration rate. 


Disintegration rate of ™7U 

The absolute **U disintegration rate was measured 
by two separate 4 7 beta counting methods: (1) propor- 
tional counting on a thin mounting in a gas-flow 
counter (PATE and YArre, 1955); (2) integral counting 
with a liquid scintillation spectrometer. Initially the 
standard techniques of the proportional counting 
method were employed. The beta energies of *7U, 
however, are quite low (0-268 MeV, 96 per cent; 
0-068 MeV, per cent) (RASMUSSEN ef a/., 1957), and 
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appreciable corrections were necessary for self-absorp- 
tion and source-mount absorption. In order to obtain 
an independent check on this method, the disinte- 
gration rate was also measured by liquid scintillation 
counting. 


To prepare the *’U activity for beta counting, some 
of the **U supply (weight per cent: *®U, 95-16; 4U, 


0-06; *°U, 4:24; *8U, 0-55) was irradiated in the 
Argonne reactor, CP-5. The oxide was dissolved, and 
an ether extraction and peroxide precipitation left a 
*87U activity free of fission products and *Np. 

The apparatus and techniques of the liquid scintil- 
lation method used here are described by HORROCKS 
and SruptIeR (1960). Two separate scintillation media 
were used. The first of these, compatible with aqueous 
solutions of the activity, consisted of a mixture, by 
volume, of 75 per cent dioxane, 12-5 per cent 1,2-di- 
methoxyethane, and 12:5 per cent anisole, containing 
the scintillators 7 g/l. 2,5 diphenyloxazole (PPO) and 
50 mg/l. [2-(5 phenyloxazolyl)] benzene (POPOP). 


Introduced directly into the scintillator were samples of 


aqueous 0-1 N HCI stock solution of °7U. The second 
scintillation medium used was xylene containing the 
scintillators 4 g/l. terphenyl and 0-1 g/l. POPOP. An 
aliquot of stock was evaporated, taken up into 0-2 N 
HCl, whence the uranium was extracted into a mixture 
of equal amounts by volume of dioctyl phosphate and 
toluene, and introduced into the scintillation system. 
Counting rates determined in the two scintillation 
media agreed within | per cent. 


Finally, when corrections for source-mount absorp- 
tion and self-absorption (PATE and Yarre, 1955; 
Merritt ef a/., 1959) were made on the proportional 
counting rate, the results agreed with the scintillation 
counting rates within 2 per cent. 


4. RESULTS 

The cross sections of *°U are given in Table | and 
plotted in Fig. 2. Errors attached to the cross sections 
are standard deviations. Neutron energy spreads 
given in the table and shown in the figure represent the 
entire range of neutrons received by the target, the 
stated neutron energy in both the graph and table being 
the centre of the energy interval. Our spreads are due 
to the lithium target thickness (40 to 50 keV), and to 
the neutron energy variation with angle of emission 
with respect to the proton beam. The errors in the 
cross sections are typically made up of 5 to 6 per cent 
in the flux measurement, 2 to 3 per cent in the 47 beta 
calibration, 2 to 3 per cent in the gamma-spectral 
analysis, and | to 2 per cent in corrections for the low- 
energy component of neutrons. 

Table | also gives results just recently received from 
BaRRY ef al. (1961) at Aldermaston. These data, 
obtained by methods similar to those described here, 
are in substantial agreement with the present data. 

The curve shows a rise in the cross section with 
energy, although a continuous fall might have been 
anticipated. Similar results were found by HANNA and 
Rose (1959) for the capture cross sections of **U and 
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Capture cross section 
Neutron energy (mb) 


(MeV) 


Energy spread 
(MeV) 
Present work Aldermaston 


0-300 
0-360 
0-457 
0-464 
0-560 
0-655 
0-655 
0-705 
0-750 
0-850 
0-940 
0-943 0-075 
063 0-075 
200 0-095 
‘220 0-075 
310 0-080 
446 0-125 
585 0-085 
732 0-110 
‘020 0-100 
790 0-120 
970 0-150 


0-115 265 
0-070 
0-085 
0-070 
0-070 
0-070 
0-095 
0-070 
0-095 
0-070 
0-110 


2wtNINS—- = = eS eS ee 


*32Th. These authors found an increase in the “*U 


cross section with increasing energy and a plateau in 
the **Th curve. 
as expected, eventually again decrease with still higher 


The cross sections in all three cases, 


neutron energy. The curves for *SU and ™*Th were 


explained theoretically by LANE and LYNN (1957) who 
attributed the shape of the curves to the small rate of 
increase with energy of the number of inelastic 
scattering channels. Although the same treatment 
might be presumed to apply to the “*U data, the 
present paper does not give any calculations to prove 
this. 


icknowledgments—The authors wish to express gratitude to 
Drs. Perer KAFALAS and Cart E. CRouTHAMEL for advice and 
discussions concerning this work. We are also grateful for the 
co-operation of Drs. ALAN B. Smit of the Reactor Engineering 
Division Van de Graaff, F. PAuL MoorinG of the Physics 
Division Van de Graaff, Donatp L. Horrocks, who did the 
liquid scintillation counting, and RayMoNnD J. ACKERMANN, for 
the preparation of the monitoring foils 


REFERENCES 


Barry J. F., Bunce J. I 
Soc. To be published 

BEVINGTON P. R., ROLLAND W. W 
Phys. Rev. 121, No. 3, 871. 

HANNA R. C. and Rose B. (1959) J. Nucl. Energy 8, 197 

Horrocks D. L. and Sruprer M. H. (1961) Analyt. Chem. To 
be published. 

HucGues D. J.andScuwartz R. B.(1958) Neutron Cross-Sections 
BNL-325, 2nd Edn. 

Lane A. M. and Lynn J. E.(1957) Proc. phys. Soc. A70, 557 

Merritt J.S., Taytor J. G. V. (1959) Canad 
J. Chem. 37, 1109. 

Pate B. D. and Yarre L.(1955) Canad. J. Chem 
929: 1656. 

RASMUSSEN J. O., CANAVAN F. I 
Phys. Rev. 107, 141 

STROMINGER D., HOLLANDER J. M. and SeasorG G. T 

Rev. mod. Phys. 30, No. 2, Part 2, 585 


and Perkin J. L. (1961) Proc phys 


and Lewis H. W. (1961) 


and CAMPION P. J 
33, 15; 610; 
. and Hottanper J. M. (1957) 


(1958) 


Reactor Science and Technology (lournal of Nuclear Energy Parts A/B) 1961, 


Vol. 15, pp. 204 to 208 


Pergamon Press Lid. Printed in Northern Ireland 


MEASUREMENTS OF THE DIFFUSION LENGTH OF THERMAL 


NEUTRONS IN WATER FROM 16 TO 89°C AND IN 


DIPHYL 


(DOWTHERM A) AT 185°C 


J. Cstkalt, A. DAROczZyY and K. Depe* 
Institute of Nuclear Research of the Hungarian Academy of Sciences, 


Debrecen, Hungary 


(First received 3 January 1961 and in final form 28 March 1961) 


Abstract 


moderators containing hydrogen using only a small amount of material 
neutrons was determined in water at temperatures 16-1, 47:8, 69-5 and 88°7°C; 
3-092 


2-640 + 0-028, 2-858 0-024, 2-974 0-064 and 


temperature coefficient of the diffusion length, in the 16-89°C temperature interval, a value of 


0-00086 cm/ ¢ 
was 5-968 


was obtained 


0-266 cm 


INTRODUCTION 


IN MODERATORS containing hydrogen, a number of 


measurements have been made in order to determine 
the diffusion length of thermal neutrons as a basic 
reactor parameter (FLUGGE, 1959). Recently, a con- 


siderable number of investigations have been made of 


the temperature coefficient of the diffusion length 
(WILSON ef al., 1944: Von Darpet ef al., 1954: 
WRIGHT ef al/., 1956; Deutscu, 1956; ANTONOV ef a/., 
1956: Dio eral., 1958; Kicuie, 1960; Rockey et a/., 
1960). These measurements have used both stationary 
and impulse methods. From a technical viewpoint, 
the impulse method is preferable for determining the 
temperature coefficient, chiefly because a small amount 
of moderator is required. It seemed appropriate to 
develop a method possessing the advantages of 
stationary methods which would also be suitable for 
determining accurately the diffusion length even in 
the case of a small amount (a few litres) of medium. 
This method is essentially a combination of the 
exponential experiment and that of the negative source 
of thermal neutrons. 


THEORY OF METHOD 
thermal 


neutrons is expressed by the so-called diffusion- 


In a stationary case, the diffusion of 


equation. Its form ina medium without sources is: 


Ad(r) 


| 
— f(r), 
I ~ 


where ¢(r) is the thermal neutron flux, and L ts the 
so-called diffusion length which, as a function of the 


* Present address: Secondary School of Karcag, Hungary. 


A stationary method was developed to determine the diffusion length of thermal neutrons in 


The diffusion length of thermal 
the resulting values were: 
0-062 cm. In linear approximation, for the 


0-00617 


In diphy! (Dowtherm A), the diffusion length of thermal neutrons at 184-4°C 


absorption cross section X. and the transport mean 


free path A,, may be expressed by 


The boundary condition to equation (1) is that the 
flux inside the moderator should be expressed by a 
function which is zero at 0-71A, distance from the 
boundary. In addition, the integral of neutron current 
density taken over a closed surface around the con- 
centrated sources satisfies the condition: 


i, a “t grad, d df 
Ji 3 Jr* ' 
where S is the intensity of the thermal source sur- 
rounded by the surface F given in neutron/sec. 

L can be determined by comparing the solution of 
equation (1) relating to a given moderator geometry 
and with the experimentally 
determined flux distribution. The thermal source of 
a given geometry can be effected by means of a 
cadmium absorbent placed in an arbitrary neutron- 
space (such as, for example, is produced by a point 
source emitting fast neutrons). 


source distribution 


In the case of a cylindrical medium and a circular 
symmetric plane source, the solution to equation (1) is: 


A(z,r) 


where J, is the Bessel function of the first kind and 
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zero order; while y,, is its n-th zero point. Z —Z, 
0-714, and R= R, + 0-71/,: the extrapolated 
height and radius of the cylinder (Z, and Ry are the 
real height and radius respectively). 
the A, be deduced 
distribution in the plane z = 0: 


For instance, 


coefficients can from the flux 


“Rh 


AO Jy) 


Jo 
If Z is sufficiently great, the second exponential 
expression in (2) may be taken as zero and thus 
expression A, also will be simplified. On the other 
hand, as z increases, the upper harmonics will decrease 
faster, and thus for a certain distance 


d(z.0) Ay exp 


The value of the bracketed | | term is nearly |, and 
so it may be regarded as a correction factor and 
designated by A(z,0). The value of the correction 
term may still further approach 1, if the axial flux ts 
measured at the first zero point of the first upper- 


My 
harmonic, L.¢. at ry R, as here, 


My 


i, ome 


J Jl to) — 0. 


Accordingly, the equation (4) can be expressed 


My" 
Andy >.) exp | 
fy 


‘ 


| ZS) 


Mole 


Mohs 
My 


a) 


My 


(5) 
In this case, the correction factor should be designated 
by A(z, ro). 

L may be determined by iteration. The A,, Fourier- 
Bessel coefficients can be computed from the radial 
flux distribution, whilst logarithmic plotting of the 
axial flux distribution will yield the quantity: 


li - — : 6 
in & i 7 (6) 


where L’ is the first approximation to L. Thus the 
correction factor as a function of z can be determined, 
and L", the second approximation to L, will be obtained 
from the directivity factor of 


Az. 0) 
n -——- 
A(z, 0) 


dz, rg) 
no —— 
K(z, ro) 


Taking the last value of LZ into consideration for 
calculating the correction, then L is obtained in the 
third approximation. The process may go on as far 
as any chosen degree of accuracy. 

The smallest geometry to be applied in this method 
is governed by the fact that, together with the decrease 
of R, the error of the directly measured 


tan & 


will produce in L a greater and greater error. When 
R = 2L, the error arising from statistics will just about 
double (the two quantities in the root being of the 
same magnitude). In this case, the uncertainty in the 
extrapolated boundary will also cause a relatively 
greater error in L. 

An arrangement corresponding to the above require- 
ments can be realized by placing the finite cylinder 
containing the liquid to be measured upon the surface 
of a moderator containing the fast neutron source; 
the cadmium absorbent placed on the bottom of the 
finite cylinder will achieve the negative thermal plane 
source (Fig. 1). The measured flux with and without 
the cadmium plane is equal to the flux that would be 
produced by a source of an intensity equivalent to the 
number of neutrons absorbed in cadmium (according 
to location, direction and energy). 

The distance of the plane z = 0 from the negative 
source of thermal neutrons must be chosen so that the 
extrapolated boundary experimentally determined by 
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Fic. 1.—-Schematic arrangement. |. Cylindrical vessel; 2. Medium 


to be measured; 3. Detector foil; 4. Cadmium absorbent (negative 
source); 5. Moderator; 6. Neutron-source. 


the measurement of radial flux should agree, within 
error, with the extrapolated boundary calculated by 
the transport mean free path. This distance was taken 
in our experiments as 2,4 cm. 

In order to avoid the disturbing interaction of foils, 
only one foil was placed in the medium to be measured 
at each flux measurement. 

The applicability of the method was tested by 
measuring the diffusion length of water. At a tem- 
perature of 20°C, the value of the diffusion length was 
determined in the arrangement shown by Fig. 1, and 
likewise—for a check-up—in an infinite medium with 
a circular symmetric plane source and also in an 
infinite medium with an infinite homogeneous plane 
source (CSIKAI ef al., 1960). 

The results of measurements 
Table 1. 


The agreement of the three measurements with one 


are contained in 


Daroczy and K 


Dept 


TABLe | 


Geometrical arrangement L” (cm) Detector 


Finite cylindrical medium, circular 
symmetric plane source 


© medium, circular symmetric 


plane source 


BF, 
counter 


* medium, «© homogeneous 
plane source 


another and with data reported by other authors 
shows that the method ts reliable and the diffusion 
length of thermal neutrons can be determined com- 
paratively quickly, with sufficient accuracy through 
quite simple means, by using a small amount of 
material. 


EXPERIMENTAL ARRANGEMENT 


The arrangement shown in Fig. 2 was used for 
measuring the temperature dependence of the diffusion 
length. The made in a 
which was placed in a circulating oil-bath to establish 
the homogeneity of temperature for the medium to be 
measured. A separate vessel was used for heating the 
oil, and the temperature was maintained at the re- 
quired value by a heat-regulator. The circulatory 
oilpump also was placed in this vessel. 

The cadmium absorbent at the bottom of the vessel 


measurements were vessel 


was the circular symmetric thermal plane-source. 
The cadmium covering the inside wall of the vessel 
gave the well-defined radial boundary of the moderator 
to be measured. The thickness of the cadmium was 
0-936 g/cm?. 

For the measurement, an R.C.C. 178 B-type Po-Be 
neutron-source of 2 10° neutron/sec intensity was 
used. 

The neutrons were detected with Rh-foils 18 mm 
in diameter and 123-6 mg/cm® thickness, and with a 
small-size proportional counter filled with BF, gas 
(a cylinder of a sensitive volume 9 mm in diameter 
and 30 mm length).* The foils were placed in a 
properly processed part of a steel sword of | mm 
thickness encased in a closed brass sheath of 0-4 mm 
wall-thickness. The BF, counter was encapsulated in 
a closed brass tube of 0-4 mm wall-thickness. The 


* The validity of using detectors extending in direction z is 
supported by the following consideration. Let # be the integral flux 
measured by the detector, A(z) the flux at z and d the extension of the 


. zid 
detector in direction z, then d A (z) dz. As d(z) Be-**, 


d 


therefore d c| : e-** dz Die ™ ie? Ee* Fd(z), 


where a, A, B, C, D, E, F are constants. 
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FiG. 2.—-Experimental arrangement. 1. Sword; 2. Sheath; 3 

Detector foil; 4. Cadmium; 5. Neutron-source; 6. Measuring 

vessel; 7. Circulating oil-bath; 8. Thermometer; 9. Heat insulation; 
10. Heat regulator. 


position of the detectors in r — z direction could be 
determined with an accuracy of 0-1 mm. The /- 
activity of the detector foils was measured by an 
end-window GM-counter. 


RESULTS OF MEASUREMENT 


(a) Measurements in water at different temperatures 


The value of the diffusion length of thermal neutrons 
was determined at four different temperatures. The 
results of these measurements are included in Table 2. 

Measurements of the axial flux were made in every 
case at the first zero point of the first upper-harmonic 


and so the harmonic correction was calculated 


Taste 2 


Temperature (C) L” (cm) Detector 


16:1 0-4 640 0-028 BF, counter 


47-8 + 02 858 . 0-024 BF, counter 


02 2-974 0-064 Rh 


0-2 3-092 0-062 Rh 


The 
nearly a | per cent alteration in the L’ value. 
Consequently, if determination of the value of the 
diffusion length with this accuracy is sufficient, a 
the 


according to equation (5). correction gave 


calculation for harmonic correction may be 
disregarded. In this manner, the diffusion length of 
thermal neutrons can be determined directly from the 
axial flux distribution measured at the first zero point 
of the first upper-harmonic (see equation (6)). 

The results of the measurement as a function of 
temperature are plotted in Fig. 3. In linear approxi- 
mation, for the temperature dependence of the diffu- 
sion length, the value of 


AL 


= 0-00617 
AT 


0-00086 cm/ C 

was obtained in the 16-89°C temperature interval. 
This value is in good agreement with the results 
reported by other authors (WILSON ef al., 1944; 
Deutscn, 1956: ANTONOV ef al., 1956; Dto et al., 
1958). 


(b) Measurement in diphyl (Dowtherm A) at 184-4°C 
The diphyl (Fluka A. G. Chemische Fabrik Buchs SG, 
Schweiz) was checked to verify whether it corre- 
sponded to the exact eutectic mixture. This check 
was made by comparing the measured melting and 
boiling points with data reported in literature. As 
Table 3 shows, the values obtained are in very good 
agreement with the data in the literature (KOGAN et a/., 
1951). 

On these grounds, it was assumed that the com- 
position of the diphyl used was 26-5 per cent diphenyl 
and 73-5 per cent diphenyloxide. 


TABLE 3 


Experimental 


Reported 
(C) ; 


(C) 
Melting point 12-3 
Boiling point 

(760 mm Hg) 
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i. 3.—-Temperature dependence of the diffusion length of thermal neutrons in water. 


In the case of diphyl, there is a_ considerable 
discrepancy between the two measurements (PAL ef al., 
1959; KUCHLE, 1960) for the temperature dependence 
of the diffusion length. The disagreement is parti- 
cularly striking at higher temperatures. For this very 
reason, the value of the diffusion length was deter- 
mined at a high temperature (at 184-4 + 0°8°C) in 
order to verify the correct result. The value thus 
obtained was 


by 5-968 + 0-266 cm 


which, within error, is in good agreement with 
KUCHLE’s (1960) result. 
The measurement for the axial flux was made at 


the r = 0 point and thus the harmonic correction was 
computed by the equation (4). This time, the correc- 
tion brought a 2-8 per cent change in the value of L’. 

In every case, the calculation for the value of tan « 
was made by means of the least squares method. 

For water, the A, values apertaining to different 
temperatures were calculated by means of the empiri- 
cal relation reported by Dio and ScHopper (1958) 
regarding the temperature dependence of the diffusion 
coefficient. In diphyl, the A, value was deduced by 
extrapolating KUCHLE’s (1960) measurements. The 
error in diffusion length was only slightly influenced 
by the error of A,, compared with the statistical error 
of the measurements. 

The flux depressions arising from the finite thickness 
of the detector foils as well as from the detector holder 


sheath and tube were neglected; no correction was 
made for diffusion cooling either. In the case of both 
water and diphyl, the media were practically infinite 
in the z-direction. 
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BOOK REVIEW 


The Mathematics of Radioactive Transfer, |. W. Bussrince, 


Cambridge University Press, 143 pp., 30s. 


THE equation of radiative transfer in stellar atmospheres is very 
similar to the neutron transport equation: in fact the one-group 
neutron equation is formally identical to the transfer equation 
for unpolarized light in a grey atmosphere. However, the aims 
of the mathematical astrophysicist are very different from those 
of the neutron transport theorist or reactor physicist. The re- 
actor physicist is concerned to obtain numerical results in 
systems which may be extremely awkward mathematically, be- 
cause of difficult geometry and the erratic dependence of cross- 
sections on energy. The astrophysicist (or perhaps one should 
say astrophysical mathematician) is more concerned to push his 


mathematical techniques to the limit: he therefore restricts 
drastically the class of problems which he is prepared to study. 
Furthermore, the methods and notations of the astrophysicist 
will be very unfamiliar to the reactor physicist. 

This book gives a clear and attractive account of its subject. 
It deals only with plane geometry. The Milne problem is com- 
pletely solved by the H-function method of Chandrasekhar, 
which seems clearer than the usual Wiener-Hopf technique: 
no definite results are obtained for finite slabs. It is much pre- 
occupied with existence theorems. It can be recommended to 
those who wish to study this subject, but the ordinary reactor 
physicist will find little in it to interest him 


D. C. Lesutr 
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MODELS FOR FINDING THE CONTROL RESPONSE AND TEMPERATURE 
COEFFICIENT OF URANIUM-WATER REACTORS OPERATING WITH 
INTERMEDIATE ENERGY NEUTRONS* 


V. B. KLIMENTO\N 


(Received 12 March 


Abstract 


and V. M. 


GRIAZE\ 


1959) 


Experiments using phy sical models to represent the control response and reactivity changes caused 


by changes in the density of the water in water-moderated intermediate energy uranium reactors are ‘described 


The efficiencies of various kinds of control rod have been determined and a relation between the critical size of 


the reactor 


1. INTRODUCTION 
PuysicAL models of the various processes which take 
place in nuclear reactors may be constructed by simu- 
assembly. The 
required to design and build nuclear 


lating these critical 
information 


reactors can be obtained far more cheaply by making 


processes in a 


experiments with models than by conducting critical 
experiments during the start-up period of the reactor. 
Furthermore, the optimum full power loading of a 
nuclear reactor can be estimated more accurately from 
the results of model experiments than from theoretical 
calculations. 

Two problems of particular interest are the tempera- 
ture effect due to density changes in the water and the 
control response of uranium-water reactors operating 
with intermediate energy neutrons. We have studied 
these 
critical assembly of a uranium-water multiplying 
The construction of this assembly and details 
of the experiments carried out on it have been de- 
In constructing this assembly, 
provision made for changing the layout and 
composition of the reflector core and for altering the 
position of the control rods. 

The active components of the critical assembly were 
a number of 250 x 70 
compressed mixed oxides of uranium (90 per cent 
*89L)) mixed with polyethylene. These were assembled 


problems by conducting experiments on a 


system. 
scribed elsewhere". 
was 


5 —» 8 at a time in stainless steel boxes or stacks which 
could be clamped in a framework to form a core of the 
required size and shape. The volume of each stack 
was 0-62 |. and the ratio of the number of hydrogen 
nuclei to the number of ™°U nuclei (py/po3;) was 
varied from 17 to 50. Two hollow cadmium rods 
which formed part of the automatic control system and 


* Translated by D. L. 
(1959). 
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2:7mm plates made of 


and the density of the water in the core has been derived. 


The 
critical assembly was placed in an aluminium tank, 
diameter 3 m and height 1-6 m, equipped with a device 
which enabled the tank to be filled with water under 
controllable conditions or to be rapidly emptied. The 
level of the water in the tank was registered by a water 
gauge. In addition, all the equipment necessary to 
ensure reliable monitoring and control of the critical 


two safety rods were installed near the core. 


assembly throughout the working range was provided. 
Special attention was given to ensure the maintenance 
of nuclear safety during the actual experiments. 


2. CONTROL ROD EFFICIENCY 


rhe efficiency of the control rods can be readily 
determined on a critical assembly of the type we are 
We made 
measurements on a 60 mm diameter solid boron rod 
(B,C) and on a hollow cadmium rod having the same 
diameter and a wall thickness of | mm. The length of 
the rods was 400 mm and the height of the core of the 
multiplying system was 250mm. The measurements 
were made on systems having a water reflector and a 
graphite side reflector (thickness 210 mm and height 
400 mm). In all the systems the upper and lower 
reflectors were of water. The rods under study were 
placed at distances of 35, 70 and 140 mm from the 
A plan of the multiplying system for a graphite 
side reflector is shown in Fig. | 


considering at power levels below | watt. 


core. 


The system was ring- 
shaped and the dimensions of the internal water cavity 


were 140 x 140 mm. The safety rods were capable of 
shutting down the system irrespective of the position 
of the control rods or of the rods under study. The 
neutron energy spectrum was deduced from the ratio 
Py/Pe35 = 31. According to FretnBerG et al., the 
fraction of *°U fissions induced by neutrons having 
energies above 0-4 eV is about 30 per cent in this type 
of system. 
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Fic. 1.--Plan of the ring-shaped uranium-water system with 

graphite side reflector (pu/poss 31). Unshaded region 

active stacks; shaded region—graphite; C-—control rods; 
Ssafety rods; x—moveable stack. 


In some preliminary experiments the control rods C 
were calibrated using a stack which could be moved to 
and fro by a lead screw device. In addition, the 
efficiency of the cadmium and boron rods and the 
efficiency of the stacks were determined by inserting 
the automatic control rods and partially withdrawing 
the moveable stack from the core. At the same time 
the control rods C were automatically raised, the 
efficiency of the withdrawn portions of the control rods 
having been determined beforehand by observing the 
doubling time of the reactor power. This procedure 
was continued until the stack had been withdrawn 
completely from the core. During these tests the 
position of the rods was indicated by a Selsyn position 
indicator. 

The efficiency Ap of one stack in the 25 stack 
multiplying system with the water reflector was 0-015, 
while in the 20 stack system with the graphite side 
reflector it was 0-021. The calibration curve for the 
two coupled rods in the graphite side reflector near the 
core is shown in Fig. 2. The efficiencies of the boron 
and of the hollow cadmium rods were found to be 
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Fic. 2.-Control rod calibration curve. I—core; II 


and lower water reflectors. 


upper 


almost the same. The efficiency of these rods depends 
upon their position in the core, which is determined by 
the thermal neutron distribution in the reflector. This 
dependence is shown in Fig. 3. 

For the control of pressurized uranium-water reactors 
it may be advantageous to employ liquid absorbers. 
Liquid absorber regulators have the advantage that 
they have no moving parts to complicate the reactor 
construction. We have made an experimental deter- 
mination of the efficiency of a mercury absorber 


2 


~ 


pes 


Fic. 3.—Efficiency of the absorbing rods as a function of 
their position in relation to the core. 1—reflector (210 mm 
graphite); 2—reflector (water) 


Fic. 4.—Plan of uranium-water system containing 4 mercury 
absorber (pu/ poss 25). C—control rods; S—safety rods 
The mercury absorber is in the centre of the system. 


placed at the centre of a uranium-water system with a 
water reflector, a plan of which is shown in Fig. 4. 
The neutron energy spectrum in the multiplying system 


the ratio py/py3, = 25. The 
number of induced by neutrons having 
energies above 0-4 eV was not less than 50 per cent". 
The mercury absorber consisted of 12 copper pipes 
filled with mercury (2:7 kg Hg). To make room for this 
absorber two stacks were removed from the assembly. 
The external and internal diameters of the pipes were 
10 and 8 mm, respectively, their heights were 400 mm, 


was determined from 


fissions 
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and they were arranged around the perimeter of a 
square ona side of 53 mm. The corrosive action of the 
mercury on the copper caused no trouble, because 
With the 
reactor working under automatic control, the mercury 


these rods were in use for less than 24 hours. 


absorber was gradually withdrawn and the reactivity 
change was compensated by inserting the control rods 
and removing the peripheral stacks. With the pipes 
filled with mercury Ap’ = 0-088 while for the empty 
pipes Ao” 0-023. 
mercury in the form of rods with the above dimensions 
was Ap’ Ap” 0-065. 


3. A 
TURI 


PHYSICAL MODEL OIF 
EFFECT RESULTING 
IN THE WATER 


THE TEMPERA- 
FROM CHANGES 
DENSITY 

The change in the density of water due to tempera- 
ture variations causes the neutron migration length to 
increase and this can substantially change the physical 
Such 
changes in the density of the water in the core of a 


characteristics of uranium-water reactors. 
nuclear reactor were simulated by inserting special 
intermediate layers in the spaces between the uranium 
oxide plates of the critical assembly. These layers 


were made of thin air-impregnated rubber films 


attached to a copper frame. The volumes occupied by 
air and material in these layers were measured by 
measuring the volume of water which they displaced. 
The distance between the plates was small compared 
with the neutron diffusion length in water: it was less 
than 3—»4 mm and the thickness of the layers containing 
air was about 2mm. Calculations made by FEINBERG 
et al. on the degree of heterogeneity of uranium- 
water systems with laminated fuel elements show that 
a system may be considered homogeneous if the density 
50, the 
effect en critical size of the system of the gaps between 


ratio Pu! Peas 40. For the case Pi/ Poss 
the plates inside the stacks was less than 4 per cent. 
The uranium-water systems used in the experiments 
described here were quasi-homogeneous, i.e. the 
addition of the special air-impregnated layers was 
assumed to have the same effect as reducing the 


density of the water in the core. The average density of 
the water was calculated from the known amount of 


air in the layers and from the amount of polyethylene 
in the uranium oxide plates. Polyethylene, which has a 
density of 0-9 gcm *, has moderating and diffusion 
properties which are similar to those of ordinary 
water. The density of the water in the stack was 
| gcm “at the operating temperature of about 5°C. The 
density of the water in the reflector was not altered. 

The effect of changing the mean density of the water 


in the core on the critical size of the multiplying system 


Thus, the efficiency of 2:7 Kg of 


Fic. 5.—-Dependence of the critical dimensions of a uranium 

water system on the ratio pu/pes; for various water densities 

1, 2, 3-—water density y equal to 0°8, 0-9 and 1-0g cm 

respectively; I, Il, IIl—**°U concentration, 836, 627 and 
523 gl.-' 


3 


was studied for various moderator-fuel ratios py/ poys. 
The effect of the solid component of the air-impregna- 
ted layers on the critical size was found from a number 
of control experiments. 

In these experiments the usual procedure was to 
gradually fill the already assembled core with water. 
The core shape was arranged to be as nearly cylindrical 
as possible. The degree of sub-criticality of the system 
was determined by using the I/n relationship between 
the level of the water in the tank and the number of 
counts m recorded by the start-up equipment, which 
measures the neutron flux density in the vicinity of the 
core. During these experiments a Po-Be neutron 
source was continuously present near the core. We 
determined the number of stacks A that the 
system was critical when N stacks were present in the 


such 


assembly and sub-critical when N-1 stacks 


present. 


were 


Using this method the error AV in the critical size 
determination O-311. and the 
density was estimated to within an accuracy 

0-005 g cm“. 


which include a correction for the presence of the solid 


was mean water 


The results of these experiments, 


This 
figure gives the dependence of the critical volume of 


material in the air layers, are shown in Fig. 5. 


uranium-water systems on the ratio py/ poss. 

This dependence is represented in Fig. 5 by lines 
of equal density for average water densities y = | 
gem“, y = 0-9 gem“ and y = 08 gcem-*. Figure 5 
also shows three straight lines representing constant 
=U concentrations, one for each of the three cycles of 
measurements. In any one cycle the number of active 
plates in a stack remained fixed (8, 6 or 5 per stack) and 
the number of air layers was varied to represent 
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moderator-fuel density ratios in the interval py/ pos; 

45 — 20. An almost linear dependence between the 
critical volumes of the uranium-water system and the 
moderator-fuel density ratio was found. From these 
experiments it is possible to make a quantitative 


estimate of the changes in the critical dimensions of 


intermediate energy uranium-water systems caused by 
changes in the density of the water in the core. It was 
found that for “°U concentrations of 836, 627 and 
523 gl.-', a decrease in the water density of 0-1 g cm~* 
caused an increase in the critical volume AV = (1-6 
0-4)l, AV = (1-4 + 0-4)l, and AV = (1-2 + 0-4)l, res- 
pectively. An estimate of the corresponding change in 
reactivity Ap/ Ay was made, based upon the experience 
obtained on the control of this type of multiplying 
system. For the three cases we are considering and for 
a water density change of 0-1 gcm~*, the reactivity 
changes turned out to be 0-039, 0-034 and 0-029. 
Since the active plates contained polyethylene, 
which has a density different from that of water, the 
values for the critical intermediate 
energy uranium-water systems obtained by FrinBerG 


dimensions of 


et al. were somewhat too large. The correction to 
allow for this difference in density can be obtained 
from Fig. 5 for the density interval py/ pes, = 45 — 20 
The results obtained agree closely with those obtained 
by CALLIHAN®’. The effect of polyethylene on the 
critical dimensions of the 
particularly important for small values of py/ py, and 
it is unfortunate that it was not possible for us to make 


systems we studied is 


direct experimental measurements of this effect. 
FEINBERG ef ail.) estimated the effects of various 
constructional materials on the critical dimensions of 
uranium-water systems. They found that for py/ pes; 
values in the range 30-17 inserting aluminium into the 
core led to a sharp increase in the critical size of the 
system. In our experiments, the effects of aluminium 
and layers containing air on the critical size of systems 
with py/ pos, < 30 turned out to be the same as those 
found by FetnserG ef a/."’ When 190 g of aluminium 
(volume 70 cm*) was inserted into a core where the 
*©U concentration was 836 gl.~', the critical volume of 
the system increased by (3-2 + 0-3)l. In the experi- 
ments with air-impregnated layers it was found that 
reducing the average density by an amount corre- 
sponding to the displacement of 70 cm* of water caused 
the same change in the critical dimensions as was 
caused by the addition of 190 g of aluminium. 
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THE BURN-UP OF NATURAL URANIUM IN A HOMOGENEOUS REACTOR* 


V. BARTOSEK 
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Abstract 


Homogeneous reactors have the advantage that fuel-element stability problems are absent; the 


degree of burn-up may therefore be made greater than in the corresponding heterogeneous system, with 
consequent economic advantage. The burn-up in a reactor operating with recycled uranium is given as a 
function of the initial parameters of the system, and the condition on the probability of neutron capture in 


*88U ensuring maximum burn-up is determined. 


1. INTRODUCTION 


A HOMOGENEOUS natural uranium-heavy-water reactor, 
burning enriched plutonium bred in the same reactor, 
operates during most of the run in the so-called 
stationary regime where the quantity of fissile isotopes 
(U, Pu and *'Pu) built up in the reactor remains 
constant". The economics of such a reactor depend 
substantially upon the degree of burn-up of the natural 
uranium which can be achieved in this regime of 
operation. Since the reactivity of the system is the 
principal factor determining the degree of burn-up in a 
homogeneous reactor, it is from this point of view that 
we will try to find the conditions for maximum burn-up. 


2. THE NEUTRON BALANCE EQUATION 

In order to describe how the isotopic concentration 
changes with time during the period the reactor is 
operating, we will choose as independent variable 
the integral flux s which is related to the average 
neutron flux © and the time the reactor is operating / 
by the expression 


*7 
 (t') dt’. 


J0 


s 10-7! 


Thus an integral flux s= 1 corresponds to an 
irradiation for one year in a flux ® = 3-17 x 10" 
neutrons cm sec™!. We will also use the following 
notation: N,, is the number of nuclei per cm?* of the 
ath isotope: N,,° is the number of nuclei per cm? of the 


nth isotope at the time of start-up of the reactor; 
N,°/Ns°; p Ny/N;°; 


p i N [N,° ° p a 


f° N 0) N,°: 


ni 


o, is the absorption cross section of the nth isotope; 


n 


J, is the resonance absorption integral of the nth 


isotope; q@, is the probability that a neutron escapes 
resonance absorption in the nth isotope; », is the 


* Translated by D. L. ALLAN from Atomnaya Energiva 7, 524 
(1959). 


number of fast neutrons produced in the fission of the 


f 


f 
ith isotope; », a! 


o 

B* is the Laplacian of the system; §& is the logarithmic 
neutron energy loss per collision and 7 is the age of the 
neutrons. The indices have the following significance; 
c denotes radiative capture, / denotes fission; s denotes 
scattering; sf refers to slagging and poisoning and M 
refers to the moderator. The indices 5, 6, 8, 9, 0, 1, 2, 
refer to the isotopes “U, *°U, 8U, Pu, 24°Pu, *4'Pu 
and *4Pu. 

The fuel balance in a reactor with uranium exchange 
can be expressed by the equations 


D is the diffusion coefficient: 


dps 


x 
ds Ps 


Po Pa%s 


(If) 


; pee) P1%> 


Pt 


p 


Pi% I(g) 


where the relative number of fast neutrons is denoted by 


T= V5 P5% + Yo Po% + %y PM (2) 
and the terms containing S express the effect of 
renewing the uranium: p;*/S determines the relative 
number of *°U nuclei introduced into the system 
during unit irradiation and p,;/S determines the 


relative number of ™°U nuclei extracted from the 
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system during the same period. In equations (1b) and 
(Ic) the terms containing S have a similar significance. 
Equations (la)-(Ig) take no account of the effect of 
the neptunium, which is assumed to be very small, and 
resonance absorption in “Pu is treated in a rather 
simplified way. 

Equations (la)(lg) form a set of non-linear 
differential equations which, for the general case, can 
be solved numerically. In the stationary state (index «) 
p, =O and f= f” = const. for the isotopes *>U 
*1Pu. Using the notation 


(3a) 


0,2) (3b) 


one can write down the solution of the set of equations 
for the stationary state in the following way 


(4a) 

(4b) 

(4c) 

(4d) 

(4e) 
Ys Pa %' 


Py — — 
0; Og 


(4f) 


It follows from the numerical solution of equations 
(la)-(1g) that, as a result of the relatively small value of 
02, the Pu concentration approaches the equilibrium 
value very slowly and may be considered insignificant 
at the beginning of the stationary state. Consequently, 
the behaviour of p,(s) can be found quite satisfactorily 
by solving the set of equations (la)-(lg) with the 
coefficients y,”, vy)” and y,”. From the solution so 
obtained it follows that the “Pu concentration for an 
irradiation s ~ 50 has the equilibrium value 


x 


” d,° 0;,° 
P2 - ——_ 
Og 0; 


(Sa) 


and in the interval s > 50, 


pls) ™ py” 0-02s. (5b) 


Fromequations(4a)—(4f)and from (5a)-{5b) it follows 


215 
that the equilibrium values of the plutonium isotopic 
concentrations depend on the amount of *Pu con- 
verted from “*U. This can be expressed by the relation 
. "Vs, Ps . 


py s f pale 


q a) e | Ve 


from which the *Pu conversion coefficient in the 
Steady state is seen to be 

2 , 

(1 pare B Ty. 


vw 


> Bt, . 
Pe Vpy 


where we have used the notation 


0,' 
_— vy 
Oy 


Yru Vg 


3. NEUTRON RESERVE 


To enable us to make use of the solution of the fuel 
balance equation, we will write the criticality equation 
in the form 


ec ~~ sPoVe/ 


Ak (8) 


(1+ LBS p,0, + Spo, >P 191) 
i j l 


where we have split up the thermal neutron absorption 
into: 

(i) absorption by the fissile isotopes (index i), (ii) 
absorption by isotopes which can be converted into 
fissile isotopes (j = 8,0) and (iii) absorption by poisons 
(index /), as follows:- 


DB 
—- e 


AK \ S p,%, yo 


; 


Bf — Spo, — pets 


(I Pale et Po%o (1 PoPsP2 © at 


DB* 


N,° © 


32 > 
P2% (1 —p)pge , } ~ PO ys 


P6% 

We will define the neutron reserve 6 as the number 
of excess thermal neutrons (above the number required 
to maintain the chain reaction) per neutron absorbed 
in the fissile isotopes. Using the same approximation 
as we used for equations (la)-(1g), i.e. with 


ly I, 
(1 — Po) = Po ; (lL — Pa) = Pre 


a4 = oe ~ 
Poo y,° PSO ny 


neglecting quantities of the second order of smallness 
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(1 — gol — pg) ~ 0, we obtain an expression for the 
neutron reserve: 


Sp. 
a Pif 


DB? 
N.° 


P6% POwy 


P2V2 
(9) 


Sp o 
fest ti 


i 


The neutron reserve is a measure of the reactivity of 


the system: the reactor is critical when 0 = 0 and the 
reactivity is positive for values of 6 > 0. 

The first term on the right of equation (9) (which we 
shall designate 7) determines the number of epi- 
thermal neutrons remaining in the system per neutron 
absorbed in the fissile isotopes. The term 

Ps)’s Povo 


(10) 


> pio; Sp,0, 


is the conversion coefficient of the fissile isotopes in the 
system (i.e. it determines the number of fissile nuclei 
produced per fissile nucleus destroyed). The final term 
(which we will designate Z) determines the relative 
poisonous capture in the non-fissile plutonium and 
uranium isotopes, the relative loss in the moderator 
and the thermal neutron leakage. 

For the initial state of a homogeneous uranium 
system (index 0), we obtain 


(lla) 


— ae 
pale V5 ’ 


—_ | 
Ns (1 + Ly2B2)09 28 Nu 
: d, Ng Gs 


(where it has been assumed that D = D,,). 


4. NEUTRON RESERVE 


STATE 


IN THE STEADY 
The solution of the fuel balance equation which we 
have obtained above enables us to give an expression 
for the neutron reserve in the steady state. The 
relative number of epithermal neutrons which remain 
in the system is 
1 athe Gru Re 


.B*+ , 
: I e (Ypy 
' AypyRy 1 


vs) (12) 


where 
Oy | , ’pu 
Apu — s We Pigg 
O9 apu 
and R,” is the ™*Pu conversion coefficient obtained 
from equation (6). 
The conversion coefficient expressed by (10) is 


_ Spy Ry” | 


—, (13) 
Apy Ry” 


From expression (12) and (13) it follows that the 
difference the number of fast neutrons 
produced per neutron absorbed in the plutonium 
fissile isotopes and the number produced per neutron 
absorbed in °U affects the neutron reserve with a 


between 


weight equal to that of the conversion coefficient of 
the system. 

The neutron which occur in an 
equilibrium system are mainly due to capture by the 
non-fissile uranium and plutonium isotopes, i.e. by 
36 and *4*Pu. 


thermal losses 


The losses in “®U are 


(14) 


l O.S ao, | 


and the losses in *“*Pu in the interval s 10 50 are 
dependent upon s: 
: R.° Og Oy P 
Z, = ————__ . — — 002s (15) 
4 I ApyRy Og 9 


while with s = 50 the losses assume an equilibrium 
(i.e. a maximum) value. The losses arising from 


capture in the moderator and those due to leakage are 
DB 
r 0 
72 N; 
ps o;(1 Apy Ry”) 


po 7 


(16) 


In the steady state regime losses also occur as a 
result of neutron capture by the slag. If the relative 
capture by the slag arising from the fission of ™°U, 
*3°Pu and *4'Pu is denoted by ¥p,o,, then the losses in 
the slag are , 

dP 


Z : 


oA (17a) 
Ps 5 


dpyRy *) 


With the removal of the major fission products which 
make up the overwhelming majority of those present 
in the slag, the following equation is valid 


dp. 


4 Wop P9%" 
ds 


; f ; f 
W5xP5%5 WirPi% 


Ae a” 


Ph o, | ao ; 
Do, S,0, 
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where w,, is the yield of the Ath fission product formed 
by the fission of the ith isotope, /, is the decay constant 
of the Ath fission product and S, (as in the case of 
uranium renewal) denotes an irradiation during the 
course of which the whole equilibrium quantity of the 
kth fission product is removed from the reactor. In the 
steady state the losses in the separate fission products 
are 


: Ry” Ws 
Apy Ry” 


(17b) 


5. BURN-UP OF URANIUM 

In the steady state, the reserve of neutrons in the 
system is expressed by equations (9), (11a) and (11b). 
if fresh uranium is added to the reactor in such a way 
that the number of *°U nuclei per cm* remains 
unchanged (N,” N,°), then one can show that the 
relative change in the volume of the moderator will be 


AV 


M 


0-1 per cent. 
This means that the moderating and diffusion 
characteristics of the system remain almost unchanged 
and that it is possible to write 


(Nyy + DB? = (Nyo x, + DB*)’ (20) 


(B*7)? = (B?r)”. (21) 


The neutron reserve in such an equilibrium system 
is given by the expression 


Og O;' 0-02s u - 


ar Upu apy 


: I é = | 0; ” 


(22) 
1 + Apy Ry” : 05 I oS 


If the initial neutron reserve of the system was 0°, 
then we can transform expression (22) into the 


expression 
ny 6”(1 + apyR,”) 


. 0 
| 


~— a 
y a& Vig 


a 
fo _* 

0 , nd | 
Wel] ———_..—  . (23) 


i. é- 
Yat Yiu 


where we have used the notation 


(24a) 


A(s) Ap, (2 


W, (24b) 


(24c) 
and have made use of equations (6), (7) and (1 1b). 

If the reactor is initially critical (0° = 0) and if it 
remains critical (6” = 0) throughout a given irradia- 
tion s in the stationary state, then equation (23) will be 
satisfied and will give the attainable burn-up of the 
added uranium p,;”. In the calculations we will make 
use of the fact that, because of the small value of W,, 
a, may be considered independent of s. 

The duration of the run S (which we shall define as 
that irradiation during which the uranium in the 
reactor is completely renewed) is related to the concen- 
tration of the added uranium, p;* = N;“/N,°, and that 
of the burnt-up uranium (equation 4a), by the 


expression 
1 /p;* 
§ = — (2. — 4). 
O5 \ps- 


During a run in the equilibrium state, for each tonne 
of added natural uranium the 
generated is 


amount of energy 


6./ 0G,’ o' . 
R,?(|— + —— ) |6as0 MW. day. tonne’. (26) 


Og 07 Og 


If we substitute p;” and R,” into equation (26) we 
obtain the corresponding power yield. It can be seen 
from this equation that, in general, E increases as p;* 
is reduced and as R,” is increased, but both these 
interrelated quantities are restricted by the criticality 
condition which, according to (22), requires that 
Oo” 0. 

Table 1 presents some values of the equilibrium 
concentration of *°U (p;”) and the corresponding 
energy generation (£) per tonne of added natural 
uranium as a function of the total irradiation s 
measured from the time the reactor commences 
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TABLE 1.—BURN-UP IN A NATURAL URANIUM HOMOGENEOUS REACTOR 


Ps — 0-766 Ps = 0-788 Ps ~ 0-813 @, = 0-827 Gs — 0-855 , — 0-869 
Rerit 182 cm Rerit 72cm Rerit 166 cm Rerit 166 cm Rerit 173 cm cr 181 cm 


E. E, E, é. E, E, 
MW. day. = MW. day. ps MW. day .« MW. day. MW. day. ' MW. day. 
tonne ' tonne! tonne ! tonne ! tonne ! tonne”! 


10 0-453 9671 0-464 8026 0-476 6660 0-468 6320 0-495 5060 0-503 4603 
20 0-499 7557 0-501 6546 0-506 5625 0-493 5520 0-517 4457 0-523 4092 
30 0-548 5534 0-540 5122 0:537 4624 0-518 0-539 3868 0-543 3594 
40 0-602 3571 0-582 3740 0-570 3649 0-545 i 0-561 3292 0-563 3107 
50 0-659 1641 0-627 2385 0-604 2696 0-572 278 0-585 2728 0-584 2628 


operation. The data applies to the critical assemblies duration runs if the uranium concentration is large 

considered by Rotek") and to the following values whereas forlarge s the burn-up is greater if the uranium 

of the parameters: concentration is low. Thus for a given size of reactor 

there exists an optimum uranium concentration 

(optimum zg) for each irradiation and consequently it 

500°K, ¥5' = 2-08, ry aan J, 1-97. is possible to minimize p,” and so achieve maximum 
burn-up. 


Og 
6° = 97°8, p,4=0-712, 0- 0-4086, 
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apy "34, & 0-106, = : 0-994, 6. OPTIMUM REGIME IN THE EQUILIBRIUM 
% STATE 

Wy = 00210, W; = 0-216, vy = 1-91, ¥,' = 2-14. For a reactor of given dimensions, the condition 
Figure | shows the attainable burn-up per tonne of r . 78 

added natural uranium (£) as a function of s. This e "(1 ¥)— 1-0 
figure shows that for reactors having identical dimen- lr : 
sions a greater degree of burn-up is achieved in short || 


+ 


Nyo 
— Ee 1 L*B*) 0 


Ne@g 


determines the mutual relation between @° and yg. 
The requirement 46” = 0 (23), means that an equi- 
librium concentration p,;” with respect to # and yg is 
attained. Equation (23) implies that for 6” = 0, p,” 
falls off monotonically with #°. On the other hand, as 
a function of wg it can rise as well as fall and takes ona 
Ops” 
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local extreme value when 0. From this it 


follows that 
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A more detailed analysis shows that the negative sign 

in equation (27b) corresponds to a local minimum of 

ps”. The negative sign in this equation corresponds to 

physically real conditions ; the positive sign does not. 
ps” can be eliminated from equations (27) and (23) 

, a 2 and one can derive the relation between y, and # 

Fic. 1.—Burn-up of natural uranium in a homogeneous ‘ . , " 

reactor. which gives a maximum value of p;”: 
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The following condition must be satisfied if the 
reactor is to be critical at the commencement of the run 
fj? Os . 

0: ] : (29) 


v 


Thus equations (28) and (29) determine the values of 


the parameters which will ensure that the reactor is 
initially critical and that the optimum uranium 
concentration wy, is such that the minimum concen- 
tration p,* reached during the run s is given by 
equation (27). By calculating the values of yg... 
corresponding to various values of s in the range 
s = 10-50, we obtain yg, as a function of s and the 
corresponding concentration of uranium in heavy 
water which will guarantee maximum uranium burn-up. 

One expects to find that @g_,,,, will be small for small 
values of s (i.e. the uranium concentration in the 
moderator will be large) and that as s increases Pg 
also will increase (i.e. the uranium concentration is 


reduced). This means that in the equilibrium state the 
optimum regime does not correspond to a fixed 
uranium concentration but to one which is progres- 


sively being reduced; i.e. it recalls the dilution regime 
mentioned by BiAkov and Jorre”’. These authors 
suggested that this regime might be used to prolong the 
operating period of a reactor which becomes sub- 
critical in the equilibrium state. 

We must emphasize that this analysis of the optimum 
regime rests upon the assumption that W, and W, are 
constants and are independent of the burn-up. That is, 
we have assumed that the fission products are being 
continuously removed at a constant rate independent 
of the duration of the run. It has been assumed also 
that the absorption in *®U is small. However, even 
when the removal of fission products is carried out 
simultaneously with the uranium replenishment 
(S, = S), the analysis we have given remains 
qualitatively correct. 
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THE EFFECT OF THE TEMPERATURE CHARACTERISTICS 
OF A REACTOR ON THE CHOICE OF THE OPTIMUM 
THERMODYNAMIC CYCLE FOR AN ATOMIC 
POWER STATION* 


D. D. KALAPATI 


Abstract 


Permissible changes in the temperatures within a nuclear power plant are considered in relation to 


the thermal output of the reactor for two limiting temperatures: the cladding temperature and the central 


temperature of the fuel elements. In addition, possible changes in the thermal and electrical power output 
are given as a function of the thermodynamic cycle parameters and the concepts of the limiting thermal 
power of the reactor and the power efficiency of the steam generator are introduced. Formulae suitable for 
making the preliminary calculations of the optimum parameters of the thermodynamic cycle are presented 


and the conditions under which they are applicable are indicated 


The analysis deals with the prospects of 


increasing the parameters and efficiency of atomic power stations by making a suitable choice of the cladding 


material and type of fuel element. 


lL. INTRODUCTION 


IN AN atomic power station a change in the initial 
parameters of the thermodynamic cycle and the 
consequent change of coolant temperature will affect 
both the cycle efficiency and the thermal output of the 
reactor. For this reason the optimum parameters for 
the thermodynamic cycle and coolant can be found 
only by considering the operating conditions of the 
cycle and reactor jointly. However, before one can 
begin to make calculations on the thermal aspects of 
the system, one must know the optimum initial 
parameters of the cycle and coolant. These can be 
found only by rather tedious calculations involving 
variational methods. 

The following formula”), which was obtained by 
minimizing the cost of the electricity generated, can 
be used in preliminary calculations of the optimum 
mean temperature of the heat supplied to the steam 
turbine cycle of an atomic power station 
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1 ey 1. 
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1 eyel. K (1) 


v 
where 7,' is either the limiting 
cladding (7,') or of the centre of the reactor fuel 
elements (7,"), Ty oye the temperature in the 
condenser and ny (H, IS the thermal cycle 
efficiency and c, is the fuel component of the electricity 
costs). 


temperature of the 


is 


If the fuel costs are low we can put c, = 0 and 
formula (1) then gives the condition for maximum 
electrical power output from the station”: 


poy \ T,'T, eyel. K (2) 


* Translated by D. L. ALLAN from Atomnaya Energiya 8, 5 (1960). 
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It should be noted that formula (2) gives the op- 
timum mean temperature of the thermodynamic cycle 
and not that of the coolant, as in the derivation given 
by Melets.“-? The results obtained with the limiting 
temperature at the centre and in the cladding are 
identical"? and consequently the temperature 7,' in 
formulae (1) and (2) should be taken to be whichever 
temperature is the limiting temperature in the reactor. 
Since the optimum temperatures of the thermodynamic 
cycle will be different for these two cases it is necessary 
to decide whether it is better to have the limiting 
temperature set by the cladding or the centre of the 
fuel elements. Often the limiting temperature is taken 
to be that of both the cladding and the centre of the 
fuel elements simultaneously and a problem arises as 
to how one finds the optimum cycle parameters for 
such a case. 


5 


PERMISSIBLE TEMPERATURE 
CHARACTERISTICS OF A NUCLEAR 
POWER STATION 

We will now consider the temperature changes 
which may take place in a given nuclear power station 
as a result of changes in the thermal output of the 
reactor which are themselves induced by changes to 
the initial parameters of the thermodynamic cycle of 
the plant. We will suppose that the number, shape 
and surface area of the fuel elements have been 
specified and that we have chosen the velocity and 
mass flow rate of the coolant. The thermal output 
from the reactor is then proportional to the difference 
between the limiting temperature of the cladding (or 
of the centre) of the fuel elements and the mean 
temperature of the heat supplied to the cycle"): 

O, = kn k,F,oA(T,' ) 
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Allowable temperature variations in a power station for 


opt. = 
which 7) ey: |. Occurs in zone I 


where k, is a coefficient characterizing the non-uniform 
generation of heat along a radius of the reactor, n is 
the number of fuel elements, k, is the heat transfer 
coefficient, F, is the surface area of the fuel element 
and ~ is a coefficient which determines the possible 
power utilization of the reactor. 

The electrical power generated by the station ts 


Ne 0,95! ANint. k nk Fo T,’ Ty" yel ) 


T, aie 
I ae "oi'imM'ist. gen (4) 
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evel, 


where 7) o;?/m7/st. gen, 1S the product of three efficiencies: 
the internal relative efficiency, the mechanical efficiency 
and the generator efficiency. AN;,; represents the 
power requirements of the station itself. If the heat 
transfer resistance of the fuel elements and transfer 
resistance to the coolant and steam generator can be 
regarded as fixed and we change the thermal output 
Q,, the temperature drops in all these components will 
change in direct proportion to the thermal output of 
the reactor. However, the temperatures of these 
components will not change uniformly but will depend 
upon the conditions under which the thermal output 
of the reactor has been changed (Fig. 1). 

For low thermal outputs (zone I) an increase in the 
heat flux raises the temperatures throughout the plant, 
except that of the condenser, which remains fixed 
(Ts eyci, = const.). In zone I an increase in the thermal 
output from the reactor raises the mean cycle tem- 
perature; that is, the electrical power output does not 
reach a maximum value in zone I. Although it is quite 
practicable to operate research reactors in this zone, 
for power reactors it has always been more advan- 
tageous to increase the thermal output up to the point 
where the maximum cladding temperature 7;"** is 
just below the limiting temperature. Any further 
increase in reactor power must then be made with 
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Dependence of the thermal and electrical power on Ty eye. 
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for the case in which 7; ¢,c;. Occurs in zone II. 


T,' = const., which can only be achieved by reducing 


the mean cycle and coolant temperatures while at the 
same time increasing the maximum central tem- 
perature 7" of the fuel elements. Since this implies 
an increase in the thermal output and a drop in the 
cycle efficiency then, according to equation (4), we 
can obtain maximum electrical power output from 
the station in zone II which will correspond to the 
optimum mean cycle temperature obtained from 
formula (2) with 7,' substituted for 7,'. The corre- 
sponding optimum in the thermal power of the reactor 
is given by the point of intersection A (Fig. 1) of the 
lines representing the optimum and possible cycle 
temperatures. 

KALAFATI”’ has given the relationship between the 
thermal and electrical power outputs of a station and 
the mean cycle temperature for the case of a single 
limiting temperature, which can be either that of the 
cladding or of the centres of the fuel elements. The 
possible changes in the thermal and electrical power, 
calculated using equations (3) and (4) for the case 
where there are two limiting temperatures, are plotted 
in Fig. 2 as a function of the temperature 77".,.,, of the 
heat supplied to the cycle upon the assumption that 
an optimum occurs in the intermediate power zone 
Il. From Figs. | and 2, it can be seen that in zone II 
it is possible for the thermal output to increase with 
T,' = const. so long as the limiting temperature at the 
centre of the fuel elements is not exceeded. Beyond 
that point any further change in the thermal and 
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electrical output must take place with 7,' = const.; 
that is, in the high thermal output zone III where we 
must substitute 7,' for 7,' in equation (3). 

Limiting cladding temperatures are determined by 
the material used for the cladding and by the pro- 
perties of the coolant; they do not normally exceed 
300-400°C. If the condenser pressure p, = 0-04 
atmospheres (f, = 28-6°C) and T7,' = 300°C, then 
from equation (2) we have: 


T pet. — V/573 x 302 = 416°K = 143°C. 


For the range of cladding temperatures given above, 
this corresponds to a saturated steam cycle with an 
initial pressure of 5 to 10 atmospheres. The adoption 
of such steam parameters would lead to a low efficiency 


(20 per cent or less) and consequently it would be 
uneconomic to operate a power station in zone II. 
With the thermal output of the reactor unchanged, 
an increase in the efficiency of the station (the factor 
yt in equation (4)) results in a proportional increase 
in N,, or a reduction in the specific capital outlay. 
For a given electrical output, the fuel consumption 
is reduced, i.e. for the same degree of burn-up the 
duration of the reactor run is directly proportional to 
the efficiency of the station. Thus, even where the fuel 
component of the electricity cost is low, it is profitable 
to raise the efficiency of the station. 

Limiting temperatures are appreciably greater at 
the centre of fuel elements than at the surface of the 
cladding: they range from 7,' = 660°C for metallic 
uranium to 7,’ = 2800° for uranium dioxide. As a 
result, when the limiting temperature at the centre of 
the fuel elements is substituted into equation (2) the 
optimum mean temperature of the heat supplied to 
the cycle jumps to a much higher level. For example, 
with 7,' = 1000°C it is TP" = 1273-302 = 623°K 
350°C. Such a mean temperature corresponds to 
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for the case in which 7; eyei, Occurs in zone III. 


very high steam parameters and leads to a power 
station efficiency of the order of 40 per cent—i.e. 
double the efficiency of a station operating under zone 
II conditions. It is therefore desirable to arrange that 
the permissible temperature characteristics of the 
nuclear power plant are such that the lines representing 
the optimum and limiting cycle temperatures intersect 
in zone III rather than in zone II, for in zone III we 
can obtain not only a larger output of heat from the 
reactor but also optimum cycle efficiency. 

When the limiting temperatures are reached at the 
cladding and at the centre of the fuel elements simul- 
taneously, the thermal power, which hereafter we shall 
call the limiting thermal reactor power Q,", is still not 
at its maximum possible value, though this has 
sometimes been implied in the literature, but merely 
corresponds to a point lying near the beginning of 
zone III. It is possible to increase the thermal power 
of the reactor in zone III with 7,' = const. by lowering 
both the mean coolant temperature and the maximum 
cladding temperature. 

The possible changes in the thermal and electrical 
output of a nuclear power station are given in Fig. 4 
as a function of the mean cycle temperature for the 
case where there is an optimum in zone III. It can be 
seen from this figure that as the mean cycle temperature 
increases within this zone the electrical output from 
the station at first increases, reaches a maximum at 
T?j" (determined from equation (2) by substituting 
T,' for T.") and then begins to decline. Once the 
limiting thermal reactor power has been reached any 
further increase in the thermal or electrical power can 
occur only under the conditions of zone II. 

Thus operation of an atomic power station in zone 
11, where we have at the same time a higher thermal 
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Fic. 5.—Allowable temperature variations in a nuclear power 
station with the reactor operating at its limiting thermal power (Q,'). 


output and a greater cycle efficiency, is significantly 
more economic than zone II operation, where the 
optimum cycle parameters are set by the limiting 
cladding temperature. The best possible conditions 
for atomic power station operation are those of zone 
111 where the optimum cycle parameters are deter- 
mined by equation (2) with the limiting temperature 
taken as the central temperature of the fuel elements. 
In zone III the cladding and cycle temperatures fall 
off rather rapidly so that the best operating point in 
this zone is near point M (Fig. 5). 

If the coefficient of heat generation and heat 
transfer are independent of the mean temperature the 
allowable temperature characteristics will be repre- 
sented in Fig. 3 by segments of straight lines. If, 
however, these coefficients are slightly temperature 
dependent these lines will have a slight curvature, but 
the general character of the diagram and its partition 
into three zones will be unaffected. It should be 
stressed that this diagram does not represent a number 
of alternative reactor operating modes by means of 
which the reactor power can be varied while it is 
running (e.g. with a mean coolant temperature 

my. = const., see broken line in Fig. 1). It is a charac- 
teristic diagram showing how the temperatures in the 
plant vary as the chosen level of reactor heat output 
is varied. 


Limiting thermal reactor power and 
the electrical power output peak 

The line representing the permissible variations in 
the mean cycle temperature does not always intersect 
the optimum mean cycle temperature line in zone III. 
Whether an intersection occurs or not depends on a 
number of factors: on the relation between the 
limiting temperatures of the cladding and of the 
centre of the fuel elements, on the ratios of the 


heat transfer resistances of the fuel elements, on the 
mechanisms of heat transfer to the coolant and on the 
transfer resistance of the steam generator. In par- 
ticular, these lines cannot intersect when the limiting 
temperature of the cladding of a reactor operating in 
zone III is lower than the optimum mean cycle 
temperature determined by equation (2) with the 
limiting temperature taken as that of the central 
temperature of the fuel elements, that is, if 


T.*. (5) 


For example, such a temperature relationship 
occurs in water—water reactors using uranium oxide 
fuel. Thus, for the VVER reactor, 7.' = 2200°C and 
with the pressure p 100 atmospheres the con- 


cool. 


dition that the coolant shall not boil requires that 
T,' = 309°C, Then according to equation (5): 


V2473 = 302 = 860°K > 582°K. 

Phat is, because of the low limiting temperature of the 
fuel element cladding it is not possible to attain the 
optimum mean cycle temperature in the zone III 
operation of this type of reactor. For this particular 
case the mean cycle temperature should be as close as 
possible to the limiting cladding temperature, since 
we want to raise the permissible temperature character- 
istics and the only limitation is that which arises from 
the necessity of providing for an optimum temperature 
drop Az™.,. in the steam generator. The temperature 
characteristics for such a station are given in Fig. 5, 
and in Fig. 6 we give the permissible variations of the 


Fic. 6.—Dependence of the thermal and electrical output on Ty'eyc1, 
with the reactor operating at its limiting thermal power (Q,'). 
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thermal and electrical output as a function of the mean 
cycle or coolant temperature. For this case there is‘no 
maximum in the electrical power output either in zone 
Il or in zone III because in both these zones the limiting 
temperatures are reached at the cladding and at the 
centre of the fuel elements simultaneously before 
maximum output is reached. However, 
with the reactor operating at its limiting thermal 
output power, the electrical power output reaches a 
peak at the boundary between zones II and III, where 
the electrical power curves of these two zones intersect. 
(Fig. 6). 

The optimum mean cycle temperature correspond- 
ing to the peak electrical power output is always 
somewhere in-between the two values given by 
equation (2), corresponding to the substitution of first 
the limiting cladding temperature and then the 
limiting temperature at the centre of the fuel elements. 
It is not possible to find the value of the mean cycle 
temperature corresponding to the electrical power 
output peak using equation (2) and an attempt” 
which has been made to find N{""* by inserting the 
limiting cladding temperature into this equation and 
applying a correction factor was inevitably unsuccess- 
ful. However, with the reactor operating at its 
limiting power, the condition that the limiting tem- 
peratures of the cladding and the centre of the fuel 
elements shall be reached simultaneously leads to a 
uniquely determined value for the mean coolant 
temperature and provides a solution to the problem. 
In this case the optimum mean cycle temperature is 


electrical 


Tort. m 


eye = Trot. — AP gen (6) 

If the power curve has a finite slope over the portion 
corresponding to maximum electrical power output 
such that the mean cycle temperature and coolant 
temperature can deviate slightly from the optimum 
values without substantially reducing the electrical 
power, the derivative dN.) /dT)".y.., passes through a 
discontinuity at the point where the maximum 
electrical power output is attained. A sharp peak (£) 
occurs on the electrical output curve (see Fig. 6) and, 
as a result, even a small deviation of the mean coolant 
temperature from the optimum value may lead to a 
considerable reduction in the electrical output of the 
plant. For example, for the Shippingport power 
station, SIMPSON et al. give the maximum tempera- 
ture at the centre of the fuel elements as 1200°C so 
that at present it does not reach the limiting tem- 
perature of the uranium dioxide fuel elements; in 
other words the steam pressure p, = 39-2 atmospheres 
is too high for this plant and corresponds to point S 


in Fig. 6. Thus this power station is not giving its 
maximum possible electrical power output. 

We see therefore that provided the limiting tem- 
perature is reached at the centre of the fuel elements 
it is profitable to raise the mean cycle temperature. 
If, on the other hand, we have a power station for 
which 7!" T,' then it is desirable to reduce the 
mean cycle temperature until the central temperature 
becomes limiting. 


Steam generator efficiency 

The maximum electrical power output from the 
station fixes the limiting thermal output power from 
the reactor. If the mass flow of the coolant is constant 
then the mean temperature and heat uptake of the 
coolant are also specified. Under these conditions the 
plant parameters and cycle efficiency can only be 
altered by changing the temperature drop in the steam 
generator. This can be done by changing either the 
area of the heating surface or the heat transfer 
coefficient Ky yen 

If, with a variable thermal output from the reactor, 
a change of the temperature drop in the steam gene- 
rator affects the coefficients of thermal utilization of 
' then when the reactor operates at its 
limiting thermal power a change of the mean tem- 
perature drop in the steam generator brought about 
by changing its heating surface will affect only the 
change in the thermal efficiency of the cycle. 

There instances in the literature where the 
concept of a steam generator efficiency has been 
introduced into the boiler design calculations. This 


the reactor"? 


are 


takes heat losses into account but it is more usual to 
neglect these. 

With the thermal power of the reactor Q,' = const. 
specified we should regard the power efficiency rather 
than the thermal efficiency as the indicator of steam 
generator efficiency because of the non-reversible 
nature of the heat exchange process in the generator. 
The power efficiency is equal to the ratio of the 
maximum heat efficiency before and after heat 
exchange in the steam generator: 
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where AL;**" is the work done in the ideal steam 


cycle (Fig. 7); AL;*’ is the maximum possible heat 
efficiency of the coolant equivalent to the work done 
in the reverse cycle abcda with a variable temperature 
of heat intake to the coolant. The work ratio given in 
equation (7) is equal to the ratio of the thermal 
efficiencies of the steam and reverse cycles expressed 
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in terms of the temperatures, since the heat supplied 
is exactly the same. 

To give some idea of the thermodynamic efficiency 
of the steam generators in atomic power stations we 
will give two examples: for the VVER power station 
the steam generator efficiency calculated from equation 
(7) is he“, = 0-92 and for the power plant in the 
atomic ice-breaker Lenin, 0-835. That 
is, the power efficiencies of the steam generators are 
close to the thermal efficiencies of the boiler units. 
The optimum temperature drop in the steam generator 
can be determined uniquely by comparing the heating 
area in the steam generator and the energy losses 
which occur during the heat exchange process. 
However this would require a separate exposition. 


power 
“st. gen 


The effect of the fuel component of electricity 
costs on the optimum cycle parameters 

Up to now we have for the sake of simplicity been 
considering installations in which the fuel component 
of the electricity costs is so small that it can be ne- 
glected, i.e. the optimum parameters of the plant are 
determined from the condition for maximum electrical 
power output. 

When the fuel component of the electricity costs 
reaches values of 0-1-0-2 and above, the optimum 
mean cycle temperature should be determined from 
the condition for minimum electricity costs. Changes 
in the electricity costs can be expressed as a function 
of the electrical power output and efficiency of the 
station", 
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where K accounts for the capital outlay*, amortization, 
wages and other running expenses which are pro- 
portional to time and are reckoned on the basis of 
| hour’s operation of the power station: B is the cost 
of the nuclear fuel consumed per KWh of heat 
delivered. 

The optimum mean cycle temperature allowing for 
the cost of the nuclear fuel with K = const. is deter- 
mined by equation (1) and all the conclusions we 
have reached concerning the effect of the permissible 
temperature characteristics of the plant on the 
optimum mean cycle temperature remain valid. 

For each of the zones II and III (corresponding to 
limiting temperatures at the surface and centre of the 
fuel elements, respectively) the optimum mean cycle 
temperature and cycle efficiency corresponding to 
minimum electricity costs"? will be rather greater than 


* The pay-off period for the power station is taken as 8 years 
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Fic. 7.—Loss of heat efficiency during irreversible exchange in the 


steam generator. 


where these quantities correspond to maximum 
electricity output. However when the reactor is 
operating at its limiting power the discontinuity in the 
power derivative dN... /dT;".,., at point E (see Fig. 6) 
will be accompanied by a discontinuity in the cost 
derivative dC.) /dT} "ve - 
cost at limiting thermal power we obtain a least value 
for the electricity costs (apart from the boundary 
regions near the points M and R in Fig. 5). Thus, 
with the reactor operating at its limiting thermal 
power, the condition corresponding to peak electricity 
output usually coincides with the condition for the 
least electricity cost. 

uranium, with 7,’ = 650°C, c, = 0-40 and 
9, = 0-45, we have z = 0-18. Under these conditions, 
the optimum mean temperature of the heat supplied 
to the cycle is, from equation (1): 


Thus, instead of a minimum 


For 


. /923 « 302 
Ty m j 


= N 1—O18 


In this cycle we have taken p, = 90 atmospheres, 
t, = 500°C and a superheated water temperature f, 
215°C, so that the mean temperature of heat intake is 

810-1 220-4 
1-5934 


i, —i 


p 


134 — 0-5866 
312°C. 


5 i 
585°K 


From this example it follows that the optimum 
initial cycle parameters for an atomic power station 
using metallic uranium at a temperature T,' = 650°C 


calculated from the condition for minimizing the 
electricity costs are roughly 90 atmospheres and 
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The line of optimum heat intake temperature (7) eye1. )for 
an atomic power station. 


500°C. For this type of fuel any further increase in 
the initial steam parameters is undesirable. Exactly 
this conclusion was reported by STARR? in connexion 
with an attempt to improve the steam cycle of an 
atomic power station incorporating a sodium graphite 
uranium reactor (SGR). The effect of increasing the 
initial steam parameters from 56 atmospheres (440°C) 
to 885 atmospheres (510°C) was studied and it was 
found that these changes did not increase the electricity 
output, they only reduced the cost of the electricity. 
There is no point in increasing the cycle parameters 
any further unless at the same time the central tem- 
perature of the fuel elements is also increased. This 
could be done by using other nuclear fuels or alloys 
able to withstand higher limiting central temperatures. 


The line of optimum heat intake temperature 
for atomic power station cycles 

All the lines representing optimum mean cycle 
temperatures in the different zones can be combined 
so that the optimum mean cycle temperature is re- 
presented by the single thick line in the 7Q, diagram 
given in Fig. 8. 

The point of intersection of the permissible cycle 
temperature line (which can be plotted during the 
initial planning stage of the station) with the optimum 
mean cycle temperature line will give the optimum 
conditions for the operation of the power station. In 
the case of a reactor operating at its limiting thermal 
power, the point of intersection of the permissible 
mean coolant temperature line with that part of the 
line representing optimum conditions which is parallel 


to the ordinate gives the optimum mean coolant 
temperature. 

When the fuel component of the electricity costs is 
taken into account the optimum cycle temperature 
line in zones II and III will be raised by the factor 
Zz = c,y, In equation (1) to give the broken line in 
Fig. 8. It should be noted that the points on the 
optimum cycle temperature line are not all on a par 
with each other. The best conditions, ensuring the 
highest heat output and plant efficiency simulta- 
neously, correspond to the region of zone III near 
point M. 

Up to now we have been considering the optimum 
mean cycle and coolant temperatures for a nuclear 
power plant in which the number, shape and surface 
area of the fuel elements could be regarded as speci- 
fied. In addition we have been assuming that the 
velocity and mass flow rate of the coolant and the 
heating surface of the steam generator were fixed. 

If the permissible temperature variations in the 
nuclear power plant are such that no optimum mean 
cycle temperature can be obtained in zone III (defined 
by equation(2) with a central limiting temperature) then 
one should raise the permissible coolant and cycle 
temperature lines so as to be able to select the highest 
permissible optimum parameters. This can be done by 
changing the relationship between the heat transfer 
resistances of the fuel elements, the heat transfer of 
the coolant and the boiler transfer resistance. The 
temperature characteristics of both the coolant and 
the cycle can be raised by changing their diameter and 
heat conductivity. The surface area of the steam 
generator and the heat transfer coefficients, which 
depend on the flow rate and other parameters of the 
coolant and working substance, can also be changed. 
It is generally possible to move away from zone II 
operation altogether and operate in zone III or its 
left-hand boundary only. 

Although raising the allowable temperature charac- 
teristics of the plant provides a method of realizing 
the optimum thermodynamic operating conditions for 
a nuclear power station, one should first make the 
necessary reactor calculations to make sure that these 
changes are desirable. 

We can check the validity of the conclusions and 
of the formulae we have given by looking at Fig. 9. 
This figure presents curves representing the optimum 
mean temperatures of the heat intake to the cycle as 
functions of the central or surface temperatures of the 
fuel elements for different values of C, (the fuel com- 
ponent of the electricity costs). The mean tempera- 
tures of the thermodynamic cycles of existing or 
projected atomic power stations, or of stations under 


Temperature of a reactor on the choice of the optimum thermodynamic cycle for an atomic power station 


TABLE 1.—MEAN HEAT INTAKE TEMPERATURE FOR THE CYCLES OF VARIOUS POWER PLANTS 


No. of 
point in 
Fig. 9 


Conditions of 


Description of plant 
comparison 


Limiting temperatures at 
surface of the fuel elements 


Uranium-—graphite reactor (approximate 
calculation in Reference ‘*’) 

Uranium-graphite reactor (approximate 
calculation Reference ‘*’) 

Marcoule dual-purpose reactor (France) 

Calder Hall reactor (U.K.) 


First Atomic Power Station (USSR) 

Hunterston station (U.K.) 

Heavy-water reactor with organic coolant 
(Switzerland) 

Uranium-—graphite reactor with superheated 
steam (USSR) 

Sodium-graphite reactor, Santa Susana (USA) 

SGR reactor (USA), version 1'* 

SGR reactor (USA), version 3'* 650 

Enrico Fermi reactor (USA) version | 713 

Enrico Fermi reactor (USA) version 2 713 


S69 
l imiting temperatures at centre 600 
of the fuel elements 
550 


642 
650 


Shippingport station (USA)'”’t 1200 
Kahle boiling-water reactor (Federal German 1760 
Republic) 
14 VVER reactor (USSR) 
15 Dresden reactor (USA) 
Limiting thermal reactor power 16 Yankee Atomic Electric Plant (USA) 
17 SGR reactor (USA) 


2200 
2520 
2600 
2760 


* Ticyci, is given incorrectly in Reference ‘® in the case of points 5,8, 10, 12 and 14 
allowance is made for regeneration. 
+ In Fig. 3 of Reference “ point 6 for the Shillingport station is incorrectly plotted. 
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Fic. 9.—Comparison of actual values of Ty'cyci. for both projected and completed power stations with the theoretical T?2).;" curves 


for different fuel cost components. 


construction, are represented in Fig. 9 by the points 
1-17. 

The results of the rough calculations for the dual- 
purpose stations, represented in Fig. 9 by points 1-4, 
agree very well with the theoretical curves calculated 


for the case where the limiting temperature is that of 
the cladding. Points 5-11, representing power 
stations operating with uranium fuel, agree well with 
the curves for which the optimum cycle temperature 
is calculated on the basis of the limiting temperature 
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at the centre of the fuel elements and for which the 
fuel component of the electricity cost lies between 0 
and 30 per cent. 

With uranium dioxide nuclear fuel the limiting 
temperature at the centre of the fuel elements can be 
taken to be 2200-2760°C. The optimum mean cycle 
temperature for atomic power stations (points 12-17 
in Fig. 9) are then greater than the limiting cladding 
temperature and such stations operate at the limiting 
thermal output of the reactor. 


With a limiting central temperature of the order of 


1000—1200°C the optimum parameters will be so high 
that they cannot be reached even when the steam 
parameters are extremely high. In such a case one 
should choose parameters which are realizabie for the 
turbine cycle and it will be necessary to determine 
optimum parameters only when it is intended to use 
gas turbine plant. 

In this paper we have been considering temperature 
limits imposed by the fuel elements only. However, 
there are other limiting factors: for example, critical 
heat loading, the limiting temperature of the modera- 


tor, radiation instability etc. All these factors set 


limits to the temperature characteristics of the 7Q, 
diagram and each of these require individual treatment. 

From the data presented above and from the results 
of the approximate calculations carried out by the 


author''.*) we can conclude that formulae (1) and (2) are 
good enough for making preliminary choice of the 
optimum parameters for the thermodynamic cycle of 
the steam turbine plant in an atomic electricity 
generating station. Using these formulae one can 
find which are the principle factors affecting the 
optimum cycle parameters and discover the lines along 
which future work on the thermodynamic cycles of 
atomic power stations should proceed. 
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LETTERS TO THE EDITORS 


New isotopes of erbium and holmium* 


THE CONVERSION electron spectrum of the erbium isotopes formed 
in the bombardment of tantalum by 660 MeV protons from the 
synchrocyclotron at the Joint Institute of Nuclear Studies has 
been studied. - 

A type BPP-1 V 27-spectrometer was used in this work. The 
source had dimensions | 30mm and the solid angle of 
acceptance was 4 per cent of 47. From measurements on the 
'S7Ba K661°6 line the resolution of the instrument was 0-2-0-25 
per cent. A special magnetometer was used to measure the 
magnetic field which ensured reliable working and permitted us 
to study conversion lines having half-lives of 15 min or greater. 
The accuracy of the conversion line energy determinations was 
0-1-0:3 per cent. 

Amongst the large number of conversion lines (more than 
100) belonging to the neutron-deficient isotopes of erbium and 
holmium,'*’ a group of lines was observed with a half-life 
Ti. = 24hr. From a study of these lines transitions to an 
isotope of holmium (Z = 67) and also to an isotope of dyspros- 
ium (Z = 66) were identified (see Table 1). 

The holmium daughter product was separated from the 
erbium fraction within 2 hr of separating the erbium from the 
tantalum and it was found that the intensity of the lines corre- 
sponding to transitions in dysprosium fell to half-value in (28 
2) min. 

These facts are consistent with the following decay chain 

24hr 27 min 

Er ———> Ho ———> Dy 
while the relationship between the energies (98-6 and 218-2 keV) 
and intensities of the transitions implies that these transitions 
take place between levels with energies E, = 98°6 keV (2*) and 
E, = 316°8 keV (4*), which correspond to the first rotational 
band of an even-even dysprosium nucleus. From the position of 
the first excited level in relation to the number of neutrons"? it 
can be assumed that the mass number of the nuclei in this chain 
is A 158. 

The values of the constants A and B in the expression E 
Al(I — 1) — BI*( + 1)* giving the energies of these levels were 


TABLE 1.—GAMMA TRANSITIONS IN ERBIUM AND DYSPROSIUM 


Charge of nucleus 
in which transition 
occurs 


Multipolarity 


E2 


E2 or M3 


* Translated by D. L. ALLAN from Atomnaya Energiya 8, 46 
(1960). 
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determined from the position of the first two levels; they are 
respectively 16:7 + 0-35 and 0-042 + 0-008. 
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Effect of boron-containing layers on the yield of 
secondary gamma rayst 


(Received 3 August 1959) 


THE WEIGHT and dimensions of the biological shield of a reactor 
are usually determined by the hard y-radiation arising from 
neutron capture in the reactor shell and in the first few layers 
of the shield. It is therefore extremely important to find ways 
of reducing this y-ray flux. 

The most intense secondary y-radiation arises from the 
radiative capture of the thermal and comparatively low energy 
neutrons which have been slowed down in the light materials of 
the shield. If these neutrons are absorbed in a layer containing 
boron, fewer of them are captured in the constructional 
materials, particularly steel, which would otherwise have the 
effect of hardening the y-radiation."*’ Neutron capture in the 
boron gives rise to soft, weakly-penetrating y-quanta with an 
energy ~0°5 MeV and the provision of shielding against these 
is very much easier. 

We have studied the effect of boron carbide, inserted between 
steel and Plexiglas (which was used to simulate water) on the 
intensity of production of y-rays in steel. The geometry of the 
experiment is illustrated in Fig. 1. Two kinds of steel were 
investigated: ST-3 and IXI8N9T, which is a stainless steel. 
The steel and Plexiglas were fitted together to form a prism 
having cross-sectional dimensions 710 x 710 mm. 

A (Po-«)Be neutron source with an intensity of 2 x 10° 
neutrons sec~' was placed inside a water shield in front of the 
steel prism. There were channels in the steel prism and Plexiglas 
into which plugs containing detectors could be inserted and 
between the steel and Plexiglas were filters containing boron, 
which absorbed the thermal and epi-thermal neutrons passing 
from the water (Plexiglas) into the steel. Three types of filter 
were used and these are designated II, III and IV in Fig. 1. 


+ Translated by D. L. ALLAN from Atomnaya Energiya 8, 49 
(1960). 
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Fic. 1.—Geometry of the experiment. 

The spatial distributions of thermal and resonance neutrons 
were measured and also the spectra of y-rays produced in the 
steel and Plexiglas as a result of neutron capture in these 
materials. The neutron distributions were determined using 
circular indium foils with a diameter of 20 mm, either enclosed 
in a cadmium filter or exposed bare. The y-ray measurements 
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Fic. 2.—Spatial distribution of neutrons in the ST-3 steel 

and Plexiglas prism: 

(1) measurements with indium detectors (no B,C layer); 

(2) measurements with indium under cadmium (no B,C 
layer); 

(3) measurements with indium (with a layer of B,C, thick- 
ness 20 mm and density 1-1 g cm~*, placed between the 
steel and Plexiglas) ; 

(4) measurements with indium under cadmium (with a layer 
ef B,C, thickness 20 mm and density 1-1 g cm~’, placed 
between the steel and Plexiglas). 


70 


wn 
2) 


relative units 
> 
oO 


Counts, 


y i 
2 aah. Redes PO *Webe 
an Poo. 


2 
60 80 100 120 
Channel 


20 40 

number 

Fic. 3.—Spectrum of y-rays produced in the ST-3 steel prism. 

(1) no B,C layer; 

(2) with a layer of B,C, thickness 20 mm and density 1-1 g 
cm~*, placed between the steel and Plexiglas. 


were made with a single crystal scintillation spectrometer 
incorporating a Nal(Tl) crystal with diameter and height both 
40 mm. The resolution for the Zn line was 11 per cent. The 
pulses were analysed by a 128-channel kicksorter with a ferrite 
core memory circuit. The location of the scintillation crystal 
during the measurements is shown in Fig. 1. 

Figure 2 shows the spatial distribution of the neutrons 
measured in the ST-3 steel and Plexiglas prism with and without 
an intervening boron carbide layer. Figures 3 and 4 give the 
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Fic. 4.—Spectrum of y-rays produced in the IXI8N9T stain- 
less steel prism. 


Channel 


(1) no B,C layer; 

(2), (4) with a B,C layer between the steel and Plexiglas 
(Fig. 1, arrangement II) or with a layer containing a mix- 
ture of Plexiglas, ST-3 and B,C (Fig. 1, arrangement IV); 

(3) with a layer of Plexiglas and a layer of B,C between the 
steel and Plexiglas (Fig. 1, arrangement III). 
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results of our y-ray measurements, which were also taken with 
and without the boron carbide layer. 

The capture y-radiation spectrum illustrated in Fig. 3 con- 
tains y-ray lines at 2:2 and 7°6 MeV, corresponding to neutron 
absorption in boron and iron. 

The insertion of boron carbide between the steel and Plexiglas 
reduces the intensity of the 7-6 MeV y-radiation by a factor of 
13-4. The spectrum of y-rays from the IXI8N9T steel contains, 
as well as the lines already mentioned, some extra lines arising 
from neutron capture in chromium and nickel, which enter into 
the composition of this type of steel. Absorption of the thermal 
and epi-thermal neutrons in a 20mm boron carbide layer 
reduces the flux of 7-6 MeV y-rays from the IXISN9T steel by 
a factor of 7:8. 

We have calculated the reduction in the capture y-radiation 
from ST-3 steel when a boron carbide layer is interposed 
between the steel and Plexiglas. For the purpose of this calcula- 
tion the measured neutron distribution given in Fig. 2 was used. 
For the spectrum of the neutrons undergoing moderation in 
the steel we used the age approximation for neutrons in a 
semi-infinite steel block bounded by a completely ‘black’ 
medium. Corrections were applied for the self-screening of the 
detectors due to the 1-44 eV resonance. The calculated value 
of the reduction in intensity of the secondary y-ray yield from 
steel was 9-5 and this agrees quite well with the results of the 
direct measurement of the spectrum. 
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An investigation of the e.m.f. developed when a system 
of semiconductors containing uranium is 
irradiated in a reactor* 


(Received 3 August 1959) 


Ir 1s well known that an e.m.f. is developed in a system of 
electron and hole semiconductors when subjected to ionizing 
radiation in the presence of a contact field. Most of the informa- 
tion about this phenomenon which has appeared in the literature 
relates to irradiation by light, X-rays, y-rays, /-particles and 
a-particles."' We have studied a system of such hole and elec- 
tron semiconductors while they were undergoing irradiation by 
uranium fission products. Certain compounds of uranium (e.g. 
U,0,) are known"? to be semiconductors. If a semiconducting 
system containing uranium is irradiated in a flux of thermal 
neutrons fission fragments will arise from the fissions induced in 
the uranium. In addition to the ionization they produce, fission 


* Translated by D. L. ALLAN from Atomnaya Energiya 8, 72 
(1960). 


fragments also cause considerable radiation damage, thereby 
substantially changing the electrical properties of the irradiated 
materials.**) For this reason, systems of semiconductors 
containing uranium should consist of materials whose electrical 
properties undergo only slight change during irradiation: for 
example, semiconducting materials containing many lattice 
defects, such as polycrystalline semiconductors, or mono- 
crystals containing large amounts of impurities. 

In our investigations we used polycrystalline oxide semi- 
conductors. In all the experiments the p-type semiconductor 
consisted of the lower oxide of uranium, U,O,, which has a large 
work-function. For m-type semi-conductors with low work- 
functions we used the oxides: BaO, TiO,, MgO and AI,O,.'° 
We used gold or copper for the electrodes which made contact 
with the p-type semiconductors and magnesium or titanium for 
the n-type. The samples of U,O,-BaO and U,0,-TiO, were 
prepared by successive vacuum deposition on to a support to 
form layers of semiconductor and electrode as described by 
Gus’kov et al."*’ The Al,O, layer in the U,O,—Al,O, sample was 
deposited by the Schoope process on to a titanium support. The 
U,O, was then evaporated on to the Al,O, layer and finally the 
gold or copper electrode was evaporated on to the U,O,. In the 
case of the U,0,-MgO sample neither evaporation nor Schoope’s 
process would give an MgO layer and we were obliged to use a 
0-5 mm thick ceramic plate of MgO upon one side of which we 
deposited a magnesium electrode and upon the other side a 
U,O, layer and a gold or copper electrode. The effective areas 
of these samples were 6 and 2:8 cm*; the thickness of the U,O,, 
BaO and TiO, layers was 5-20 ~ and that of the Al,O, was 
100-200 su. 

The samples were mounted on holders and fixed in position by 
bronze clamping electrodes. The surface temperatures of the 
samples were monitored by copper-constantan thermocouples 
soldered to one of the electrodes. The holders with the samples 
were inserted in cylindrical aluminium containers and irradiated 
in the experimental cooling channel of an atomic power station 
reactor in a region where the flux density of neutrons and y-rays 
varied between 10"* and 10" cm~? sec", according to the reactor 
power. The temperature of the samples during the irradiations 
was ~120°C 

The following characteristics were observed for each sample 
during the irradiation: the open-circuit voltage V., the short 
circuit current /, , , the load characteristic, the surface tempera- 
ture of the sample and the electrical resistance R of the sample 
with an applied voltage of 1-4 V in both the forward and reverse 
directions. The volt-amp characteristics of the samples were 
recorded before and after irradiation in the reactor. 
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Fic. 1.—Dependence of the voltage V ~ (©) and current J¢.¢. 
(@) of the U,0,—MgO sampie on the neutron flux density nv. 
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Fic. 2.—Load characteristic of the U;0,-MgO sample. 


For each of the samples an e.m.f. was observed during the 
irradiation and as the neutron flux density mv was increased the 
voltage V.. and current /, ,. also increased. The dependence of 
V.. and J, ,. on the flux density is shown in Fig. 1 for a U;O, 
MgO sample. It is evident that V.. reaches a saturation value 
when nv =~ 6.10" cm~* sec and that /,. rises linearly with 
increasing neutron flux density. Figure 2 gives the load charac- 
teristics of the U,O,-MgO sample; it is similar to the load 
characteristic of a rectifier photocell. The neutron flux density 
in this case was 8.10'* cm~? sec.~! 

In Fig. 3 we give typical current-voltage characteristics for a 
U,0,-Al,O, sample taken before and after irradiation in an 
integrated neutron flux of 5. 10‘? cm~*. It can be seen that the 
irradiation has reduced the resistance of the sample by an order 
of magnitude and that the sample has also acquired rectifying 
properties at low voltages which were not present before the 
irradiation. A particularly large degree of rectification was 
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Fic. 3.—Current-voltage characteristic of a U,0,—Al,O, 

sample. (1) before irradiation in a reactor and (2) after 
irradiation. 

@—Negative voltage applied to the titanium electrode. 

)—Positive voltage applied to the titanium electrode. 


Integrated nvt, 


Fic. 4.—-Dependence of Js.c.(*), Vw (©) and R (@) fora 
sample of U,0,—MgO on the integrated flux of radiation not. 
The flux density was constant and equal to 8 . 10'*cm~? sec”? 


observed at the time of irradiation, the coefficient of rectification 
reaching values between 2 and 10 at 1:4 V. 

The behaviour of the U,O,-MgO samples as a function of the 
integrated flux of radiation is shown in Fig. 4. All the charac- 
teristics underwent a considerable change during the irradiation. 
The resistance of the sample was 10 M2 before the irradiation 
but during the irradiation it fell to 2 kQ2 causing a sharp rise in 
the current /,... V.. was observed to increase with increasing 
flux. With an integrated flux of radiation ~10"’ cm~* a tendency 
towards stabilization was observed. At the end of the reactor 
irradiation the resistance of the sample rose to 1 M2. 

Additional experiments were carried out in order to discover 
the part played by the uranium fission fragments in the genera- 
tion of the e.m.f. Some of the samples were given a preliminary 
y-irradiation before the reactor irradiation. The effect produced 
in the samples by +-rays was three orders of magnitude less than 
that produced by the same flux of neutrons, a result which is in 
accord with the difference in the magnitudes of the specific 
ionization produced by y-rays and fission fragments. We also 
prepared a double sample of U,;0,-Al,O,: on one half of the 
sample a layer of uranium containing a 10 per cent enrichment of 
**°U was deposited and on the other half we deposited natural 
uranium. The enriched sample gave an effect 15 times greater 
than the natural uranium sample. We can conclude from these 
results that the e.m.f. observed in the samples is due to the action 
of the fission fragments. 

In addition to the semiconductors mentioned above we also 
carried out a qualitative examination of the oxides and sulphides 
of beryllium, nickel, molybdenum, tungsten, zinc and copper. 
An e.m.f. was generated in all these samples but the best 
combination of semiconducting materials was the combination 
U,O,-MgO. 

We have calculated that in the U,O,-MgO samples 0-01 per 
cent of the energy of the fission fragments is converted to 
electrical energy. This low efficiency appears to be due to the 
short life-time of the current carriers and to the adverse ratio 
between the diffusion length of the current carriers and the 
thickness of the semiconducting layers in the samples. An 
analysis of our results leads us to conclude that the e.m.f. 
generated in the samples arises mainly from the rectifying 
properties of the samples although here the thermal and volume 
e.m.f.s also play a part. 
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Measurement of fast neutron flux distribution in the 
core of VVR-C reactor using electrical conductivity 
changes in germanium * 


(Received 28 December 1959) 


IN CONNEXION with the studies of semiconductors behaviour 
under neutron irradiation currently conducted at the Institute 
for Nuclear Studies in Warsaw it becamé necessary to investigate 
the fast neutron flux distribution in the reactor core. 

It is known"~” that the electrical conductivity of n-type 
single crystals of germanium decreases under fast neutron 
irradiation and eventually the crystal is converted into p-type 
Figure | shows a typical curve of electrical conductivity of 
germanium as a function of fast neutron irradiation time. For 
neutrons of energies greater than approximately 300eV the 
initial part of the curve is linear. 

Measurements were conducted using nine selected samples of 
highest conductivity and size 0-15 x 0-15 x 1-0cm cut from a 
germanium single crystal. Each sample was wrapped in 0-25 mm 
thick cadmium foil to shield it from thermal neutrons and all 
samples were placed evenly spaced in a special aluminium probe 
The probe was inserted into the core of VVR-C reactor between 
fuel elements and when the probe was in position seven 
germanium samples were located within the core and two were 
outside viz. one above and one below the core. 

The electrical conductivity was determined as a function of 
irradiation time from measurements of current passing through 
each sample from a constant voltage supply. There was no 
appreciable heating of the samples due to the electric current. 
During the experiment the reactor power was kept constant at 
1-SkW. Figure 2 shows electrical conductivity changes in all 
samples as a function of irradiation time. The discontinuities in 
the slope do/dt at t l hr and ¢ 2 hr were caused by 
altering the position of the probe in the reactor. The slope of 
the o(t) curve gives a measure of the fast neutron flux at each 
position of the germanium samples and Fig. 3 shows the observed 
distribution of the flux along the reactor axis. This figure was 
constructed using the measurements shown in Fig. 2 between 
t= landt = 2hr. 


* Translated by J. ADAM from Atomnaya Energiya 8, 451 (1960). 
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Fic. 1.—Variation in electrical conductivity (o) of a 
germanium single crystal as a function of fast neutron 
irradiation time. 
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Fic. 2.—Variations in electrical conductivity (¢) of ger- 
manium samples positioned at various depths in VVR-S 
reactor core and irradiated with fast neutrons 
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Fic. 3.—Fast neutron flux distribution along the axis of 
VVR-S reactor core, 
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